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⇒ ⇔
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p q r

p ∧ q p ∨ q p ⇒ q p ⇔ q ¬p A B
A ∧ B A ∨ B A ⇒ B A ⇔ B ¬A

p ⇔ ¬¬p

p ∧ p ⇔ p

p ∨ p ⇔ p

p ∧ (p ∨ q) ⇔ p

p ∨ (p ∧ q) ⇔ p

(p ⇒ q) ∧ p ⇒ q

p ∧ q ⇔ q ∧ p

p ∨ q ⇔ q ∨ p

p ∧ (q ∧ r) ⇔ (p ∧ q) ∧ r

p ∨ (q ∨ r) ⇔ (p ∨ q) ∨ r

p ∧ (q ∨ r) ⇔ (p ∧ q) ∨ (p ∧ r)

p ∨ (q ∧ r) ⇔ (p ∨ q) ∧ (p ∨ r)

(p ⇒ q) ⇔ (¬q ⇒ ¬p)

(p ⇒ q) ⇔ ¬p ∨ q

(p ⇔ q) ⇔ (p ⇒ q) ∧ (q ⇒ p)

¬(p ∧ q) ⇔ ¬p ∨ ¬q ¬(p ∨ q) ⇔ ¬p ∧ ¬q



(p ⇒ q) ⇔ ¬p∨q

p q p ⇒ q ¬p ¬p ∨ q (p ⇒ q) ⇔ ¬p ∨ q
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(p ⇒ q) ∧ p ⇒ q
p ⇒ q

p q �

(p ⇒
q) ⇔ (¬q ⇒ ¬p) p ⇒ q

�

¬(p ⇒ q) ⇔ p ∧ ¬q .

A B C a b c

x X x ∈ X x /∈ X x
P P (x) x P {x| P (x)}

∀ ∃

∅

X Y X \Y X
Y X \ Y = {x| x ∈ X ∧ x /∈ Y }

X Y X Y
X ⊆ Y = {x| x ∈ X ⇒ x ∈ Y }



X Y X = Y X
Y X ⊆ Y Y X Y ⊆ X

X = Y ⇔ X ⊆ Y ∧ Y ⊆ X

X Y X Y
Y X X ⊂ Y = {x| x ∈ X ⇒ x ∈ Y } Y \X �= ∅

X Y X ∩ Y X
Y X ∩ Y = {x| x ∈ X ∧ x ∈ Y }

X Y X ∪ Y X
Y X ∪ Y = {x| x ∈ X ∨ x ∈ Y }

X Y X × Y (x, y)
x X y Y X × Y = {(x, y)| x ∈

X ∧ y ∈ Y }

X Y X ∩ Y = ∅

A = {1, 3, 4, 7} B = {3, 4, 5, 6} C = {2, 4, 6, 10}
A∪B A∪C B ∪C A∪B ∪C A∩B A∩C B ∩C A∩B ∩C A \B A \C B \C B \A
C \A C \B

A ∪ B = {1, 3, 4, 5, 6, 7} A ∪ C = {1, 2, 3, 4, 6, 7, 10} B ∪ C = {2, 3, 4, 5, 6, 10}
A∪B∪C = {1, 2, 3, 4, 5, 6, 7, 10} A∩B = {3, 4} A∩C = {4} B∩C = {4, 6} A∩B∩C = {4}
A \ B = {1, 7} A \ C = {1, 3, 7} B \ C = {3, 5} B \ A = {5, 6} C \ A = {2, 6, 10}
C \B = {2, 10} �

A = {1, 2, 3, 5} B = {a, b} A×B B ×A

A×B = {(1, a), (1, b), (2, a), (2, b), (3, a), (3, b), (5, a), (5, b)}
B ×A = {(a, 1), (a, 2), (a, 3), (a, 5), (b, 1), (b, 2), (b, 3), (b, 5)} �

A

A �

A ∩A = A

A ∪A = A

A ∩ (A ∪B) = A

A ∪ (A ∩B) = A

A ∩B = B ∩A

A ∪B = B ∪A



A ∩ (B ∩C) = (A ∩B) ∩ C

A ∪ (B ∪C) = (A ∪B) ∪ C

A ∩ (B ∪C) = (A ∩B) ∪ (A ∩C)

A ∪ (B ∩C) = (A ∪B) ∩ (A ∪C)

A \ (B ∩ C) = (A \B) ∪ (A \ C) A \ (B ∪ C) = (A \B) ∩ (A \ C)

A ∩ ∅ = ∅ A ∪ ∅ = A

A \ (B ∩C) = (A \B) ∪ (A \ C) .

x ∈ A \ (B ∩ C)

x ∈ A \ (B ∩ C) ⇔ x ∈ A ∧ x /∈ B ∩C

⇔ x ∈ A ∧ ¬(x ∈ B ∩C)

⇔ x ∈ A ∧ ¬(x ∈ B ∧ x ∈ C)

⇔ x ∈ A ∧ (x /∈ B ∨ x /∈ C)

⇔ (x ∈ A ∧ x /∈ B) ∨ (x ∈ A ∧ x /∈ C)

⇔ x ∈ A \B ∨ x ∈ A \ C

⇔ x ∈ (A \B) ∪ (A \ C)

�

ρ X X ×X

ρ ⊆ X × X = {(x, y)|x, y ∈ X} (x, y) ∈ ρ x
ρ y x y ρ xρy

X = {a, b, c, d}

X ×X = {(a, a), (a, b), (a, c), (a, d), (b, a), (b, b), (b, c), (b, d),
(c, a), (c, b), (c, c), (c, d), (d, a), (d, b), (d, c), (d, d)} ,



ρ1 = {(a, a), (b, b), (c, c), (d, d), (a, b), (b, a), (b, c), (c, b)} ,

ρ2 = {(a, a), (b, b), (c, c), (d, d), (a, b), (b, a), (b, d), (a, d)} ,

ρ3 = {(b, b), (c, c), (d, d), (a, c), (c, d), (a, d), (c, a), (d, c), (d, a)} ,

ρ4 = {(a, a), (b, b), (c, c), (d, d), (a, c), (c, d), (a, d), (c, a), (d, c), (d, a)} .

ρ5 = {(a, a), (b, b), (c, c), (a, d), (d, a), (b, c), (c, a)} .

�

ρ
ρ ⊆ X ×X

xρx x ∈ X

(∀x ∈ X) xρx ,

xρy yρx x, y ∈ X

(∀x, y ∈ X) xρy ⇒ yρx ,

xρy yρx x = y x, y ∈ X

(∀x, y ∈ X) xρy ∧ yρx ⇒ x = y ,

xρy yρz xρz x, y, z ∈ X

(∀x, y, z ∈ X) xρy ∧ yρz ⇒ xρz .

ρ1 = {(a, a), (b, b), (c, c), (d, d), (a, b), (b, a), (b, c), (c, b)}

(a, a) (b, b) (c, c) (d, d)

(a, b) (b, a) (b, c) (c, b)

(a, b) (b, c) (a, c)
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X

ρ1 = {(a, a), (b, b), (c, c), (d, d), (a, b), (b, a), (b, c), (c, b)}

ρ2 = {(a, a), (b, b), (c, c), (d, d), (a, b), (b, a), (b, d), (a, d)}

(a, a) (b, b) (c, c) (d, d)

(b, d) (d, b)

(a, b) (b, d) (a, d) (b, a) (a, d) (b, d)
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X

ρ2 = {(a, a), (b, b), (c, c), (d, d), (a, b), (b, a), (b, d), (a, d)}



ρ3 = {(b, b), (c, c), (d, d), (a, c), (c, d), (a, d), (c, a), (d, c), (d, a)}
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(a, c) (c, a) (c, d) (d, c) (a, d) (d, a)

(a, c) (c, d) (a, d)
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cd

X

ρ3 = {(b, b), (c, c), (d, d), (a, c), (c, d), (a, d), (c, a), (d, c), (d, a)}

ρ4 = {(a, a), (b, b), (c, c), (d, d), (a, c), (c, d), (a, d), (c, a), (d, c), (d, a)}

(a, a) (b, b) (c, c) (d, d)

(a, c) (c, a) (c, d) (d, c) (a, d) (d, a)

(d, c) (c, a) (d, a)

a b

cd

X

ρ4 = {(a, a), (b, b), (c, c), (d, d), (a, c), (c, d), (a, d), (c, a), (d, c), (d, a)}



ρ5 = {(a, a), (b, b), (c, c), (a, d), (d, a), (b, c), (c, a)}

(d, d)

(c, b) (a, c)

(b, c) (c, a) (b, a)

a b

cd

X

ρ5 = {(a, a), (b, b), (c, c), (a, d), (d, a), (b, c), (c, a)}

�

ρ X×X
ρ

ρ4

ρ X
x ∈ X C(x) = {y ∈ X| xρy} X

ρ4 C(a) = C(c) =
C(d) = {a, c, d} C(b) = {b}

A B f x
A f(x) B A

B f : A → B A B



f A B

A B f A×B

(∀x ∈ A)(∃y ∈ B) (x, y) ∈ f

(∀x ∈ A)(∀ y1, y2 ∈ B)((x, y1) ∈ f ∧ (x, y2) ∈ f ⇒ y1 = y2)

f : A → B

A = {a, b, c} B = {1, 2, 3} f : A → B
f = {(a, 1), (b, 1), (c, 2)} �

f : A → B B
A

(∀ y ∈ B)(∃x ∈ A)((x, y) ∈ f) (∀ y ∈ B)(∃x ∈ A)(y = f(x)) .

A B

a

b

c

d

3

2

1

f

f = {(a, 1), (b, 2), (c, 2), (d, 3)}

f : A → B A
B

(∀x1, x2 ∈ A)(f(x1) = f(x2) ⇒ x1 = x2) .
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f

f = {(a, 1), (b, 2), (c, 3)}

f : A → B B
A

(∀ y ∈ B)(∃x ∈ A)(y = f(x)) (∀x1, x2 ∈ A)(f(x1) = f(x2) ⇒ x1 = x2) .

A B

a

b

c

d

3

4

2

1

f

f = {(a, 1), (b, 2), (c, 3), (d, 4)}

f : A → B g : B → C g ◦ f : A → C
(g ◦f)(x) = g(f(x)) x ∈ A f g
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x )(xf ))(( xfg
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f g

A = {a, b, c, d} B = {1, 2, 3} C = {α, β}
f : A → B f = {(a, 1), (b, 1), (c, 2), (d, 3)} g : B → C

g = {(1, α), (2, β), (3, β)} g ◦ f : A → C

g ◦ f

g ◦ f = {(a, α), (b, α), (c, β), (d, β)} .
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f : A → B f−1 : B → A y = f(x)
f−1(y) = f−1(f(x)) x = f−1(y)

A B

a

b

c

d

3

4

2

1

f

f�1

f = {(a, 1), (b, 2), (c, 3), (d, 4)} f−1 = {(1, a), (2, b), (3, c), (4, d)}

R

A ⊕
(x, y) ∈ A × A z ∈ A ⊕ (x, y)

x⊕ y = z A ⊕ (A,⊕)

(A,⊕) A = {a, b, e} ⊕

(∀x, y ∈ A) x⊕ y = y ⊕ x

(∀x, y, z ∈ A) x⊕ (y ⊕ z) = (x⊕ y)⊕ z .

A = {a, b, e} ⊕
⊕ e a b

e e a b
a a b e
b b e a

A (A,⊕)
e b a



⊕
⊕

e⊕ (e⊕ a) = e⊕ a = a , (e⊕ e)⊕ a = e⊕ a = a ,

e⊕ (e⊕ b) = e⊕ b = b , (e⊕ e)⊕ b = e⊕ b = b ,

e⊕ (a⊕ a) = e⊕ b = b , (e⊕ a)⊕ a = a⊕ a = b ,

e⊕ (a⊕ b) = e⊕ e = e , (e⊕ a)⊕ b = a⊕ b = e ,

e⊕ (b⊕ b) = e⊕ a = a , (e⊕ b)⊕ b = b⊕ b = a ,

a⊕ (a⊕ b) = a⊕ e = a , (a⊕ a)⊕ b = b⊕ b = a ,

a⊕ (b⊕ b) = a⊕ a = b , (a⊕ b)⊕ b = e⊕ b = b .

⊕ A �

(A,⊕) A = {a, b, c, d}
⊕

A = {a, b, c, d} ⊕
⊕ a b c d

a b a d c
b a b c d
c d c a a
d c d a a

(A,⊕) ⊕

a⊕ (d⊕ c) = a⊕ a = b , (a⊕ d)⊕ c = c⊕ c = a ,

⊕ �



(A,⊕) ⊕

⊕
�

(A,⊕)

(∃e ∈ A)(∀x ∈ A) x⊕ e = e⊕ x = x ,

(∀x ∈ A)(∃x′ ∈ A) x⊕ x′ = x′ ⊕ x = e ,

(A,⊕) e ⊕ x′

x ⊕

e e⊕ e = e a⊕ e = e⊕ a = a
b ⊕ e = e ⊕ b = b e ⊕ e = e e e
a ⊕ b = b ⊕ a = e a b

b
b⊕ b = b a⊕ b = b⊕ a = a c⊕ b = b⊕ c = c d⊕ b = b⊕ d = d

c x ∈ A c⊕ x = x⊕ c = b
d �

(A,⊕)

(∀x, y ∈ A) x⊕ y = y ⊕ x .

(A,⊕, ⋄)

(A,⊕)

(A, ⋄)

(∀x, y, z ∈ A) x⋄ (y⊕z) = (x⋄y)⊕ (x⋄z) ⋄
⊕

(∀x, y, z ∈ A) (x ⊕ y) ⋄ z = (x ⋄ z) ⊕ (y ⋄ z) ⋄
⊕

(A,⊕, ⋄)

(A,⊕, ⋄)

(∀x, y ∈ A) x ⋄ y = y ⋄ x



(A,⊕, ⋄)

(A,⊕, ⋄)

(A \ {e}, ⋄) e A ⊕

N Z Q I

R C

N

N = {1, 2, 3, . . . }.

N m n m = n
m < n m > n

N

(N,+) +
(∀m,n ∈ N) m+ n = n +m (∀m,n, p ∈ N) m+ (n + p) = (m+ n) + p +

(N,+)
(N, ·) ·

(∀m,n ∈ N) m · n = n · m (∀m,n, p ∈ N) m · (n · p) = (m · n) · p ·
(N, ·) 1

(∀m ∈ N) m · 1 = 1 ·m = m,

m ∈ N m′ m ·m′ = m′ ·m = 1

(N,−) −

N

N ρ

(∀x, y ∈ N) xρy ⇔ 2|x+ y x+ y .

ρ N

ρ RST

(∀x ∈ N) x+ x = 2x 2x xρx

(∀x, y ∈ N) xρy ⇒ 2|x+ y ⇒ 2|y + x ⇒ yρx



(∀x, y, z ∈ N) xρy∧yρz ⇒ 2|x+y∧2|y+z ⇒ 2|x+y+y+z ⇒ 2|x+z ⇒
xρz x+ 2y + z x+ z

C(1) = {1, 3, 5, . . . } C(2) =
{2, 4, 6, . . . }

�

N

N0 = {0, 1, 2, 3, . . . } .

(N0,+)
(∀m ∈ N0) m+ 0 = 0 +m = m (N0, ·)

N X
X k ∈ X ∩ N

k + 1 ∈ X ∩ N X = N

T (n) n ∈ N n ≥ n0 ∈ N

T (n) n = n0

T (n) n = k > n0

T (n) n = k + 1

n ∈ N

T (n) ≡ 1 + 2 + · · · + n =
n(n+ 1)

2
.

T (1) T (n) n = 1

1 =
1 · (1 + 1)

2
⇒ 1 = 1 ,

n = 2

1 + 2 =
2 · (2 + 1)

2
⇒ 3 = 3 .

T (n) n = k

1 + 2 + · · ·+ k =
k(k + 1)

2

n = k + 1

1 + 2 + · · ·+ k + (k + 1) =
(k + 1)(k + 2)

2
.



1 + 2 + · · ·+ k
︸ ︷︷ ︸

ip

+(k + 1) =
k(k + 1)

2
+ (k + 1) =

k(k + 1) + 2(k + 1)

2

=
(k + 1)(k + 2)

2
,

�

n

T (n) ≡ 1 + 3 + · · ·+ (2n − 1) = n2 .

n = 1

1 = 12 ⇒ 1 = 1 ,

T (n) n = 2

1 + 3 = 22 ⇒ 4 = 4 .

T (n) n = k

1 + 3 + · · ·+ (2k − 1) = k2

n = k + 1

1 + 3 + · · ·+ (2k − 1) + (2(k + 1)− 1) = (k + 1)2 .

1 + 3 + · · ·+ 2k − 1
︸ ︷︷ ︸

ip

+(2k + 1) = k2 + (2k + 1) = (k + 1)2

�

T (n) ≡ 6|n(n + 1)(2n + 1)

n n(n+ 1)(2n + 1) n ∈ N

n = 1

1 · (1 + 1) · (2 · 1 + 1) = 1 · 2 · 3 = 6,

T (n) n = k

6|k(k + 1)(2k + 1)



n = k + 1

6|(k + 1)(k + 2)(2k + 3) .

k(k + 1)(2k + 1) = 6M M ∈ N k(k + 1)(2k + 1)

(k + 1)(k + 2)(2k + 3) = k(k + 2)(2k + 3) + (k + 2)(2k + 3)

= k(k + 1 + 1)(2k + 3) + (k + 2)(2k + 3)

= k(k + 1)(2k + 3) + k(2k + 3) + (k + 2)(2k + 3)

= k(k + 1)(2k + 1 + 2) + k(2k + 3) + (k + 2)(2k + 3)

= k(k + 1)(2k + 1) + k(k + 1) · 2 + k(2k + 3) + (k + 2)(2k + 3)

= k(k + 1)(2k + 1)
︸ ︷︷ ︸

ip

+6k2 + 12k + 6 = 6M + 6(k2 + 2k + 1)

�

n, p ∈ N0 0 ≤ p ≤ n

(a+ b)n =
n∑

p=0

(
n

p

)

an−p bp ,

n! = n(n− 1)(n − 2) · · · · · 3 · 2 · 1
(
n

p

)

=
n!

p!(n − p)!
,

(
n

p

)

=

(
n

n− p

)

,

(
n

p

)

=

(
n− 1

p

)

+

(
n− 1

p− 1

)

,

(
n

0

)

=

(
n

n

)

= 1 ,

(
n

1

)

=

(
n

n− 1

)

= n .

(
n

p

)

n = 0

(a+ b)0 =

0∑

p=0

(
0

p

)

a0−p bp ⇒ 1 =

(
0

0

)

a0−0 b0 ⇒ 1 = 1

T (n) n = 1

(a+ b)1 =

1∑

p=0

(
1

p

)

a1−p bp ⇒ a+ b =

(
1

0

)

a1−0 b0 +

(
1

1

)

a1−1 b1

⇒ a+ b = 1 · a1 b0 + 1 · a0 b1 ⇒ a+ b = a+ b .



T (n) n = k

(a+ b)k =
k∑

p=0

(
k

p

)

ak−p bp

n = k + 1

(a+ b)k+1 =

k+1∑

p=0

(
k + 1

p

)

ak+1−p bp .

(a+ b)k+1 = (a+ b) (a+ b)k
︸ ︷︷ ︸

ip

= (a+ b)

k∑

p=0

(
k

p

)

ak−p bp

=
k∑

p=0

(
k

p

)

ak+1−p bp +
k∑

p=0

(
k

p

)

ak−p bp+1

=

(
k

0

)

ak+1 +

k∑

p=1

(
k

p

)

ak+1−p bp +

k+1∑

p=1

(
k

p− 1

)

ak−p+1 bp

= ak+1 +

k∑

p=1

(
k

p

)

ak+1−p bp +

k∑

p=1

(
k

p− 1

)

ak−p+1 bp +

(
k

k

)

bk+1

= ak+1 +
k∑

p=1

((
k

p

)

+

(
k

p− 1

))

ak+1−p bp + bk+1

= ak+1 +
k∑

p=1

(
k + 1

p

)

ak+1−p bp + bk+1

=

k+1∑

p=0

(
k + 1

p

)

ak+1−p bp

�

N x + 2 = 1
x = −1 Z

Z = {. . . ,−3,−2,−1, 0, 1, 2, 3, . . . }.



N ⊂ Z (Z,+) + Z

m,n ∈ Z m− n = m+ (−n)

(∀m ∈ Z) m+ 0 = 0 +m = m

(∀m ∈ Z)(∃ (−m) ∈ Z) m+ (−m) = (−m) +m = 0 ,

(Z,+) +
(Z, ·) · Z

· + (Z,+, ·)
·

(Z\{0}, ·)
(Z,+, ·)

Z

X ρ

(∀x, y ∈ X) xρy ⇔ x− y ∈ X .

ρ X X = N0 X = Z

X = N0 ρ

(∀x ∈ N0) x− x = 0 ∈ N0 ⇔ xρx

(∀x, y ∈ N0) xρy ⇒ x− y ∈ N0 ⇒ y−x ∈ N0 ⇒ yρx
x �= y

(∀x, y ∈ N0) xρy ∧ yρx ⇒ x− y ∈ N0 ∧ y − x ∈ N0

⇒ x− y = y − x = 0 ⇒ x = y .

(∀x, y, z ∈ N0) xρy ∧ yρz ⇒ x− y ∈ N0 ∧ y − z ∈ N0

⇒ (x− y) + (y − z) ∈ N0

⇒ x− z ∈ N0 ⇒ xρz .

N0 Z

(∀x, y ∈ Z) xρy ⇒ x− y ∈ Z ⇒ −(x− y) ∈ Z ⇒ y − x ∈ Z ⇒ yρx .

�



2x = 3 x = 3/2
Q

Q =

{
p

q
| p ∈ Z, q ∈ N

}

.

0.3333 . . . =
0.3̇ = 1/3 1.23232323 . . . = 1.23 = 122/99 Z ⊂ Q

a = 1.23 100a = 123.23 100a − a = 122
a = 122/99

Q

p1
q1

=
p2
q2

⇔ p1 · q2 = p2 · q1 , p1, p2 ∈ Z , q1, q2 ∈ N .

p1/q1 p2/q2 q1, q2 �= 0

p1
q1

+
p2
q2

=
p1 · q2 + p2 · q1

q1 · q2
,

p1
q1

· p2
q2

=
p1 · p2
q1 · q2

.

(Q,+, ·) (Q,+)
0 p

q −p
q

(

∀ p

q
∈ Q

)
p

q
+ 0 = 0 +

p

q
=

p

q

(

∀ p

q
∈ Q

)(

∃
(

−p

q

)

∈ Q

)
p

q
+

(

−p

q

)

=

(

−p

q

)

+
p

q
= 0 .

+ (Q, ·)
· (Q\{0}, ·)

(

∀ p

q
∈ Q

)
p

q
· 1 = 1 · p

q
=

p

q
,

(

∀ p

q
∈ Q \ {0}

)(

∃ q

p
∈ Q \ {0}

)
p

q
· q
p
=

q

p
· p
q
= 1 ,

· (Q \ {0}, ·)

(∀ a, b, c ∈ Q) a · (b+ c) = a · b+ a · c , (a+ b) · c = a · c+ b · c ,

(Q,+, ·)



Q ≤

p1
q1

≤ p2
q2

⇔ p1 · q2 ≤ p2 · q1 , p1, p2 ∈ Z , q1, q2 ∈ N .

(∀ a, b, c ∈ Q) a ≤ b ⇒ a+ c ≤ b+ c

(∀ a, b ∈ Q) a ≥ 0 ∧ b ≥ 0 ⇒ a · b ≥ 0 ,

(Q,+, ·) ≤

a = p1
q1

b = p2
q2

a < b
c a < c < b

c =
a+ b

2
=

p1
q1

+ p2
q2

2
=

p1 q2 + p2 q1
2 q1 q2

∈ Q .

N Z

x2 = 2 x = ±
√
2√

2√
2 = p/q

p2 = 2 q2 p2 p p p = 2k
(2k)2 = 2 q2 ⇒ 4 k2 = 2 q2 ⇒ 2 k2 = q2 q2 q

p q √
2

I

I = {
√
2,
√
3, . . . , π, e, . . . }.

3, 1415926535 . . . = π
Q ∩ I = ∅

R

R = Q ∪ I.

π



R

ρ (∀x, y ∈ R) xρy ⇔ x = y

(∀x ∈ R) xρx x = x

(∀x, y ∈ R) xρy ⇒ x = y ⇒ y = x ⇒ yρx

(∀x, y, z ∈ R) xρy ∧ yρz ⇒ x = y ∧ y = z ⇒ x = z ⇒ xρz

ρ (∀x, y ∈ R) xρy ⇔ x ≥ y

(∀x ∈ R) xρx x ≥ x

(∀x, y ∈ R) xρy ∧ yρx ⇒ x ≥ y ∧ y ≥ x ⇒ x = y

(∀x, y, z ∈ R) xρy ∧ yρz ⇒ x ≥ y ∧ y ≥ z ⇒ x ≥ z ⇒ xρz

�

ρ (∀x, y ∈ R) xρy ⇔ x > y
x > x

(R,+, ·) + ·
≥ 0

x 1/x
(R,+, ·) a b c
a < c < b

f, g : R → R f(x) = 3x+ 4 g(x) = 2x2 − 3
g ◦ f

g ◦ f : R → R

(g ◦ f)(x) = g(f(x)) = g(3x+4) = 2(3x+4)2 − 3 = 2(9x2 +24x+16)− 3 = 18x2 +48x+29 .

�

f, g : R → R f(x) = ex g(x) = 3
√
x f ◦ g

g ◦ g
f ◦ g : R → R

(f ◦ g)(x) = f(g(x)) = f( 3
√
x) = e

3
√
x ,

(g ◦ g)(x) = g(g(x)) = g( 3
√
x) =

3

√

3
√
x = 9

√
x .

�



f(x) = 2x− 4 f : R → R

f(x) = 2x− 4 ⇒ f−1(f(x)) = f−1(2x− 4) ⇒ x = f−1(2x− 4)

t = 2x− 4 ⇒ x = t+4
2

t+ 4

2
= f−1(t)

t → x

f−1(x) =
x+ 4

2
.

f−1(f(x)) = x

f−1(f(x)) =
f(x) + 4

2
=

2x− 4 + 4

2
= x .

�

f(x) = 3
√
3− x f : R → R

f(x) = 3
√
3− x ⇒ f−1(f(x)) = f−1( 3

√
3− x) ⇒ x = f−1( 3

√
3− x)

t = 3
√
3− x ⇒ t3 = 3− x ⇒ x = 3− t3

3− t3 = f−1(t) ,

t → x f−1(x) = 3− x3 �

f(x) = lnx f : (0,+∞) → R

f(x) = lnx ⇒ f−1(f(x)) = f−1(lnx) ⇒ x = f−1(ln x)

t = lnx ⇒ et = elnx ⇒ et = x

et = f−1(t) ,

t → x f−1(x) = ex �

x ∈ R

|x| =
{

x, x ≥ 0,
−x, x < 0 .

|7| = 7 |0| = 0 | − 7| = −(−7) = 7



x y

|x+ y| ≤ |x|+ |y| .

x ≥ 0 y ≥ 0 |x+ y| = x+ y = |x|+ |y|

x ≤ 0 y ≤ 0 |x+ y| = −x+ (−y) = |x|+ |y|

x ≥ 0 y ≤ 0 |x+ y| ≤ |x+ (−y)| = x+ (−y) = |x|+ |y|

x ≤ 0 y ≥ 0 |x+ y| ≤ | − x+ y| = −x+ y = |x|+ |y|

�

x y

|x− y| ≥
∣
∣|x| − |y|

∣
∣ .

|(x− y) + y| ≤ |x− y|+ |y| ⇒ |x| ≤ |x− y|+ |y| ⇒ |x| − |y| ≤ |x− y| .

|y − x| ≥ |y| − |x| ⇒ |x− y| ≥ |y| − |x| ⇒ −|x− y| ≤ |x| − |y| .

−|x− y| ≤ |x| − |y| ≤ |x− y| ⇒
∣
∣|x| − |y|

∣
∣ ≤ |x− y| .

�

|x · y| = |x| · |y|
∣
∣
∣
∣

x

y

∣
∣
∣
∣
=

|x|
|y| y �= 0

• [a, b] = {x ∈ R| a ≤ x ≤ b} , • [a, b) = {x ∈ R| a ≤ x < b} , • (a, b] = {x ∈ R| a < x ≤ b} ,

• (a, b) = {x ∈ R| a < x < b} , • [a,+∞) = {x ∈ R| a ≤ x} , • (a,+∞) = {x ∈ R| a < x} ,

• (−∞, b] = {x ∈ R| x ≤ b} , • (−∞, b) = {x ∈ R| x < b} , • N0 = N ∪ {0} ,

• R+ = (0,+∞) , • R− = (−∞, 0) .

x2 = −1
x2 ≥ 0 x ∈ R C

x = ±i i
i2 = −1

C = {a+ b i = (a, b)| a, b ∈ R}.
R ⊂ C



N Z Q
C

R

I

a b z = a + b i =
(a, b) z̄ = a− b i = (a,−b)
z = a+ b i = (a, b) z
|z| =

√
a2 + b2

x

y

a

|| z

0

biaz ��
b

biaz ��
b�

|| z

x y

z1 = (a1, b1) z1 = (a2, b2) a1 = a2
b1 = b2

(a1, b1) + (a2, b2) = (a1 + a2, b1 + b2)

(a1 + b1i) + (a2 + b2i) = (a1 + a2) + (b1 + b2)i ,

(a1, b1) · (a2, b2) = (a1 · a2 − b1 · b2, a1 · b2 + a2 · b1)

(a1+ b1i) · (a2+ b2i) = a1 ·a2+a1 · b2i+a2 · b1i+ b1 · b2 i2 = (a1 ·a2− b1 · b2)+(a1 · b2+a2 · b1)i .

(C,+, ·) + ·
z = a + b i



(a+ b i) + (a− b i) = 2 a .

(a+ b i) · (a− b i) = a2 − a b i+ a b i− b2 i2 = a2 − b2 · (−1) = a2 + b2 = |z|2 .

z1 = 2− 3i z2 = −3 + 5i z1 + z2 z1 − z2 z1 · z2

z1 + z2 = (2− 3i) + (−3 + 5i) = −1 + 2i

z1 − z2 = (2− 3i)− (−3 + 5i) = 2− 3i+ 3− 5i = 5− 8i

z1 · z2 = (2− 3i) · (−3 + 5i) = −6 + 10i+ 9i− 15i2 = −6 + 19i+ 15 = 9 + 19i

�

z1 = a1 + b1 i z2 = a2 + b2 i

z1
z2

=
a1 + b1 i

a2 + b2 i
=

a1 + b1 i

a2 + b2 i
· a2 − b2 i

a2 − b2 i
=

(a1 a2 + b1 b2) + (a2 b1 − a1 b2) i

(a2)2 + (b2)2
,

(a2)
2 + (b2)

2 �= 0 a2 b2

z1 = 2− 3i z2 = −3 + 5i z1
z2

z1
z2

=
2− 3i

−3 + 5i
· −3− 5i

−3− 5i
=

(2− 3i)(−3 − 5i)

(−3)2 + 52
=

−6− 10i + 9i− 15

9 + 25
=

−21− i

34
.

�

i0 = 1 , i1 = i , i2 = −1 , i3 = i · i2 = −i , i4 = i2 · i2 = 1 , i5 = i4 · i = i , i6 = i4 · i2 = −1 , . . . ,

. . . , i−5 =
1

i5
=

1

i
=

1

i
· i
i
=

i

−1
= −i , i−4 =

1

i4
=

1

1
= 1 , i−3 =

1

i3
=

1

−i
=

1

−i
· i
i
=

i

1
= i ,

i−2 =
1

i2
=

1

−1
= −1 , i−1 =

1

i
= −i .

i−5 = i−1 = i3 = −i i−4 = i0 = i4 = 1 i−3 = i1 = i5 = i i−2 = i2 = i6 = −1
i4k+1 = i i4k+2 = −1 i4k+3 = −i i4k = 1 k ∈ Z



(1 + i)2 = 1 + 2i+ i2 = 1 + 2i− 1 = 2i

(1− i)2 = 1− 2i+ i2 = 1− 2i− 1 = −2i .

(1+ i)132 (2− 2i)73

(1 + i)132 =
(
(1 + i)2

)66
= (2 i)66 = 266 i66 = 266i4·16+2 = 266 i2 = −266

(2− 2i)75 = (2(1 − i))75 = 275(1− i)75 = 275(1− i)(1 − i)74 = 275(1− i)
(
(1− i)2

)37

= 275(1− i) (−2i)37 = 275(1− i)(−2)37 i37 = −2112(1− i) i4·9+1

= −2112(1− i) i = −2112(i− i2) = −2112(1 + i) .

�

z = a + b i
ρ

z ρ = |z| ϕ
x

x

y

a

�

0

�� iez �
b

b� )( �� �� iez

�

�
�� �� cos

�� sin

)sin( �� �

x

y

0

III

III IV

kvadranti

x y

cosϕ = a/ρ sinϕ = b/ρ

a = ρ cosϕ , b = ρ sinϕ



z

z = a+ b i = ρ cosϕ+ i ρ sinϕ = ρ(cosϕ+ i sinϕ) .

ϕ = arctg b
a

ei x = cos x+ i sinx , x ∈ R

z

z = ρ ei ϕ .

z1 = 1 +
√
3 i z2 = −1 + i z3 = −i

z1 = 1 +
√
3 i a = 1 b =

√
3 ρ =

√

12 + (
√
3)2 = 2

a, b > 0 ϕ tgϕ = b/a =
√
3 ϕ = arctg

√
3 =

π/3 z1 = 2
(
cos π

3 + i sin π
3

)
z1

z1 = 2 eiπ/3

z2 = −1+i a = −1 b = 1 ϕ ρ =
√

(−1)2 + 12 =
√
2

tgϕ = −1 ϕ = π − π/4 = 3π/4 z2 =
√
2
(
cos 3π

4 + i sin 3π
4

)
z2 =

√
2 ei 3π/4

z3 = −i
ρ = 1 ϕ = 3π/2 z3 = cos 3π

2 + i sin 3π
2 = ei 3π/2 �

zn n ∈ N

zn = ρn
(
ei ϕ

)n
= ρn ei nϕ ,

n
√
z n ∈ N

n
√
z = n

√
ρ ei

ϕ+2kπ
n , k = 0, 1, 2, . . . , n− 1 .

z1 = 1 +
√
3 i z2 = −1 + i (z1)

12 3
√
z2

z1 = 1+
√
3 i

z1 = 2 eiπ/3 ⇒ (z1)
12 = 212 ei12π/3 = 212 ei4π ,

ei4π = cos(4π) + i sin(4π) = 1 + i · 0 = 1 (z1)
12 = 212

z2 = −1 + i z2 =
√
2 ei 3π/4

3
√
z2 =

3

√√
2 ei

3π
4 +2kπ

3 , k = 0, 1, 2 ,



3
√
z2 =

6
√
2 ·







ei
3π
4 +0

3 , (k = 0),

ei
3π
4 +2π

3 , (k = 1),

ei
3π
4 +4π

3 , (k = 2),

⇒ 3
√
z2 =







6
√
2 · eiπ4 =: z2,1 ,

6
√
2 · ei 11π12 =: z2,2 ,

6
√
2 · ei 19π12 =: z2,3 .

�

x

y

0

46
1,2 2

�
i

ez �

6 2

12

11

6
2,2 2

�
i

ez �

12

19

6
3,2 2

�
i

ez �

4/�

12/11�

12/19�

3
√
z2 =

3
√
−1 + i z2 = z2,1 z2 = z2,2 z2 = z2,3

A = {2, 4, 6, 8, 10, 12} B = {1, 2, 3, 4, 5, 6} C = {1, 2, 3, 5, 8, 13}
A ∪ B A ∪ C B ∪ C A ∪ B ∪ C A ∩ B A ∩ C B ∩ C A ∩ B ∩ C A \ B

A \ C B \ C B \ A C \A C \B

A = {a, b, c, d} B = {1, 2, 3} A×B B ×A

ρ X = {a, b, c, d, e}

ρ = {(a, a), (b, b), (c, c), (d, d), (e, e), (a, b), (b, c), (a, c), (b, a), (c, b), (c, a), (d, e), (e, d)} .



ρ (∀x, y ∈ R) xρy ⇔ x ≤ y

Z \ {0} ρ

(∀x, y ∈ Z \ {0}) xρy ⇔ x y > 0 .

ρ −1 1

N ρ

(∀x, y ∈ N) xρy ⇔ (∃k ∈ Z) x− y = 3k .

ρ N

N ρ

(∀x, y ∈ N) xρy ⇔ (∃k ∈ N) y = k x .

ρ N

A = {1, 2, 3} B = {a, b}

n ∈ N

{1,−1, i,−i}

S ∗ a
a ∗ b = ab b a ∗ b = a2b2 (S, ∗)

+ ·
a+ b

√
2 a b + ·

a+ b
√
3 a b + ·

1 · 2 · 3 + 2 · 3 · 4 + · · ·+ n · (n+ 1) · (n+ 2) =
1

4
n(n+ 1)(n + 2)(n + 3)

1

1 · 3 +
1

3 · 5 + · · · + 1

(2n− 1) · (2n+ 1)
=

n

2n+ 1



212n+3 − 36n+2 n ≥ N0

32n+3 + 40n− 27 n ≥ N0

(1 + a)n ≥ 1 + n a n ∈ N a > −1

1

12
+

1

22
+ · · · + 1

n2
< 2, n ∈ N .

1

2
· 3
4
· 5
6
· · · · · 2n− 1

2n
<

1√
3n + 1

, n ∈ N .

4n+3 n ∈ N

n n3 +5 n

3n+ 1 2n2 + n n ∈ N

a b a2 − b2

√
3

√
2 +

√
3

z1 = 4 − 3i z2 = −1 + 2i
3z1 + z2 z1 − 2z2 z1 · z2 z1

z2

z |z|+ z = 2 + i

z1 z2

z1 + z2 = 1− i, arg(z1) =
π

6
, arg(z2) = −π

3
.

z = −2
√
3− 2i z4 4

√
z

eiπ/4z + eiπ/6z + i = 0





G p

% P
p G

P =
p

100
·G.

20%

G = 6500 p% = 20% p = 20

P =
20

100
· 6500 = 1300 evra.

�

4%

G P = 48 p = 4

G =
100

p
· P =

100

4
· 48 = 1200 evra.

4% G+ P = 1200 + 48 = 1248 �



G = 3000 P = 120 p

p% =
100 · P

G
=

100 · 120
3000

= 4% .

�

G p G p G

G ր p% = G+ (p% od G) = G+
p

100
·G = G

(

1 +
p

100

)

.

p%

G ց p% = G− (p% od G) = G− p

100
·G = G

(

1− p

100

)

.

7%
10%

G = 200

G

(

1 +
7

100

)(

1− 10

100

)

= 200 · 1.07 · 0.90 = 192.6 evra.

�

2%

G p

G

(

1 +
2

100

)

= 402696 ⇒ G =
402696

1 + 2
100

=
402696

1.02
= 394800 stanovnika.

�

20%
6%

G 20%

G

(

1− 20

100

)

= 1200 ⇒ G =
1200

0.80
= 1500 evra

6%

1500

(

1− 6

100

)

= 1410 evra.

�



8%

G

G ց 8% = 4140 ⇒ G

(

1− 8

100

)

= 4140 ⇒ G =
4140

0.92
= 4500,

4500 − 4140 = 360
�

24%
24%

a b
P1 = a · b a 24% b 24%

P2 = a

(

1 +
24

100

)

· b
(

1− 24

100

)

= a · 1.24 · b · 0.76 = a · b · 0.9424 = P1 · 0.9424.

P2 P1

p

1− p

100
= 0.9424 ⇒ p = (1− 0.9424) · 100 = 5.76.

5.76% �

25%
18%

20% 25%

x 25%
x · 1.25 18%

x · 1.25 · 0.82 = x · 1.025 (1.025 − 1) · 100% = 2.5%
20%

x · 1.25 · 0.80 = x.

25%

x · 1.25 · 0.75 = x · 0.9375.

(1− 0.9375) · 100% = 6.25% �

40%

x 40%
x · 0.60

x · 0.60 = 360 ⇒ x = 600 evra.



600

360
= 1.667

(1.667 − 1) · 100% = 66.7%
�

64%
46%

36%
2.25 · 0.36 = 0.81 (100 − 46)% = 54%

x x · 0.54 = 0.81
x = 1.5 2.25 − 1.5 = 0.75 �

30%
20% 25%

x
x · 1.30

x · 1.30 · 0.80 = x · 1.04 4%
25%

x · 1.30 · 0.75 = x · 0.975 (1− 0.975) · 100% = 2.5%
�

200 + 50
50

250
· 100% = 20%.

20% �

24%

x 24% x · 0.24 = 3
x = 12.5 �

40%

x x + 20
40%

20

x+ 20
= 0.4 ⇒ 20 = 0.4x+ 0.4 · 20 ⇒ x =

20− 8

0.4
= 30 .

�



0.9%

x 0.9%

x

150
=

0.9

100
⇒ x = 0.009 · 150 = 1.35 .

�

G p

n
Gn n = 1, 2, . . .

G1 = G+ (p% od G) = G
(

1 +
p

100

)

G2 = G1 + (p% od G1) = G1

(

1 +
p

100

)

= G
(

1 +
p

100

)2

G1 n

Gn = G
(

1 +
p

100

)n
.

G p n

G =
Gn

(
1 + p

100

)n ,

p =

(

n

√

Gn

G
− 1

)

· 100

n =
ln

(
Gn

G

)

ln
(
1 + p

100

) .

G = 1000
10% p = 10 G3 =?

G1 G = 1000 10%

G1 = 1000 + 100 = 1100 .



G2 G1 = 1100 10%

G2 = 1100 + 110 = 1210 .

G3 = 1210 + 121 = 1331

�

6%

G = 2200 p = 6 n = 8 Gn G8

G8 = 2200 ·
(

1 +
6

100

)8

= 2200 · 1.068 = 3506.47 evra.

�

4%

n = 8 · 12 + 6 = 102 p = 4 Gn = G102 = 60089 G

G =
60089

(
1 + 4

100

)102 = 1100

�

p%

G12 = 20000 ·
(

1 +
p

100

)12
.

(

20000 ·
(

1 +
p

100

)12
− 20000

)

·
(

1 +
p

100

)12
= 500

t = (1 + p/100)12

(20000 · t− 20000) · t = 500 ⇒ 20000t2 − 20000t − 500 = 0.



t t = 1.0244

(

1 +
p

100

)12
= 1.0244 ⇒ p% =

(
12
√
1.0244 − 1

)

· 100 = 0.2011%.

�

2%

G = 1000 n = 6·12 = 72
p = 2 n

G72 = 1000 ·
(

1 +
2

100

)72

= 4161.14

G⋆ = G72 + 1500 = 5661.14

n = 2 · 12 = 24

G⋆
24 = 5661.14 ·

(

1 +
2

100

)24

= 9105.59

�

V
5% 2%

V

G V n = 5 p = 5

V ·
(

1 +
5

100

)5

= V · 1.055 = V · 1.276.

V · 1.276 ·
(

1− 2

100

)12

= V · 1.276 · 0.9812 = V · 1.002.

5 + 12 = 17 (1.002 − 1) · 100% = 0.2%
�

10%

G = 4000 n Gn = 5300
p = 10 n

n =
ln

(
5300
4000

)

ln
(
1 + 10

100

) = 2.95 ≈ 3 .

�



60%
90%

40%

60% 90% 600000 · 0.90 = 540000
5% 600000 · 0.90 · 0.05 = 27000

600000 + 540000 + 27000 = 1167000
40% 1167000 · 0.60 = 700200 90%

700200 ·0.9+700200 ·0.9 ·0.05 = 661689
702000+661689 = 1361889 40%

1361889 · 0.6 = 817133.4 817133.4 · 0.9 + 817133.4 · 0.9 · 0.05 = 772191.063
817133.4 + 772191.063 = 1589324.463 ≈ 1589324

p

100
= − 40

100
︸ ︷︷ ︸

40%

+
60

100
· 90

100
+

60

100
· 90

100
· 5

100
︸ ︷︷ ︸

90% 60% 5%

=
16.7

100
.

16.7
n = 3 G = 1000000 p = 16.7

G3 = 1000000 ·
(

1 +
16.7

100

)3

= 1589324.463

�

3%

t1 = 20

h1 = t1 ·
3

100
= 20 · 3

100
.

t2 = t1 + h1 · x = 20 + 20 · 3

100
· x = 20

(

1 +
3

100
· x

)

= 20 q,

x q = 1 + 3x/100

h2 = t2 ·
3

100
= 20 q · 3

100
.



t3 = t2 + h2 · x = 20 q + 20 q · 3

100
· x = 20 q

(

1 +
3

100
· x

)

= 20 q2,

h3 = t3 ·
3

100
= 20 q2 · 3

100
.

t140 = 20 q139,

h140 = t140 ·
3

100
= 20 q139 · 3

100
.

htotal

htotal =

140∑

i=1

hi = 20 · 3

100

140∑

i=1

qi−1 = 20 · 3

100
· q

140 − 1

q − 1
.

t141 = 20 q140 = 120 ⇒ q140 = 6 ⇒ q =
140
√
6 .

htotal = 20 · 3

100
· 6− 1

3
100 · x =

100

x
.

q =
140
√
6 ⇒ 1 +

3

100
· x =

140
√
6 ⇒ x =

(
140
√
6− 1

)

· 100
3

htotal =
3

140
√
6− 1

= 232.91

6987.3

q = 1 +
3

100
· x =

140
√
6 ,

p

100
=

3 · x
100

=
140
√
6− 1 = 0.01288,

p% = 1.288% x = 0.429
42.9% �



m

m = 2
m = 3 m = 4

p/m p
G Gm,n n m

Gm,n = G

(

1 +
p/m

100

)m·n
= G

(

1 +
p

100 ·m
)m·n

.

G =
Gm,n

(
1 + p

100·m
)m·n ,

p =

(

m·n

√

Gm,n

G
− 1

)

· 100 ·m.

n =
ln

(
Gm,n

G

)

m · ln
(
1 + p

100·m
) .

p/m
m p

m → ∞

G∞,n = Ge
np
100 .

18%



G = 1000 n = 5 p = 18 m
m = 1

Gm,n = G1,5 = 1000 ·
(

1 +
18

100

)5

= 2287.76 evra.

m = 2

Gm,n = G2,5 = 1000 ·
(

1 +
18

100 · 2

)2·5
= 2367.36 evra.

m = 4

Gm,n = G4,5 = 1000 ·
(

1 +
18

100 · 4

)4·5
= 2411.71 evra.

m = 12

Gm,n = G12,5 = 1000 ·
(

1 +
18

100 · 12

)12·5
= 2443.22 evra.

m = 360

Gm,n = G360,5 = 1000 ·
(

1 +
18

100 · 360

)360·5
= 2459.05 evra.

m = ∞

G∞,n = G∞,5 = 1000 · e 5·18
100 = 2459.60 evra.

�

15% 5% 2%
1%

G = 3.9

︷ ︸︸ ︷

3.9 · e 6·15
100

︸ ︷︷ ︸
·e 6·5

100 ·e 12·2
100

︸ ︷︷ ︸

·e 36·1
100 = 23.59 .

�



G = 25000 Gm,n = 25000 + 10000 = 35000 n = 8
m = 2

p =

(

m·n

√

Gm,n

G
− 1

)

· 100 ·m =

(

2·8

√

35000

25000
− 1

)

· 100 · 2 = 4.25 .

p =
100 ln

G∞,n

G

n
=

100 ln 35000
25000

8
= 4.21.

�

16%

godina

0 2-2-5-8

+12000 +4000 -7000 ?3 godine 3 godine 4 godine

m = 4

((

12000 ·
(

1 +
16

100 · 4

)4·3
+ 4000

)

·
(

1 +
16

100 · 4

)4·3
− 7000

)

·
(

1 +
16

100 · 4

)4·4
= 56496.19

((

12000 · e 3·16
100 + 4000

)

· e 3·16
100 − 7000

)

· e 4·16
100 = 58420.44 dinara.

�

U p n
Sn Sn

S1 = U + p% U = U
(

1 +
p

100

)

= U q ,



q = 1 + p/100

S2 = (S1 + U) + p% (S1 + U) = (S1 + U) q = (U q + U) q = U q2 + U q .

S3 = (S2 + U) + p% (S2 + U) = (S2 + U) q = (U q2 + U q + U) q = U q3 + U q2 + U q ,

n

Sn = U qn + U qn−1 + · · ·+ U q2 + U q = U(qn + qn−1 + · · ·+ q2 + q) .

n
q q

qn + qn−1 + · · ·+ q2 + q = q · q
n − 1

q − 1

Sn = U q
qn − 1

q − 1
, q = 1 +

p

100
.

U =
Sn(q − 1)

q(qn − 1)

n =
ln

(

1 + Sn(q−1)
U q

)

ln q
.

10%

U = 1000 n = 7 p = 10 q = 1 + 10
100 = 1.1

Sn = 1000 · 1.1 · 1.1
7 − 1

1.1 − 1
= 10435.89 evra.

�

2%

U n = 10 Sn = 99605 p = 2
n n = 10 · 12 = 120

U =
99605 · (1.02 − 1)

1.02 · (1.02120 − 1)
= 200 evra.

�



5% 7%

U = 1200 n = 3 p = 5 (q =
1 + 5/100 = 1.05)

Sn = 1200 · 1.05 · 1.05
3 − 1

1.05 − 1
= 3972.15 evra.

(3972.15 + 1200) ·
(

1 +
7

100

)

= 5534.2 evra.

(5534.2 + 1200) ·
(

1 +
7

100

)

= 7070.91 evra.

(7070.91 + 1200) ·
(

1 +
7

100

)

= 8684.46 evra

(8684.46 + 1200) ·
(

1 +
7

100

)

= 10378.68 evra.

�

D n
R p

D

D + (p% od D) = D
(

1 +
p

100

)

= D q ,

q = 1 + p/100 R
D q−R

D q −R+ (p% od (D q −R)) = (D q −R) q = D q2 −Rq .

R D q2 − Rq − R

D q2 −Rq −R+ (p% od (D q2 −Rq −R)) = (D q2 −Rq −R) q = Dq3 −Rq2 −Rq .

D q3−Rq2−Rq−R
n

D qn −Rqn−1 − · · · −Rq2 −Rq −R = 0 ⇒ D qn = R (qn−1 + · · · + q2 + q + 1) .



n
q

qn−1 + · · ·+ q2 + q + 1 = 1 · q
n − 1

q − 1

D qn = R
qn − 1

q − 1
.

R = D qn
q − 1

qn − 1
, q = 1 +

p

100
,

D = R
qn − 1

qn(q − 1)

n =
ln R

R−D(q−1)

ln q
.

DPi i DKi

i Ki

i i = 1, 2, . . . , n

D n p
R

DP1 = D K1 = DP1·p
100 DK1 = DP1 +K1 R−K1

DP2 = DK1 −R K2 = DP2·p
100 DK2 = DP2 +K2 R−K2

DP3 = DK2 −R K3 = DP3·p
100 DK3 = DP3 +K3 R−K3

n− 1 DPn−1 = DKn−2 −R Kn−1 = DPn−1·p
100 DKn−1 = DPn−1 +Kn−1 R−Kn−1

n DPn = DKn−1 −R Kn = DPn·p
100 DKn = DPn +Kn = R R−Kn

a =
∑n

i=1 DPi b =
∑n

i=1 Ki =
a·p
100 n ·R− b = D



20%

D = 1000 p = 20 ⇒ q = 1.20 n = 4

R = 1000 · 1.204 · 1.20 − 1

1, 204 − 1
= 386.29 evra.

n ·R = 4·386.29 = 1545.16 1545.16−1000 =
545.16

20% 1000+ 200 = 1200
386.19

1200 − 386.19 = 813.71

386.29 − 200 = 186.29
20% 813.71 · 0.2 = 162.74

813.71 + 162.74 = 976.45

976.45 − 386.29 = 590.16
386.29− 162.74 = 223.55

590.16 20%
590.16 + 118.04 = 708.20 708.20− 386.29 =

321.91 386.29 − 118.04 = 268.25
321.91 + 64.38 = 386.29

386.29 − 64.38 = 321.91

D = 1000 20% p = 20
n = 4 R = 386.29 n · R = 1545.16

386.29 − 200 = 186.29
386.29 − 162.74 = 223.55
386.29 − 118.04 = 268.25
386.29 − 64.38 = 321.91

545.16 = 2725.78·20
100

4 · 386.29 − 545.16 = 1000

2725.78 p/100 = 0.2
2725.78 ·0.2 =

545.16

D = 1000 4 · 386.29 − 545.16 = 1000 �

18%

�



D = 10000 18% p = 18
n = 5 R = 3197.78 n ·R = 15988.9

3197.78 − 1800 = 1397.78
3197.78 − 1548.40 = 1649.38
3197.78 − 1251.51 = 1946.27
3197.78 − 901.18 = 2296.60
3197.78 − 487.79 = 2709.99

5988.88 = 33271.30·18
100

5 · 3197.78 − 5988.88 = 10000

10%

n = 6

D = 20000 10% p = 10
n = 6 R = 4592.15 n ·R = 27552.89

4592.15 − 2000 = 2592.15
4592.15 − 1740.78 = 2851.37
4592.15 − 1455.65 = 3136.50
4592.15 − 1142.00 = 3450.15
4592.15 − 796.98 = 3795.17
4592.15 − 417.47 = 4174.68

7552.88 = 75528.80·10
100

6 · 4592.15 − 7552.9 = 20000

�

2%

n = 15 · 12 = 180 q = 1+ 2/100 = 1.02
R = 200

D = 200 · 1.02180 − 1

1.02180(1.02 − 1)
= 9716.88 evra.

n = 60 q = 1.02 G = D = 9716.88

Gn = G60 = 9716.88 · 1.0260 = 31881.38 evra.

D = 31881.38 n = 10 · 12 = 120 q = 1.02

R = 31881.38 · 1.02120 · 1.02 − 1

1.02120 − 1
= 702.92

�



G p%
G(1 + p/100)

p pk
s

G
(

1 +
p

100

)

= G
(

1 +
pk
100

)s
,

pk =

(

s

√

1 +
p

100
− 1

)

· 100 <
p

s
.

pk
p

s

G
(

1 +
pk
100

)

= G
(

1 +
p

100

)s

pk =
((

1 +
p

100

)s
− 1

)

· 100 > p · s .

pk

24%

p = 24 pk s = 12

pk =

(

12

√

1 +
24

100
− 1

)

· 100 = 1.81,

p/s = 24/12 = 2 s = 52

pk =

(

52

√

1 +
24

100
− 1

)

· 100 = 0.41,

24/52 = 0.46 �

6%

p = 6 s = 4

pk =

((

1 +
6

100

)4

− 1

)

· 100 = 26.25,

p · s = 6 · 4 = 24 �



16%

D = 100000 s = 4

pk =

(

4

√

1 +
16

100
− 1

)

· 100 = 3.8.

n = s · 2 = 8 q = 1 + pk/100 = 1.038

R = 100000 · 1.0388 · 1.038 − 1

1.0388 − 1
= 14730.37 dinara.

D = 100000 3.8% n = 8
R = 14730.37 n ·R = 27552.89

14730.37 − 3800 = 10930.37
14730.37 − 3384.65 = 11345.72
14730.37 − 2953.51 = 11776.86
14730.37 − 2505.99 = 12224.38
14730.37 − 2041.46 = 12688.91
14730.37 − 1559.28 = 13171.09
14730.37 − 1058.78 = 13671.59
14730.37 − 539.26 = 14191.11

17842.93 = 469550.77·3.8
100

8·14730.37−17842.93 = 100000

�

36%

s = 3

pk =

(

3

√

1 +
36

100
− 1

)

· 100 = 10.793.

s = 52

pk =

(

52

√

1 +
36

100
− 1

)

· 100 = 0.593.

�



10%

s = 12

pk =

(

12

√

1 +
10

100
− 1

)

· 100 = 0.797.

D = 28000 n = 24 q = 1.00797

R = 28000 · 1.0079724 · 1.00797 − 1

1.0079724 − 1
= 1286.43

�

6%

10% 6%
5%

25% 20%

15%
20%

9/8

9%



6%
9%

6%
8%

V
2% 1%

V

10000 15 9%

60000 80000
25 24%

3000 12%

4%

4%

12000 7 4%
9 21000 11%

100
6%

1000 1 12%
5 200 2%

35 5%
2000

10000
100000 1%

2%

7%



2%

0, 6%

%
%

12%

10%

3%



3 240
18 x



x

3 240
↑ ↑

18 x

x : 240 = 18 : 3 ⇒ x =
240 · 18

3
= 1440.

�

12 108
x 36

x

12 108
↑ ↓

x 36

x : 12 = 108 : 36 ⇒ x =
12 · 108

36
= 36.

�

18 34
−

18 26

18 26
12 x



18 26
↓ ↑

12 x

x : 26 = 18 : 12 ⇒ x =
26 · 18
12

= 39.

�

9 50
−

9 36

9 36
12 x

9 36
↓ ↑

12 x

x

x : 36 = 9 : 12 ⇒ x =
36 · 9
12

= 27.

�

40 80
↓ ↑

32 x

x : 80 = 40 : 32 ⇒ x =
80 · 40
32

= 100.



32 100
−

32 90

32 90
↓ ↑

50 x

x : 90 = 32 : 50 ⇒ x =
90 · 32
50

= 57.6.

�

x x
x

500 6 40 150000
800 5 20 x

500 6 40 150000
↑ ↑ ↑ ↑

800 5 20 x

x

x

150000
=

20

40
· 5
6
· 800
500

⇒ x =
1

2
· 5
6
· 8
5
· 150000 = 100000 dinara.

�



4 10 10
x 8 5

x

4 10 10
↑ ↓ ↓

x 8 5

x
x

4
=

10

8
· 10
5

⇒ x = 10.

�

400 4 10 18 8
1200 5 x 36 6

x

x

400 4 10 18 8
↑ ↑ ↑ ↓ ↓

1200 5 x 36 6

x
x

10
=

1200

400
· 5
4
· 18
36

· 8
6
⇒ x = 25.

�



30 60 8
↓ ↑ ↓

40 x 6

x

60
=

30

40
· 8
6
⇒ x = 60.

40 60 6
−

40 45 6

40 45 6
↓ ↑ ↓

20 x 9

x

45
=

40

20
· 6
9
⇒ x = 60.

�

45 25 10
−

40 25 10

40 25 10
↑ ↓ ↓

x 10 8



x = 125

125 10 8
−

102 10 8

102 10 8
↑ ↓

x 30 8

x

102
=

10

30
⇒ x = 34.

�

x

24 = 3600
x = 9000

x

x = 9000
ւ

3600 = 24



x

x · 3600 = 9000 · 24 ⇒ x =
9000 · 24
3600

= 60 .

24
3600 = 1

150

9000 · 1

150
= 60

�

x

60 = 4200
x = 40

x

x = 40
ւ

60 = 4200

x

x · 60 = 40 · 4200 ⇒ x =
40 · 4200

60
= 2800 .

�

x

5 = 8
20 = 12
4 = 10
5 = 2
6 = 9
x = 1



x = 1
ւ

12 = 20
ւ

5 = 2
ւ

5 = 8
ւ

6 = 9
ւ

4 = 10

x

x · 12 · 5 · 5 · 6 · 4 = 1 · 20 · 2 · 8 · 9 · 10 ⇒ x =
1 · 20 · 2 · 8 · 9 · 10
12 · 5 · 5 · 6 · 4 = 4.

x =

1 =
20

12
=

20

12
· 2
5

=
20

12
· 2
5
· 8
5

=
20

12
· 2
5
· 8
5
· 9
6

=
20

12
· 2
5
· 8
5
· 9
6
· 10
4

= 4 .

x = x = 4 �

x

48 = 91.4
x = 96
1 = 0.914

1 = 75

x = 96
ւ

0.914 = 1
ւ

48 = 91.4
ւ

1 = 75

x =
96 · 1 · 91.4 · 75
0.914 · 48 · 1 = 15000.

�



1%

40 = 2.15
1.4 = 425
350 = 155

x = 100
ւ

1000 = 1
ւ

40 = 2.15
ւ

1.4 = 425
ւ

350 = 155

x

x =
100 · 1 · 2.15 · 425 · 155
1000 · 40 · 1.4 · 350 = 0.723.

1%
�

8% 15% 5%
22%

2500 = 15000
x = 1
1 = 119.5

x = 1
ւ

2500 = 15000
ւ

1 = 119.5



x =
1 · 15000 · 119.5

2500 · 1 = 717.

8% 15%
23%

717 ·
(

1 +
23

100

)

= 717 · 1.23 = 881.91 dinara.

22%

881.91

(

1 +
22

100

)

= 881.91 · 1.22 = 1075.93 dinara.

�

x = 27
ւ

3 = 5
ւ

2 = 9

x =
27 · 5 · 9
3 · 2 = 202.5.

t = 202.5/v = 202.5/(4v ) = 50.625/v

x = 23
ւ

2 = 9

x =
23 · 9
2

= 103.5.

t = 103.5/v = 103.5/(2v ) = 51.75/v

t = 50/v
�



8 700 1
1 120 1$ 96 = =

1 = 8
1 = 120
1 = 0.454
1 = x

100 = 1

x = 1
ւ

0.454 = 1
ւ

1 = 8
ւ

100 = 1
ւ

1 = 120

x = 21.15

700 = 1
1 = 96
1 = 0.454
1 = x

100 = 1
100 = 1

x = 1
ւ

0.454 = 1
ւ

100 = 1
ւ

1 = 700
ւ

100 = 1
ւ

1 = 96

x = 14.8 �



3 : 2 1 : 4
3 : 2 = 6 : 4 1 : 4 = 3 : 12

a : b = c : d a d b c

x1 : x2 : · · · : xn = b1 : b2 : · · · : bn,
K

x1 = K · b1, x2 = K · b2, . . . , xn = K · bn.
S n xi

i 1 ≤ i ≤ n

S = x1 + x2 + · · · + xn.

x1 : x2 : · · · : xn = b1 : b2 : · · · : bn,
i

xi = bi ·
S

b1 + b2 + · · ·+ bn
, 1 ≤ i ≤ n.

xi i 1 ≤ i ≤ 5
S = x1 + x2 + x3 + x4 + x5 x1 : x2 : x3 : x4 : x5 = 1 : 1 : 1 : 1 : 1

1 + 1 + 1 + 1 + 1 = 5

xi = bi ·
S

1 + 1 + 1 + 1 + 1
= 1 · 100000

5
= 20000, 1 ≤ i ≤ 5.

�



3 : 2 : 5

xi i S = 32500 = x1 + x2 + x3
x1 : x2 : x3 = 3 : 2 : 5 3 + 2 + 5 = 10

x1 = 3 · 32500
10 = 9750

x2 = 2 · 32500
10 = 6500

x3 = 5 · 32500
10 = 16250

�

3
2 : 5

6 : 4
15

9360 = x1 + x2 + x3 x1 : x2 : x3 = 3
2 : 5

6 : 4
15

2, 6, 15 2
1, 3, 15 3
1, 1, 5 5
1, 1, 1

.

2·3·5 = 30

3

2
:
5

6
:
4

15
=

(
3

2
· 30

)

:

(
5

6
· 30

)

:

(
4

15
· 30

)

= 45 : 25 : 8.

x1 : x2 : x3 = 45 : 25 : 8
45 + 25 + 8 = 78

x1 = 45 · 9360
78

= 5400 evra, x2 = 25 · 9360
78

= 3000 evra, x3 = 8 · 9360
78

= 960 evra.

�

x1 x2
x1 + x2 = 15000 x1 : x2 = 40000 : 60000 x1 : x2 = 2 : 3 2 + 3 = 5

x1 = 2 · 15000
5

= 6000 evra, x2 = 3 · 15000
5

= 9000 evra.

100% · 6000/15000 = 40% 100% · 9000/15000 = 60% �



xi i x1 + x2 + x3 = 380000

x1 : x2 : x3 =
1

20
:
1

16
:
1

8
.

20, 16, 8 2
10, 8, 4 2
5, 4, 2 2
5, 2, 1 2
5, 1, 1 5
1, 1, 1

= 24 · 5 = 80

x1 : x2 : x3 =
1 · 80
20

:
1 · 80
16

:
1 · 80
8

⇒ x1 : x2 : x3 = 4 : 5 : 10.

x1 = 4·380000
19

= 80000 evra, x2 = 5·380000
19

= 100000 evra, x3 = 10·380000
19

= 200000 evra.

�

xi i
x1 + x2 + x3 + x4 = 44100

x1 : x2 : x3 : x4 =
20000

40000
:
30000

50000
:
10000

60000
:
25000

30000
.

x1 : x2 : x3 : x4 =
1

2
:
3

5
:
1

6
:
5

6
.

x1 : x2 : x3 : x4 = 15 : 18 : 5 : 25,

x1 = 15 · 44100
63 = 10500 evra, x2 = 18 · 44100

63 = 12600 evra,

x3 = 5 · 44100
63 = 3500 evra, x4 = 25 · 44100

63 = 17500 evra.

�



40%
V G D

1
4 : 3

5 : 7
8

A+B + V +G+D = 48300
A+B = 0.4(V +G+D)
A = 2B
V : G : D = 1

4 : 3
5 : 7

8

.

A+B + V +G+D = 48300
1
0.4(A+B) = V +G+D
A = 2B
V : G : D = 10 : 24 : 35

V +G+D

A+B + 1
0.4 (A+B) = 48300

1
0.4 (A+B) = V +G+D
A = 2B
V : G : D = 10 : 24 : 35

2B +B +
1

0.4
(2B +B) = 48300 ⇒ 3B +

10

4
· 3B = 48300 ⇒ B = 48300 · 2

21
= 4600 dinara.

A = 2B = 9200
K V = 10K G = 24K D = 35K

1

0.4
(9200 + 4600) = 69K ⇒ K = 500,

V = 5000 G = 12000 D = 17500 �

xi i i = 1, 2, 3 x1+x2+x3 =
34000

x1 : x2 : x3 = 100000 : 150000 : 250000
= 6 : 10 : 12

x1 : x2 : x3 = 2 : 3 : 5
= 3 : 5 : 6

x1 : x2 : x3 = (2 · 3) : (3 · 5) : (5 · 6)



x1 : x2 : x3 = 6 : 15 : 30

x1 = 6 · 34000
51

= 4000 evra, x2 = 15 · 34000
51

= 10000 evra, x3 = 30 · 34000
51

= 20000 evra.

�

38000000

800 4 1100
22 1200 18

xi i i = 1, 2, 3 x1+x2+x3 = 38000000

x1 : x2 : x3 = 800 : 1100 : 1200
= 1

4 : 1
22 : 1

18

x1 : x2 : x3 = 8 : 11 : 12
= 1

2 : 1
11 : 1

9

x1 : x2 : x3 = (8 · 1
2) : (11 · 1

11 ) : (12 · 1
9)

x1 : x2 : x3 = 4 : 1 : 4
3 x1 : x2 : x3 = 12 : 3 : 4

12 + 3 + 4 = 19

x1 = 12·38 · 10
6

19
= 24·106 dinara, x2 = 3·38 · 10

6

19
= 6·106 dinara, x3 = 4·38 · 10

6

19
= 8·106 din.

�

xi i = 1, 2, 3 i
x1 + x2 + x3 = 28160 x

23 · 8 · 5 = 920 15 · 12 · 7 = 1260 25 · 8 · 10 = 2000
x1 = 920x x2 = 1260(x + 1) x3 = 2000(x + 3)

28160 = x1 + x2 + x3 = 920x+ 1260(x + 1) + 2000(x + 3) ⇒ x = 5.

x1 = 4600 x2 = 7560 x3 = 16000 �



xi i i = 1, 2, 3
x1 + x2 + x3 = 634 t

x1 : x2 : x3 =

(
10

1.5
· t
)

:

(
15

3
· t
)

:

(
12

3.5
· t
)

x1 : x2 : x3 = 140 : 105 : 72

x1 = 140 · 634
317

= 280 hl, x2 = 105 · 634
317

= 210 hl, x3 = 72 · 634
317

= 144 hl.

�

xi i i = 1, 2, 3
x1 + x2 + x3 = 689 t

x1 =
10

1.5
· (t+ 6), x2 =

15

3
· (t+ 3), x3 =

12

3.5
· t.

689 = x1 + x2 + x3 =
10

1.5
· (t+ 6) +

15

3
· (t+ 3) +

12

3.5
· t ⇒ t = 42,

x1 = 320 x2 = 225 x3 = 144

�

1
3

xi i i = 1, 2 x1+x2 = 90000
50 · (15 + 5 · 10) · 8 = 26000

40 · (20 + 10 · 10) · 10 = 48000 x
26000x 48000(x + x/3) = 64000x

x1 : x2 = (26000x) : (64000x) x1 : x2 = 13 : 32 13 + 32 = 45

x1 = 13 · 90000
45

= 26000 evra, x2 = 32 · 90000
45

= 64000 evra.

�



x

x

x%

x x+ 2000 x+ 4000
d = 2000

n = 8 Sn = 66000 ai i i = 1, 2, . . . , 8

Sn =
n

2
(2a1 + (n− 1)d)

a1

a1 =
Sn

n
− (n− 1)d

2
⇒ a1 =

66000

8
− (8− 1) · 2000

2
= 1250 dinara.

a2 = a1 + 2000 = 3250 a3 = a2 + 2000 = 5250 a4 = 7250
a5 = 9250 a6 = 11250 a7 = 13250 a8 = 15250 �

x x − 4000 x − 8000
d = −4000 Sn = 45000

n = 5
a1

a1 =
Sn

n
− (n− 1)d

2
⇒ a1 =

45000

5
− (5− 1) · (−4000)

2
= 17000 dinara.

a2 = a1+ d = 17000− 4000 = 13000 a3 = 9000
a4 = 5000 a5 = 1000 �

Sn = 69000
a1 = 3000 d = 500 Sn

dn2 + (2a1 − d)n − 2Sn = 0, n ∈ N,



n

500n2 + (2 · 3000 − 500)n − 2 · 69000 = 0 ⇒ 500n2 + 5500n − 138000 = 0.

n ≥ 0

n2+11n−276 = 0 ⇒ n1,2 =
−11±

√

112 − 4 · 1 · (−276)

2
=

−11± 35

2
⇒ n =

−11 + 35

2
= 12.

�

q = 1.5 Sn = 16250
n = 4 b1 Sn

b1

Sn = b1 ·
qn − 1

q − 1
⇒ b1 =

Sn(q − 1)

qn − 1
=

16250 · (1.5 − 1)

1.54 − 1
= 2000 evra.

b2 = b1q = 2000·1.5 = 3000 b3 = b2q = 3000·1.5 = 4500
b4 = b3q = 4500 · 1.5 = 6750 �

16 196608

n = 16 b1 = 196608 q = 1/2 Sn b11

Sn = b1 ·
qn − 1

q − 1
= 196608 · 0.5

16 − 1

0.5− 1
= 393210 dinara

b11 = b1q
10 = 196608 · (0.5)10 = 192 dinara.

�

7441.6 20%

x x ·1.20 x ·1.202
q = 1.20 = 1 + 20/100 Sn = 7441.6

n = 5

b1 =
Sn(q − 1)

qn − 1
=

7441.6 · (1.20 − 1)

1.205 − 1
= 1000 evra.

b2 = 1000 · 1.2 = 1200 b3 = 1200 · 1.2 = 1440 b4 = 1440 · 1.2 = 1728
b5 = 1728 · 1.2 = 2073.6 �



8%

q = 1− 8
100 = 0.92

b1 =
70901.76 · (0.92 − 1)

0.924 − 1
= 20000 evra,

b2 = 20000 ·0.92 = 18400 b3 = 20000 ·0.922 = 16928 b4 = 20000 ·0.923 = 15573.76
bi i i = 1, 2, 3, 4 �

411771
117649

q = 1/7 Sn = 411771 b1 = 352947
n

n =
ln

(

1 + Sn(q−1)
b1

)

ln q
=

ln

(

1 +
411771·( 1

7
−1)

352947

)

ln 1
7

= 7.

�

x y
200x x 250y

y x + y

200x + 250y = 215(x + y) ⇒ (250 − 215)y = (215 − 200)x ⇒ x

y
=

250 − 215

215 − 200
⇒ x

y
=

7

3

x : y = 7 : 3



200 250 − 215 = 35 7
215

250 215 − 200 = 15 3
.

�

140 180 − 155 = 25 5
155

180 155 − 140 = 15 3
.

x

125 : x = 5 : 3 ⇒ x =
125 · 3

5
⇒ x = 75 .

125 · 140 + 75 · 180 = (125 + 75) · 155.
�

40 65− 55 = 10 2
55

65 55− 40 = 15 3
.

K 2 · K = 32
K = 16 3 ·K = 3 · 16 = 48 �

x y z

110x + 120y + 130z = 115(x + y + z) ⇒ 5x = 5y + 15z ⇒ x = y + 3z.



y z x y = z = 1 x = 4 4 : 1 : 1
y = 1 z = 2 x = 7 7 : 1 : 2

110 (130 − 115) + (120− 115) = 20 4
115

120 115− 110 = 5 1
130 115− 110 = 5 1

.

110 (130 − 115) + (120 − 115) + (130 − 115) = 35 7
115

120 115 − 110 = 5 1
130 (115 − 110) + (115 − 110) = 10 2

.

�

36 49− 40 = 9 9
38 45− 40 = 5 5

40
45 40− 38 = 2 2
49 40− 36 = 4 4

.

9 : 5 : 2 : 4

36 45− 40 = 5 5
38 49− 40 = 9 9

40
45 40− 36 = 4 4
49 40− 38 = 2 2

.

5 : 9 : 4 : 2

36 (45− 40) + (49 − 40) = 14 14
38 49− 40 = 9 9

40
45 40− 36 = 4 4
49 (40− 38) + (40 − 36) = 6 6

.

14 : 9 : 4 : 6 �



30 40− 38 = 2 2
32 40− 38 = 2 2
35 40− 38 = 2 2

38
40 (38 − 35) + (38− 32) + (38− 30) = 17 17

23

.

K 23K = 230 K = 10
2 · 10 = 20

10 · 17 = 170 �

48 72− 60 = 12 12
58 63− 60 = 3 3

60
63 60− 58 = 2 2
72 60− 48 = 12 12

29

.

12 + 3 + 2 + 12 = 29
K 29K = 348 K = 12

12 · 12 = 144 3 · 12 = 36
2 · 12 = 24 12 · 12 = 144 �

15 25

25 60
150



5 5000 12 6
6 8000 16

3.5 40 30 400
4.25 0.5 40

7 6 210 4
9

50 25 3 80000
25 20

2.5

100 8 1600
61 =

5050 1000$ 855
1 = 0.264 1$ = 63

8 550 1
1 103 1$ 71

1 0.454 100 1

3
2

5
:
4

7

153720 4
5 : 2 : 1 : 6



12 15 18 24 97900

4956000

12 8 8 18 10 7
15 5 6

2450000

150000
30000 120000 40000 110000 55000

100000 60000

16 196608

20 35000
1000

20 35000
1000

276679, 404 10%

771561 10%



% % %





m× n m
n








a11 a12 . . . a1n
a21 a22 . . . a2n

am1 am2 . . . amn








m×n

[aij ]m×n, i = 1, 2, . . . ,m, j = 1, 2, . . . , n i
j

A B C

A =

�
1 −2 3
2 0 −4

�

2×3

reda 2× 3, B =

�
π −2
1
3 10

�

2×2

reda 2,

C =





3 −3
ln 3 1

e −4





3×2

reda 3× 2, O =





0 0 0 0
0 0 0 0
0 0 0 0





3×4

reda 3× 4,

D =







3 0 0 0
0 cosπ 0 0
0 0 −4 0
0 0 0 8







4×4

reda 4, I =





1 0 0
0 1 0
0 0 1





3×3

reda 3,

E =







1 0 3 4
0 −2 1 0
0 0 −4 3
0 0 0 8







4×4

reda 4, F =





2 0 0
5 1 0
3 4 −1





3×3

reda 3.

�



A =

[
1 −2 3
2 0 −4

]

2×3

a11 = 1 a12 = −2 a13 = 3 a21 = 2 a22 = 0 a23 = −4 �

m = n
n × n n B

A = [aij]n×n

a11 a22 ann a1n a2,n−1 an1 B
b11 = π b22 = 10 b12 = −2

b21 =
1
3

0 O O

D
1

0 I I

A = [aij]m×n B = [bij]p×q m = p
n = q

aij = bij i = 1, 2, . . . ,m j = 1, 2, . . . , n

[
1 2 3
2 0 −1

]

2×3

=

[
cos 0

√
4

√

(−3)2

2 ln e sinπ tg 3π
4

]

2×3

�

A = [aij ]n×n

aij = 0 i > j i, j ∈ {1, 2, . . . , n} E

A = [aij ]n×n

aij = 0 i < j i, j ∈ {1, 2, . . . , n} F

A = [aij ]m×n AT = [aji]n×m AT

i A i AT i = 1, 2, . . . ,m j
A j AT j = 1, 2, . . . , n A B

(AT )T = A, (A+B)T = AT +BT , (αA)T = αAT , α ∈ R .



A =

�
−1 1 4
3 0 −2

�

2×3

A

AT =





−1 3
1 0
4 −2





3×2

�

A B

A = [aij]m×n B = [bij ]m×n C = [cij ]m×n

A B

A±B = [aij ]m×n ± [bij ]m×n = [aij ± bij]m×n = C .

A =





1 −2 3
2 0 −4

−3 1 4



 , B =

�
3 −2

−1 1

�

, C =

�
3 −2 0

−1 1 2

�

,

D =





−1 −2
3 0
2 1



 , E =

�
−2 1 0
−3 2 1

�

, F =





7 −2 4
4 −1 −2
1 −3 −1



 .

A F

A+ F =





1 −2 3
2 0 −4

−3 1 4



+





7 −2 4
4 −1 −2
1 −3 −1



 =





1 + 7 −2 + (−2) 3 + 4
2 + 4 0 + (−1) −4 + (−2)

−3 + 1 1 + (−3) 4 + (−1)





=





8 −4 7
6 −1 −6

−2 −2 3







A− F =





1 −2 3
2 0 −4

−3 1 4



−





7 −2 4
4 −1 −2
1 −3 −1



 =





1− 7 −2− (−2) 3− 4
2− 4 0− (−1) −4− (−2)

−3− 1 1− (−3) 4− (−1)





=





−6 0 −1
−2 1 −2
−4 4 5



 .

B
C 2× 3 E

C + E =

�
3 −2 0

−1 1 2

�

+

�
−2 1 0
−3 2 1

�

=

�
3 + (−2) −2 + 1 0 + 0

−1 + (−3) 1 + 2 2 + 1

�

=

�
1 −1 0

−4 3 3

�

C − E =

�
3 −2 0

−1 1 2

�

−
�
−2 1 0
−3 2 1

�

=

�
3− (−2) −2− 1 0− 0

−1− (−3) 1− 2 2− 1

�

=

�
5 −3 0
2 −1 1

�

.

D 3× 2
�

A+B = B +A

A+ (B + C) = (A+B) + C

A+O = O +A = A O

A = [aij ]m×n α ∈ R

α

αA = [αaij ]m×n.

3 ·
�
5 −3 0
2 −1 1

�

=

�
3 · 5 3 · (−3) 3 · 0
3 · 2 3 · (−1) 3 · 1

�

=

�
15 −9 0
6 −3 3

�

.

�



2C − 3E C E

2C − 3E = 2 ·
�

3 −2 0
−1 1 2

�

− 3 ·
�
−2 1 0
−3 2 1

�

=

�
6 −4 0

−2 2 4

�

−
�
−6 3 0
−9 6 3

�

=

�
12 −7 0
7 −4 1

�

�

α β A

(αβ)A = α (β A) = β (αA)

(α+ β)A = αA+ β A

−1 ·A = −A

A + (−A) = (−A) + A = O −A A

A B A · B
A B A = [aij ] m×n

B = [bij ] n × p A B
n A · B = C C = [cij ] m× p

cij =

n�

k=1

aikbkj = ai1b1j + ai2b2j + . . . + ainbnj

i = 1, 2, . . . ,m j = 1, 2, . . . , n A ·B = C ⇒

nm

inii aaa

��
�
�

�

�

�
�
�

�

�

����

�

����

21

pnnj

j

j

b

b

b

�

�
�
�
�

�

�

�
�
�
�

�

�

��

���

��

��

2

1

�
pm

ijc

��
�
�

�

�

�
�
�

�

�

���

��

���

�

A 4×3 B 3×2 C = A ·B
4× 2

A =







a11 a12 a13
a21 a22 a23
a31 a32 a33
a41 a42 a43







, B =





b11 b12
b21 b22
b31 b32







C =







a11 · b11 + a12 · b21 + a13 · b31 a11 · b12 + a12 · b22 + a13 · b32
a21 · b11 + a22 · b21 + a23 · b31 a21 · b12 + a22 · b22 + a23 · b32
a31 · b11 + a32 · b21 + a33 · b31 a31 · b12 + a32 · b22 + a33 · b32
a41 · b11 + a42 · b21 + a43 · b31 a41 · b12 + a42 · b22 + a43 · b32






=







c11 c12
c21 c22
c31 c32
c41 c42







�

A =







1 2 6
9 8 7
3 4 5
0 1 2






, B =





0 3
−1 4
2 −5



 , C =

�
10 30
20 40

�

i D =

�
2 −4

−1 3

�

.

A · B B · C C ·D D · C
A ·B

A ·B =







1 2 6
9 8 7
3 4 5
0 1 2






·





0 3
−1 4
2 −5





=







1 · 0 + 2 · (−1) + 6 · 2 1 · 3 + 2 · 4 + 6 · (−5)
9 · 0 + 8 · (−1) + 7 · 2 9 · 3 + 8 · 4 + 7 · (−5)
3 · 0 + 4 · (−1) + 5 · 2 3 · 3 + 4 · 4 + 5 · (−5)
0 · 0 + 1 · (−1) + 2 · 2 0 · 3 + 1 · 4 + 2 · (−5)







=







10 −19
6 24
6 0
3 −6







.

B · C

B · C =





0 3
−1 4
2 −5



 ·
�
10 30
20 40

�

=





0 · 10 + 3 · 20 0 · 30 + 3 · 40
−1 · 10 + 4 · 20 −1 · 30 + 4 · 40
2 · 10− 5 · 20 2 · 30− 5 · 40





=





60 120
70 130

−80 −140



 .



C ·D

C ·D =

[
10 30
20 40

]

·
[

2 −4
−1 3

]

=

[
10 · 2 + 30 · (−1) 10 · (−4) + 30 · 3
20 · 2 + 40 · (−1) 20 · (−4) + 40 · 3

]

=

[
−10 50

0 40

]

,

D · C =

[
2 −4

−1 3

]

·
[
10 30
20 40

]

=

[
2 · 10− 4 · 20 2 · 30− 4 · 40

−1 · 10 + 3 · 20 −1 · 30 + 3 · 40

]

=

[
−60 −100
50 90

]

.

C ·D �= D ·C
�

α ∈ R A B C

A · (B · C) = (A · B) · C

A · (B + C) = A · B + A · C

(B + C) · A = B · A + C · A

α(A ·B) = (αA) ·B = A · (αB)

n



α = 2

A =

[
1 2
3 4

]

, B =

[
5 6
7 8

]

i C =

[
9 10
11 12

]

A · (B · C) = (A · B) · C

B · C =

[
5 6
7 8

]

·
[

9 10
11 12

]

=

[
5 · 9 + 6 · 11 5 · 10 + 6 · 12
7 · 9 + 8 · 11 7 · 10 + 8 · 12

]

=

[
111 122
151 166

]

,

A · (B · C) =

[
1 2
3 4

]

·
[
111 122
151 166

]

=

[
1 · 111 + 2 · 151 1 · 122 + 2 · 166
3 · 111 + 4 · 151 3 · 122 + 4 · 166

]

=

[
413 454
937 1030

]

.

A · B =

[
1 2
3 4

]

·
[
5 6
7 8

]

=

[
1 · 5 + 2 · 7 1 · 6 + 2 · 8
3 · 5 + 4 · 7 3 · 6 + 4 · 8

]

=

[
19 22
43 50

]

,

(A ·B) · C =

[
19 22
43 50

]

·
[

9 10
11 12

]

=

[
19 · 9 + 22 · 11 19 · 10 + 22 · 12
43 · 9 + 50 · 11 43 · 10 + 50 · 12

]

=

[
413 454
937 1030

]

.



A · (B + C) = A ·B +A · C

B + C =

[
5 6
7 8

]

+

[
9 10
11 12

]

=

[
14 16
18 20

]

,

A · (B + C) =

[
1 2
3 4

]

·
[
14 16
18 20

]

=

[
1 · 14 + 2 · 18 1 · 16 + 2 · 20
3 · 14 + 4 · 18 3 · 16 + 4 · 20

]

=

[
50 56
114 128

]

.

A ·B =

[
1 2
3 4

]

·
[
5 6
7 8

]

=

[
19 22
43 50

]

,

A · C =

[
1 2
3 4

]

·
[

9 10
11 12

]

=

[
31 34
71 78

]

A · B +A · C =

[
19 22
43 50

]

+

[
31 34
71 78

]

=

[
50 56
114 128

]

.

(B + C) · A = B · A + C · A
2(A · B) = (2A) · B = A · (2B)

A ·B =

[
19 22
43 50

]

2(A ·B) =

[
38 44
86 100

]

.

(2A) · B =

[
2 4
6 8

]

·
[
5 6
7 8

]

=

[
10 + 28 12 + 32
30 + 56 36 + 64

]

=

[
38 44
86 100

]

.

A · (2B) =

[
1 2
3 4

]

·
[
10 12
14 16

]

=

[
38 44
86 100

]

.

�



A detA |A|

A = [a11]

A detA = a11

A = [−3] detA = −3 �

A =

�
a11 a12
a21 a22

�

,

detA =

�
�
�
�

a11 a12
a21 a22

�
�
�
�
= a11a22 − a12a21 .

A =

�
1 −2
3 4

�

.

detA =

�
�
�
�

1 −2
3 4

�
�
�
�
= 1 · 4− (−2) · 3 = 4 + 6 = 10 .

�

A =





a11 a12 a13
a21 a22 a23
a31 a32 a33





detA

detA =
a11 a12 a13 a11 a12
a21 a22 a23 a21 a22
a31 a32 a33 a31 a32

= a11a22a33 + a12a23a31 + a13a21a32 − (a13a22a31 + a11a23a32 + a12a21a33)



A =





1 2 3
4 5 6
7 8 9



 .

detA =
1 2 3 1 2
4 5 6 4 5
7 8 9 7 8

= 1 · 5 · 9 + 2 · 6 · 7 + 3 · 4 · 8− (3 · 5 · 7 + 1 · 6 · 8 + 2 · 4 · 9)

= 225 − 225 = 0 .

�

detA =
a11 a12 a13
a21 a22 a23
a31 a32 a33

= a11 ·

A11
� �� �

(−1)1+1 · a22 a23
a32 a33
� �� �

M11

+a12

A12
� �� �

·(−1)1+2 · a21 a23
a31 a33
� �� �

M12

+a13 ·

A13
� �� �

(−1)1+3 · a21 a22
a31 a32
� �� �

M13

= a11 ·
a22 a23
a32 a33

− a12 ·
a21 a23
a31 a33

+ a13 ·
a21 a22
a31 a32

.

detA = a11A11 + a12A12 + a13A13 .

M11 a11 A11 = (−1)1+1 ·M11 a11

M12 a12 A12 = (−1)1+2 ·M12 a12

M13 a13 A13 = (−1)1+3 ·M13 a13



detA =
a11 a12 a13
a21 a22 a23
a31 a32 a33

= a12

A12
� �� �

·(−1)1+2 · a21 a23
a31 a33
� �� �

M12

+a22 ·

A22
� �� �

(−1)2+2 · a11 a13
a31 a33
� �� �

M22

+a32 ·

A32
� �� �

(−1)3+2 · a11 a13
a21 a23
� �� �

M32

= −a12 ·
a21 a23
a31 a33

+ a22 ·
a11 a13
a31 a33

− a32 ·
a11 a13
a21 a23

.

detA = a12A12 + a22A22 + a32A32 .

M12 a12 A12 = (−1)1+2 ·M12 a12

M22 a22 A22 = (−1)2+2 ·M22 a22

M32 a32 A32 = (−1)3+2 ·M32 a32

A =





1 2 3
4 5 6
7 8 9





detA =
1 2 3
4 5 6
7 8 9

= 1 ·

A11
� �� �

(−1)1+1 · 5 6
8 9
� �� �

M11

+2

A12
� �� �

·(−1)1+2 · 4 6
7 9
� �� �

M12

+3 ·

A13
� �� �

(−1)1+3 · 4 5
7 8
� �� �

M13

= 1 · 1 · (5 · 9− 6 · 8) + 2 · (−1) · (4 · 9− 6 · 7) + 3 · 1 · (4 · 8− 5 · 7)

= (45− 48) − 2 · (36− 42) + 3 · (32− 35) = 0 .



detA =
1 2 3
4 5 6
7 8 9

= 2 ·

A12
︷ ︸︸ ︷

(−1)1+2 · 4 6
7 9
︸ ︷︷ ︸

M12

+5

A22
︷ ︸︸ ︷

·(−1)2+2 · 1 3
7 9
︸ ︷︷ ︸

M22

+8 ·

A32
︷ ︸︸ ︷

(−1)3+2 · 1 3
4 6
︸ ︷︷ ︸

M32

= 2 · (−1) · (4 · 9− 6 · 7) + 5 · 1 · (1 · 9− 3 · 7) + 8 · (−1) · (1 · 6− 3 · 4)

= −2 · (36− 42) + 5 · (9− 21)− 8 · (6− 12) = 0 .

�

detA =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 . . . a1n
a21 a22 . . . a2n

ai1 ai2 . . . ain

an1 an2 . . . ann

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

i

detA = ai1Ai1 + ai2Ai2 + · · ·+ ainAin .

detA =

∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 . . . a1j . . . a1n
a21 a22 . . . a2j . . . a2n

an1 an2 . . . anj . . . ann

∣
∣
∣
∣
∣
∣
∣
∣
∣

j

detA = a1jA1j + a2jA2j + · · · + anjAnj .

A i
j Mij aij Mij (−1)i+j

aij Aij

Aij = (−1)i+j ·Mij ,

i, j = 1, 2, . . . , n



∣
∣
∣
∣
∣
∣
∣
∣

1 10 1998 23820
1 9 1997 23821
1 10 0 −3
1 10 1998 23819

∣
∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣
∣

1 10 1998 23820
1 9 1997 23821
1 10 0 −3
1 10 1998 23819

∣
∣
∣
∣
∣
∣
∣
∣

= 1998 · (−1)1+3 ·

∣
∣
∣
∣
∣
∣

1 9 23821
1 10 −3
1 10 23819

∣
∣
∣
∣
∣
∣

+1997 · (−1)2+3 ·

∣
∣
∣
∣
∣
∣

1 10 23820
1 10 −3
1 10 23819

∣
∣
∣
∣
∣
∣

+ 0

+1998 · (−1)4+3 ·

∣
∣
∣
∣
∣
∣

1 10 23820
1 9 23821
1 10 −3

∣
∣
∣
∣
∣
∣

.

∣
∣
∣
∣
∣
∣

1 9 23821
1 10 −3
1 10 23819

∣
∣
∣
∣
∣
∣

=
1 9 23821 1 9
1 10 −3 1 10
1 10 23819 1 10

= 238190 − 27 + 238210 − (238210 − 30 + 214371)

= 23822 .

∣
∣
∣
∣
∣
∣

1 10 23820
1 10 −3
1 10 23819

∣
∣
∣
∣
∣
∣

=
1 10 23820 1 10
1 10 −3 1 10
1 10 23819 1 10

= 238190 − 30 + 238200 − (238200 − 30 + 238190)

= 0 .



�
�
�
�
�
�

1 10 23820
1 9 23821
1 10 −3

�
�
�
�
�
�

=
1 10 23820 1 10
1 9 23821 1 9
1 10 −3 1 10

= −27 + 238210 + 238200 − (214380 + 238210 − 30)

= 23823 .

�
�
�
�
�
�
�
�

1 10 1998 23820
1 9 1997 23821
1 10 0 −3
1 10 1998 23819

�
�
�
�
�
�
�
�

= 1998 · 1 · 23822 + 1997 · (−1) · 0 + 0 + 1998 · (−1) · 23823

= −1998 .

�

detAT = detA .

A =





1 0 −1
0 2 0
2 1 3



 .

detA detAT

A

detA =

�
�
�
�
�
�

1 0 −1
0 2 0
2 1 3

�
�
�
�
�
�

= 2 · (−1)2+2 ·
�
�
�
�

1 −1
2 3

�
�
�
�
= 2 · (3− (−2)) = 10 .

AT =





1 0 2
0 2 1

−1 0 3



 ,



detAT =

∣
∣
∣
∣
∣
∣

1 0 2
0 2 1

−1 0 3

∣
∣
∣
∣
∣
∣

= 2 · (−1)2+2 ·
∣
∣
∣
∣

1 2
−1 3

∣
∣
∣
∣
= 2 · (3− (−2)) = 10 .

�

∣
∣
∣
∣

1 2
3 4

∣
∣
∣
∣
= −

∣
∣
∣
∣

2 1
4 3

∣
∣
∣
∣
=

∣
∣
∣
∣

4 3
2 1

∣
∣
∣
∣

�

3 ·
∣
∣
∣
∣

2 1
4 3

∣
∣
∣
∣
=

∣
∣
∣
∣

6 3
4 3

∣
∣
∣
∣
= 2 ·

∣
∣
∣
∣

3 3
2 3

∣
∣
∣
∣
= 2 · 3 ·

∣
∣
∣
∣

3 1
2 1

∣
∣
∣
∣

�

A = [aij ]n×n B = [bij ]n×n

k k A+B
aik+bik i = 1, 2, . . . , n A = [aij ]n×n B = [bij ]n×n

k k A+B
akj + bkj j = 1, 2, . . . , n

∣
∣
∣
∣
∣
∣

1 1 2
2 3 2
5 4 5

∣
∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣
∣

1 1 2
4 5 3
5 4 5

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

1 1 2
2 + 4 3 + 5 2 + 3
5 4 5

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

1 1 2
6 8 5
5 4 5

∣
∣
∣
∣
∣
∣

�

∣
∣
∣
∣
∣
∣

1 1 1
2 3 2
5 4 5

∣
∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣
∣

1 1 2
2 3 3
5 4 7

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

1 1 1 + 2
2 3 2 + 3
5 4 5 + 7

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

1 1 3
2 3 5
5 4 12

∣
∣
∣
∣
∣
∣

�



�
�
�
�
�
�

1 2 4
0 0 0
4 −2 10

�
�
�
�
�
�

= 0

�

�
�
�
�
�
�

1 −2 1
3 2 3
4 0 4

�
�
�
�
�
�

= 0

�

�
�
�
�
�
�

1 −2 1
3 2 3

−2 4 −2

�
�
�
�
�
�

= 0

−2
�

�
�
�
�
�
�

3 −2 1
1 2 3
4 0 4

�
�
�
�
�
�

= 0

�

�
�
�
�
�
�

1 7 3
2 10 4
3 13 5

�
�
�
�
�
�

= 0





1
2
3



+ 2 ·





3
4
5



 =





7
10
13



 .

�



∣
∣
∣
∣
∣
∣

3 −2 1
0 2 4
0 0 −5

∣
∣
∣
∣
∣
∣

= 3 · 2 · (−5) = −30 .

�

∣
∣
∣
∣
∣
∣
∣
∣

1 10 1998 23820
1 9 1997 23821
1 10 0 −3
1 10 1998 23819

∣
∣
∣
∣
∣
∣
∣
∣

.

−1998

−1

∣
∣
∣
∣
∣
∣
∣
∣

1 10 1998 23820
1 9 1997 23821
1 10 0 −3
1 10 1998 23819

∣
∣
∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣
∣
∣

1 10 1998 23820
0 −1 −1 1
0 0 −1998 −23823
0 0 0 −1

∣
∣
∣
∣
∣
∣
∣
∣

= 1·(−1)·(−1998)·(−1) = −1998 .

�

A n det(αA) = αn detA α ∈ R

α = 3 A =

[
1 2
3 4

]

detA =

∣
∣
∣
∣

1 2
3 4

∣
∣
∣
∣
= 4−6 = −2, 3A =

[
3 6
9 12

]

, det(3A) =

∣
∣
∣
∣

3 6
9 12

∣
∣
∣
∣
= 36−54 = −18.

−18 = 9 · (−2) = 32 · detA �



A B n det(A · B) = detA · detB

A =

[
1 2
3 4

]

B =

[
1 0
1 2

]

A ·B =

[
1 2
3 4

]

·
[
1 0
1 2

]

=

[
3 4
7 8

]

⇒ det(A ·B) =

∣
∣
∣
∣

3 4
7 8

∣
∣
∣
∣
= 24− 28 = −4.

detA = −2 detB = 2 detA · detB = −4 = det(A ·B) �

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

2 1 1 1 1
1 3 1 1 1
1 1 4 1 1
1 1 1 5 1
1 1 1 1 6

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

−1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

2 1 1 1 1
1 3 1 1 1
1 1 4 1 1
1 1 1 5 1
1 1 1 1 6

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1 6
1 1 1 5 1
1 1 4 1 1
1 3 1 1 1
2 1 1 1 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

−1
−2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1 6
1 1 1 5 1
1 1 4 1 1
1 3 1 1 1
2 1 1 1 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1 6
0 0 0 4 −5
0 0 3 0 −5
0 2 0 0 −5
0 −1 −1 −1 −11

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1 6
0 0 0 4 −5
0 0 3 0 −5
0 2 0 0 −5
0 −1 −1 −1 −11

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1 6
0 −1 −1 −1 −11
0 2 0 0 −5
0 0 3 0 −5
0 0 0 4 −5

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1 6
0 −1 −1 −1 −11
0 2 0 0 −5
0 0 3 0 −5
0 0 0 4 −5

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1 6
0 −1 −1 −1 −11
0 0 −2 −2 −27
0 0 3 0 −5
0 0 0 4 −5

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣



∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1 6
0 −1 −1 −1 −11
0 0 −2 −2 −27
0 0 3 0 −5
0 0 0 4 −5

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= −

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1 6
0 −1 −1 −1 −11
0 0 −2 −2 −27
0 0 0 3 −5
0 0 4 0 −5

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

−

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1 6
0 −1 −1 −1 −11
0 0 −2 −2 −27
0 0 0 3 −5
0 0 4 0 −5

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= −

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1 6
0 −1 −1 −1 −11
0 0 −2 −2 −27
0 0 0 3 −5
0 0 0 −4 −59

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

−

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1 6
0 −1 −1 −1 −11
0 0 −2 −2 −27
0 0 0 3 −5
0 0 0 −4 −59

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= −

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1 6
0 −1 −1 −1 −11
0 0 −2 −2 −27
0 0 0 −1 −64
0 0 0 −4 −59

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

−4

−

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1 6
0 −1 −1 −1 −11
0 0 −2 −2 −27
0 0 0 −1 −64
0 0 0 −4 −59

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= −

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1 6
0 −1 −1 −1 −11
0 0 −2 −2 −27
0 0 0 −1 −64
0 0 0 0 197

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

−

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1 6
0 −1 −1 −1 −11
0 0 −2 −2 −27
0 0 0 −1 −64
0 0 0 0 197

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= −(1 · (−1) · (−2) · (−1) · 197) = 394 .

�



∣
∣
∣
∣
∣
∣
∣
∣

x 1 1 1
1 x 1 1
1 1 x 1
1 1 1 x

∣
∣
∣
∣
∣
∣
∣
∣

.

∣
∣
∣
∣
∣
∣
∣
∣

x 1 1 1
1 x 1 1
1 1 x 1
1 1 1 x

∣
∣
∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣
∣
∣

x+ 3 1 1 1
x+ 3 x 1 1
x+ 3 1 x 1
x+ 3 1 1 x

∣
∣
∣
∣
∣
∣
∣
∣

= (x+ 3)

∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1
1 x 1 1
1 1 x 1
1 1 1 x

∣
∣
∣
∣
∣
∣
∣
∣

,

−1

(x+ 3)

∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1
1 x 1 1
1 1 x 1
1 1 1 x

∣
∣
∣
∣
∣
∣
∣
∣

= (x+ 3)

∣
∣
∣
∣
∣
∣
∣
∣

1 1 1 1
0 x− 1 0 0
0 0 x− 1 0
0 0 0 x− 1

∣
∣
∣
∣
∣
∣
∣
∣

= (x+ 3)(x− 1)3.

�

∣
∣
∣
∣
∣
∣

1 a a3

1 b b3

1 c c3

∣
∣
∣
∣
∣
∣

.

−1
∣
∣
∣
∣
∣
∣

1 a a3

1 b b3

1 c c3

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

1 a a3

0 b− a b3 − a3

0 c− a c3 − a3

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

1 a a3

0 b− a (b− a)(b2 + ba+ a2)
0 c− a (c− a)(c2 + ca+ a2)

∣
∣
∣
∣
∣
∣

(b− a) (c− a)
∣
∣
∣
∣
∣
∣

1 a a3

0 b− a (b− a)(b2 + ba+ a2)
0 c− a (c− a)(c2 + ca+ a2)

∣
∣
∣
∣
∣
∣

= (b− a)(c− a)

∣
∣
∣
∣
∣
∣

1 a a3

0 1 b2 + ba+ a2

0 1 c2 + ca+ a2

∣
∣
∣
∣
∣
∣

.

−1

(b− a)(c − a)

∣
∣
∣
∣
∣
∣

1 a a3

0 1 b2 + ba+ a2

0 1 c2 + ca+ a2

∣
∣
∣
∣
∣
∣

= (b− a)(c− a)

∣
∣
∣
∣
∣
∣

1 a a3

0 1 b2 + ba+ a2

0 0 c2 − b2 + ca− ba

∣
∣
∣
∣
∣
∣

.

(b− a)(c− a)(c2 − b2 + ca− ba) = (b− a)(c− a)((c− b)(c + b) + a(c− b)),

(b− a)(c− a)((c − b)(c + b) + a(c− b)) = (b− a)(c − a)(c− b)(a+ b+ c).

�



∣
∣
∣
∣
∣
∣

339 337 342
341 344 342
320 319 316

∣
∣
∣
∣
∣
∣

.

∣
∣
∣
∣
∣
∣

339 337 342
341 344 342
320 319 316

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

1000 1000 1000
341 344 342
320 319 316

∣
∣
∣
∣
∣
∣

= 1000

∣
∣
∣
∣
∣
∣

1 1 1
341 344 342
320 319 316

∣
∣
∣
∣
∣
∣

.

−1

1000

∣
∣
∣
∣
∣
∣

1 1 1
341 344 342
320 319 316

∣
∣
∣
∣
∣
∣

= 1000

∣
∣
∣
∣
∣
∣

1 0 0
341 3 1
320 −1 −4

∣
∣
∣
∣
∣
∣

.

−4

1000

∣
∣
∣
∣
∣
∣

1 0 0
341 3 1
320 −1 −4

∣
∣
∣
∣
∣
∣

= 1000

∣
∣
∣
∣
∣
∣

1 0 0
341 3 −11
320 −1 0

∣
∣
∣
∣
∣
∣

= −1000

∣
∣
∣
∣
∣
∣

1 0 0
320 −1 0
341 3 −11

∣
∣
∣
∣
∣
∣

.

−1000 · 1 · (−1) ·
(−11) = −11000 �

A A−1

A ·A−1 = A−1 · A = I .

A = [aij ]n×n

A detA �= 0

[Aij ]n×n

A⋆ A A⋆ = [Aij ]
T
n×n

A

A−1 =
1

detA
· A⋆ .



A B α ∈ R \ {0}

(αA)−1 =
1

α
A−1, (A−1)−1 = A, (A · B)−1 = B−1 ·A−1.

A

A =

�
a11 a12
a21 a22

�

,

detA = a11a22 − a12a21 �= 0

A−1 =
1

a11a22 − a12a21

�
a22 −a12

−a21 a11

�

A =

�
−1 −3
2 4

�

A

detA =

�
�
�
�

−1 −3
2 4

�
�
�
�
= −1 · 4− (−3) · 2 = −4 + 6 = 2,

A−1 =
1

2

�
4 3

−2 −1

�

.

A−1 ·A = I

1

2

�
4 3

−2 −1

�

·
�
−1 −3
2 4

�

=
1

2

�
−4 + 6 −12 + 12
2− 2 6− 4

�

=
1

2

�
2 0
0 2

�

=

�
1 0
0 1

�

.

�

A−1

A =





0 0 −3
0 2 4
1 −5 0





A

detA =

�
�
�
�
�
�

0 0 −3
0 2 4
1 −5 0

�
�
�
�
�
�

= −

�
�
�
�
�
�

1 −5 0
0 2 4
0 0 −3

�
�
�
�
�
�

= −1 · 2 · (−3) = 6.



A11 = (−1)1+1 ·
�
�
�
�

2 4
−5 0

�
�
�
�
= 20, A12 = (−1)1+2 ·

�
�
�
�

0 4
1 0

�
�
�
�
= 4, A13 = (−1)1+3 ·

�
�
�
�

0 2
1 −5

�
�
�
�
= −2,

A21 = (−1)2+1 ·
�
�
�
�

0 −3
−5 0

�
�
�
�
= 15, A22 = (−1)2+2 ·

�
�
�
�

0 −3
1 0

�
�
�
�
= 3, A23 = (−1)2+3 ·

�
�
�
�

0 0
1 −5

�
�
�
�
= 0,

A31 = (−1)3+1 ·
�
�
�
�

0 −3
2 4

�
�
�
�
= 6, A32 = (−1)3+2 ·

�
�
�
�

0 −3
0 4

�
�
�
�
= 0, A33 = (−1)3+3 ·

�
�
�
�

0 0
0 2

�
�
�
�
= 0.

[Aij ] =





A11 A12 A13

A21 A22 A23

A31 A32 A33



 =





20 4 −2
15 3 0
6 0 0



 .

A⋆ = [Aij ]
T =





20 15 6
4 3 0

−2 0 0



 .

A−1 =
1

6
·





20 15 6
4 3 0

−2 0 0



 =





10/3 5/2 1
2/3 1/2 0

−1/3 0 0



 .

A ·A−1 =





0 0 −3
0 2 4
1 −5 0



 ·





10/3 5/2 1
2/3 1/2 0

−1/3 0 0



 =





1 0 0
0 1 0
0 0 1



 .

�

A−1

A =







1 2 1 −1
0 1 2 0
2 0 1 1
0 −2 1 0







A

detA =

�
�
�
�
�
�
�
�

1 2 1 −1
0 1 2 0
2 0 1 1
0 −2 1 0

�
�
�
�
�
�
�
�

=

�
�
�
�
�
�
�
�

1 2 1 −1
0 1 2 0
0 −4 −1 3
0 −2 1 0

�
�
�
�
�
�
�
�



−2

�
�
�
�
�
�
�
�

1 2 1 −1
0 1 2 0
0 −4 −1 3
0 −2 1 0

�
�
�
�
�
�
�
�

=

�
�
�
�
�
�
�
�

1 2 1 −1
0 1 2 0
0 0 7 3
0 0 5 0

�
�
�
�
�
�
�
�

= −

�
�
�
�
�
�
�
�

1 2 −1 1
0 1 0 2
0 0 3 7
0 0 0 5

�
�
�
�
�
�
�
�

= −15 �= 0.

−1

A11 =

∣

∣

∣

∣

∣

∣

1 2 0
0 1 1

−2 1 0

∣

∣

∣

∣

∣

∣

= −5, A12 = −

∣

∣

∣

∣

∣

∣

0 2 0
2 1 1
0 1 0

∣

∣

∣

∣

∣

∣

= 0, A13 =

∣

∣

∣

∣

∣

∣

0 1 0
2 0 1
0 −2 0

∣

∣

∣

∣

∣

∣

= 0, A14 = −

∣

∣

∣

∣

∣

∣

0 1 2
2 0 1
0 −2 1

∣

∣

∣

∣

∣

∣

= 10,

A21 = −

∣

∣

∣

∣

∣

∣

2 1 −1
0 1 1

−2 1 0

∣

∣

∣

∣

∣

∣

= 6, A22 =

∣

∣

∣

∣

∣

∣

1 1 −1
2 1 1
0 1 0

∣

∣

∣

∣

∣

∣

= −3, A23 = −

∣

∣

∣

∣

∣

∣

1 2 −1
2 0 1
0 −2 0

∣

∣

∣

∣

∣

∣

= −6, A24 =

∣

∣

∣

∣

∣

∣

1 2 1
2 0 1
0 −2 1

∣

∣

∣

∣

∣

∣

= −6,

A31 =

∣

∣

∣

∣

∣

∣

2 1 −1
1 2 0

−2 1 0

∣

∣

∣

∣

∣

∣

= −5, A32 = −

∣

∣

∣

∣

∣

∣

1 1 −1
0 2 0
0 1 0

∣

∣

∣

∣

∣

∣

= 0, A33 =

∣

∣

∣

∣

∣

∣

1 2 −1
0 1 0
0 −2 0

∣

∣

∣

∣

∣

∣

= 0, A34 = −

∣

∣

∣

∣

∣

∣

1 2 1
0 1 2
0 −2 1

∣

∣

∣

∣

∣

∣

= −5,

A41 = −

∣

∣

∣

∣

∣

∣

2 1 −1
1 2 0
0 1 1

∣

∣

∣

∣

∣

∣

= −2, A42 =

∣

∣

∣

∣

∣

∣

1 1 −1
0 2 0
2 1 1

∣

∣

∣

∣

∣

∣

= 6, A43 = −

∣

∣

∣

∣

∣

∣

1 2 −1
0 1 0
2 0 1

∣

∣

∣

∣

∣

∣

= −3, A44 =

∣

∣

∣

∣

∣

∣

1 2 1
0 1 2
2 0 1

∣

∣

∣

∣

∣

∣

= 7.

[Aij ] =







A11 A12 A13 A14

A21 A22 A23 A24

A31 A32 A33 A34

A41 A42 A43 A44






=







−5 0 0 10
6 −3 −6 −6

−5 0 0 −5
−2 6 −3 7






.

A⋆ = [Aij ]
T =







−5 6 −5 −2
0 −3 0 6
0 −6 0 −3
10 −6 −5 7






.

A−1 = − 1

15
·







−5 6 −5 −2
0 −3 0 6
0 −6 0 −3

10 −6 −5 7






.

�



A ·X = B

A X A−1

A−1 · A
� �� �

I

·X = A−1 · B ⇒ I ·X = A−1 ·B ⇒ X = A−1 ·B.

X ·A = B

A X A−1

X · A · A−1
� �� �

I

= B · A−1 ⇒ X · I = B ·A−1 ⇒ X = B · A−1.

A ·X ·B = C

A−1 B−1

A−1 ·A
� �� �

I

·X ·B · B−1
� �� �

I

= A−1 · C ·B−1 ⇒ I ·X · I = A−1 · C ·B−1 ⇒ X = A−1 · C ·B−1.

A ·X = B A =

�
2 1

−1 3

�

B =

�
2
1

�

X = A−1 · B detA = 6 + 1 = 7

A−1 =
1

7

�
3 −1
1 2

�

⇒ X =
1

7

�
3 −1
1 2

�

·
�
2
1

�

=
1

7

�
5
4

�

.

�

X ·A = B A =

�
3 2
1 0

�

B =
�
−1 3

�

X = B ·A−1 A −2

A−1 = −1

2

�
0 −2

−1 3

�

⇒ X = −1

2

�
−1 3

�
·
�

0 −2
−1 3

�

= −1

2

�
−3 11

�
.

�

A·X ·B = C A =

�
1 1
1 2

�

B =





1 2 1
0 1 2
2 0 1





C =

�
2 1 0
1 0 2

�

X = A−1 · C ·B−1 A−1

detA = 1 ⇒ A−1 =

�
2 −1

−1 1

�



A−1 · C

A−1 · C =

�
2 −1

−1 1

�

·
�
2 1 0
1 0 2

�

=

�
3 2 −2

−1 −1 2

�

.

B−1

B−1 =
1

7





1 −2 3
4 −1 −2

−2 4 1





X

X = (A−1 · C) ·B−1 =
1

7

�
3 2 −2

−1 −1 2

�

·





1 −2 3
4 −1 −2

−2 4 1



 =
1

7

�
15 −16 3
−9 11 1

�

.

�

A · X + 2B = 4X + 3C A =

�
1 2
3 1

�

B =

�
1 2
3 1

�

C =

�
−1 1
1 2

�

X

A ·X − 4X = 3C − 2B ⇒ (A− 4I)
� �� �

P

X = 3C − 2B
� �� �

Q

⇒ P ·X = Q ⇒ X = P−1 ·Q,

P = A− 4I Q = 3C − 2B P Q

P =

�
1 2
3 1

�

− 4

�
1 0
0 1

�

=

�
1 2
3 1

�

−
�
4 0
0 4

�

=

�
−3 2
3 −3

�

,

Q = 3

�
−1 1
1 2

�

− 2

�
1 2
3 1

�

=

�
−3 3
3 6

�

−
�
2 4
6 2

�

=

�
−5 −1
−3 4

�

.

P

detP =

�
�
�
�

−3 2
3 −3

�
�
�
�
= 3 ⇒ P−1 =

1

3

�
−3 −2
−3 −3

�

.

X

X =
1

3

�
−3 −2
−3 −3

�

·
�
−5 −1
−3 4

�

=
1

3

�
21 −5
24 −9

�

.

�



4X · A− 2B = −3X − 2C

A =





1 −1 1
0 −1 −2
0 0 −1



 , B =





−1 1 0
1 −2 −1
3 2 1



 , C =





1 −2 3
3 1 2
1 2 −1



 .

X

4X ·A− 2B = −3X − 2C ⇒ 4X · A+ 3X = 2B − 2C
⇒ X (4A+ 3I)

� �� �

P

= 2B − 2C
� �� �

Q

⇒ X · P = Q
⇒ X = Q · P−1.

P = 4A+ 3I =





4 −4 4
0 −4 −8
0 0 −4



+





3 0 0
0 3 0
0 0 3



 =





7 −4 4
0 −1 −8
0 0 −1



 ,

Q = 2B − 2C =





−2 2 0
2 −4 −2
6 4 2



−





2 −4 6
6 2 4
2 4 −2



 =





−4 6 −6
−4 −6 −6
4 0 4



 ,

P−1 =
1

7





1 −4 36
0 −7 56
0 0 −7



 ⇒ X =
1

7





−4 6 −6
−4 −6 −6
4 0 4



 ·





1 −4 36
0 −7 56
0 0 −7





⇒ X =
1

7





−4 −26 234
−4 58 −438
4 −16 116



 .

�

A n v
n× 1

Av = λ v

λ ∈ R v A λ



A =

[
1 1

2
1 3

2

]

.

λ v −Av = 0 ⇒ (λI −A)v = 0.

(λI − A)v = 0 v
λI − A

det(λI −A) = |λI −A|

λI −A = λ

[
1 0
0 1

]

−
[
1 1

2
1 3

2

]

=

[
λ 0
0 λ

]

−
[
1 1

2
1 3

2

]

=

[
λ− 1 −1

2
−1 λ− 3

2

]

,

|λI −A| =
∣
∣
∣
∣

λ− 1 −1
2

−1 λ− 3
2

∣
∣
∣
∣
= (λ− 1)

(

λ− 3

2

)

− 1

2
= λ2 − 5

2
λ+ 1 .

|λI −A| = 0

λ2 − 5

2
λ+ 1 = 0 ⇒ λ1,2 =

5
2 ±

√
25
4 − 4

2
⇒ λ1 = 2 , λ2 =

1

2
.

λ = λ1 = 2 v =

[
v1
v2

]

(λI −A)v = 0

[
2− 1 −1

2
−1 2− 3

2

] [
v1
v2

]

=

[
0
0

]

⇒
[

1 −1
2

−1 1
2

] [
v1
v2

]

=

[
0
0

]

v1 − 1
2v2 = 0

−v1 + 1
2v2 = 0

.

v1 − 1
2v2 = 0
0 = 0

.

v2 = 2v1 v1 ∈ R \ {0}
λ = 2

v =

[
v1
2v1

]

= v1

[
1
2

]

, v1 ∈ R \ {0},

v1 = 1 v =

[
1
2

]



λ = λ2 =
1
2 v =

[
v1
v2

]

(λI −A)v = 0

[
1
2 − 1 −1

2
−1 1

2 − 3
2

] [
v1
v2

]

=

[
0
0

]

⇒
[
−1

2 −1
2

−1 −1

] [
v1
v2

]

=

[
0
0

]

−1
2v1 − 1

2v2 = 0
−v1 − v2 = 0

.

−2

v1 + v2 = 0
−v1 − v2 = 0

.

v1 + v2 = 0
0 = 0

,

v2 = −v1 v1 ∈ R \ {0} λ = 1
2

v =

[
v1

−v1

]

= v1

[
1

−1

]

, v1 ∈ R \ {0},

v1 = 1 v =

[
1

−1

]

�

A =

[
0 1
0 2

]

.

λI −A

λI −A =

[
λ −1
0 λ− 2

]

|λI −A| =
∣
∣
∣
∣

λ −1
0 λ− 2

∣
∣
∣
∣
= λ(λ− 2).

λ(λ − 2) = 0 λ1 = 0 λ2 = 2

λ = λ1 = 0 v =

[
v1
v2

]

(λI −A)v = 0

[
0 −1
0 −2

] [
v1
v2

]

=

[
0
0

]



0 − v2 = 0
0 − 2v2 = 0

.

v2 = 0 v1 ∈ R\{0} λ = 0

v =

�
v1
0

�

= v1

�
1
0

�

, v1 ∈ R \ {0},

v1 = 1 v =

�
1
0

�

λ = λ2 = 2 v =

�
v1
v2

�

(λI −A)v = 0

�
2 −1
0 2− 2

� �
v1
v2

�

=

�
0
0

�

⇒
�
2 −1
0 0

� �
v1
v2

�

=

�
0
0

�

2v1 − v2 = 0
0 = 0

.

v2 = 2v1 v1 ∈ R \ {0} λ = 2

v =

�
v1
2v1

�

= v1

�
1
2

�

, v1 ∈ R \ {0},

v1 = 1 v =

�
1
2

�

�

A =





1 0 1
2 1 0
4 0 1



 .

|λI −A| =

�
�
�
�
�
�

λ− 1 0 −1
−2 λ− 1 0
−4 0 λ− 1

�
�
�
�
�
�

= (λ− 1)

�
�
�
�

λ− 1 −1
−4 λ− 1

�
�
�
�
= (λ− 1)((λ − 1)2 − 4)

= (λ− 1)(λ− 1− 2)(λ− 1 + 2) = (λ− 1)(λ− 3)(λ + 1).

(λ − 1)(λ − 3)(λ + 1) = 0 λ1 = 1 λ2 = 3 λ3 = −1



λ = λ1 = 1 v = [v1 v2 v3]
T (λI −A)v = 0





1− 1 0 −1
−2 1− 1 0
−4 0 1− 1









v1
v2
v3



 =





0
0
0



 ⇒





0 0 −1
−2 0 0
−4 0 0









v1
v2
v3



 =





0
0
0



 ,

− v3 = 0
−2v1 = 0
−4v1 = 0

.

v1 = v3 = 0 v2 ∈ R \ {0} λ = 1

v =





v1
v2
v3



 =





0
v2
0



 = v2





0
1
0



 , v2 ∈ R \ {0}.

v = [0 1 0]T v2 = 1

λ = λ2 = 3 v = [v1 v2 v3]
T





2 0 −1
−2 2 0
−4 0 2









v1
v2
v3



 =





0
0
0



 ,

2v1 − v3 = 0
−2v1 + 2v2 = 0
−4v1 + 2v3 = 0

,

v2 = v1 v3 = 2v1 v1 ∈ R \ {0} λ = 3

v =





v1
v2
v3



 =





v1
v1
2v1



 = v1





1
1
2



 , v1 ∈ R \ {0}.

v = [1 1 2]T v1 = 1

λ = λ3 = −1 v = [v1 v2 v3]
T





−2 0 −1
−2 −2 0
−4 0 −2









v1
v2
v3



 =





0
0
0



 ,

−2v1 − v3 = 0
−2v1 − 2v2 = 0
−4v1 − 2v3 = 0

,

v2 = −v1 v3 = −2v1 v1 ∈ R \ {0} λ = −1

v =





v1
v2
v3



 =





v1
−v1
−2v1



 = v1





1
−1
−2



 , v1 ∈ R \ {0}.

v = [1 − 1 − 2]T v1 = 1

�



A =

[
a11 a12
a21 a22

]

λ1 λ2 [v1 v2]
T [v3 v4]

T

[
a11 a12
a21 a22

] [
v1
v2

]

= λ1

[
v1
v2

] [
a11 a12
a21 a22

] [
v3
v4

]

= λ2

[
v3
v4

]

.

[
a11 a12
a21 a22

] [
v1 v3
v2 v4

]

=

[
v1 v3
v2 v4

] [
λ1 0
0 λ2

]

,

AP = PD

P =

[
v1 v3
v2 v4

]

D =

[
λ1 0
0 λ2

]

.

A n D
λ1 λ2 λn P

AP = PD
A = PDP−1 .

A2

A2 = A ·A = (PDP−1)(PDP−1) = PDP−1PDP−1 = PDIDP−1 = PDDP−1 = PD2P−1.

A3

A3 = A2A = PD2P−1PDP−1 = PD2IDP−1 = PD3P−1.

An = PDnP−1,

n ∈ N

An

A =

[
2 1
1 1

2

]

.

|λI −A| =
∣
∣
∣
∣

λ− 2 −1
−1 λ− 1

2

∣
∣
∣
∣
= λ

(

λ− 5

2

)

|λI −A| = 0 λ1 = 0 λ2 =
5
2

v1 = [1 − 2]T v2 = [2 1]T A

A =

[
1 2

−2 1

] [
0 0
0 5

2

] [
1 2

−2 1

]−1

=

[
1 2

−2 1

] [
0 0
0 5

2

] [
1
5 −2

5
2
5

1
5

]



An =

�
1 2

−2 1

� �
0n 0

0
�
5
2

�n

� �
1
5 −2

5
2
5

1
5

�

=

�
4
5 ·

�
5
2

�n 2
5 ·

�
5
2

�n

2
5 ·

�
5
2

�n 1
5 ·

�
5
2

�n

�

.

�

m ∈ N D

D =







d11 0 · · · 0
0 d22 · · · 0
0 0 · · · 0
0 0 · · · dnn






⇒ Dm =







dm11 0 · · · 0
0 dm22 · · · 0
0 0 · · · 0
0 0 · · · dmnn







.

An

A =





0 0 1
0 1 0
0 0 2



 .

|λI −A| =

�
�
�
�
�
�

λ 0 −1
0 λ− 1 0
0 0 λ− 2

�
�
�
�
�
�

= λ(λ− 1)(λ− 2).

|λI − A| = 0 λ1 = 0 λ2 = 1 λ2 = 2
v1 = [1 0 0]T v2 = [0 1 0]T v3 = [1 0 2]T

A =





1 0 1
0 1 0
0 0 2









0 0 0
0 1 0
0 0 2









1 0 1
0 1 0
0 0 2





−1

,

A =





1 0 1
0 1 0
0 0 2









0 0 0
0 1 0
0 0 2









1 0 −1
2

0 1 0
0 0 1

2



 .

An =





1 0 1
0 1 0
0 0 2









0n 0 0
0 1n 0
0 0 2n









1 0 −1
2

0 1 0
0 0 1

2



 ,

An =





0 0 2n−1

0 1 0
0 0 2n



 .

�



A =

�
2 3
0 9

10

�

.

|λI −A| = 0

0 = |λI −A| =
�
�
�
�

λ− 2 −3
0 λ− 9

10

�
�
�
�
= (λ− 2)

�

λ− 9

10

�

⇒ λ1 = 2, λ2 =
9

10
.

λ = 2 v1 v2

�
2− 2 −3
0 2− 9

10

� �
v1
v2

�

=

�
0
0

�

⇒
�
0 −3
0 11

10

� �
v1
v2

�

=

�
0
0

�

.

−3v2 = 0 11
10v2 = 0 v2 = 0 v1 ∈ R \ {0}

v = [v1 0]T = v1[1 0]T v = [1 0]T λ = 9
10

�
9
10 − 2 −3

0 9
10 − 9

10

� �
v1
v2

�

=

�
0
0

�

⇒
�
−11

10 −3
0 0

� �
v1
v2

�

=

�
0
0

�

.

−11
10v1 − 3v2 = 0 0 = 0 v2 = −11

30v1
v = [v1 − 11

30v1]
T = v1[1 − 11

30 ]
T v = [1 − 11

30 ]
T

�

A =





1 6 0
1 0 0
0 1

2 2



 .

|λI −A| =

�
�
�
�
�
�

λ− 1 −6 0
−1 λ 0
0 −1

2 λ− 2

�
�
�
�
�
�

= (λ− 2)

�
�
�
�

λ− 1 −6
−1 λ

�
�
�
�
= (λ− 2)(λ(λ− 1)− 6)

= (λ− 2)(λ2 − λ− 6) = (λ− 2)(λ+ 2)(λ − 3).

(λ − 2)(λ + 2)(λ − 3) = 0 λ1 = 2 λ2 = −2 λ3 = 3

λ = λ1 = 2 v = [v1 v2 v3]
T (λI −A)v = 0





2− 1 −6 0
−1 2 0
0 −1

2 2− 2









v1
v2
v3



 =





0
0
0



 ⇒





1 −6 0
−1 2 0
0 −1

2 0









v1
v2
v3



 =





0
0
0



 ,



v1 − 6v2 = 0
−v1 + 2v2 = 0

− 1
2v2 = 0

.

v1 = v2 = 0 v3 ∈ R \ {0} λ = 2

v =





v1
v2
v3



 =





0
0
v3



 = v3





0
0
1



 , v3 ∈ R \ {0}.

v = [0 0 1]T v3 = 1

λ = λ2 = −2 v = [v1 v2 v3]
T





−3 −6 0
−1 −2 0
0 −1

2 −4









v1
v2
v3



 =





0
0
0



 ,

−3v1 − 6v2 = 0
−v1 − 2v2 = 0

− 1
2v2 − 4v3 = 0

,

v2 = −1
2v1 v3 = 1

16v1 v1 ∈ R \ {0} λ = −2

v =





v1
v2
v3



 =





v1
−1

2v1
1
16v1



 = v1





1
−1

2
1
16



 , v1 ∈ R \ {0}.

v = [16 − 8 1]T v1 = 16

λ = λ3 = 3 v = [v1 v2 v3]
T





2 −6 0
−1 3 0
0 −1

2 1









v1
v2
v3



 =





0
0
0



 ,

2v1 − 6v2 = 0
−v1 + 3v2 = 0

− 1
2v2 + v3 = 0

,

v1 = 3v2 v3 = 1
2v2 v2 ∈ R \ {0} λ = 3

v =





v1
v2
v3



 =





3v2
v2

1
2v2



 = v2





3
1
1
2



 , v2 ∈ R \ {0}.

v = [6 2 1]T v2 = 2

�



A

A =

�
0 7 1
2 9 2

�

.

A+B A−B 3A −2B

A =





2 4
−1 3
6 7



 , B =





3 1
1 2
4 −2



 .

A =

�
2 7
9 −3

�

, B =

�
3 −7 2
1 5 9

�

, C =

�
5 −6
8 2

�

.

AB BA AC CA

A =

�
7 1
0 9

�

, B =

�
0 2
13 6

�

, C =

�
15 0
0 2

�

, E =





x 5 3
0 9 1
6 4 0



 ,

F =





y 0 y
0 1 0
0 1 1



 , G =





1 2 3
5 4 6
9 7 8



 , H =

�
2 1 3
3 7 6

�

, K =





9 2
1 5
7 8





A− 2BC EG FK − 2K HEA 3BC −HK 7K −H
AHKB BKHA

A B
(A+B)2 A2 + 2AB +B2 (B +A)2 A(A+B) +B(A+B)

A2 +AB +BA+B2

A−1

A =

�
1 2
5 7

�

, A =





10 7 3
13 5 8
6 −1 6



 , A =







1 0 1 0
1 1 2 0
2 0 1 1
1 2 1 0






.

AX = B

A =

�
3 1

−1 2

�

, B =

�
2 1
4 −1

�

, A =





−1 0 1
2 1 −1
3 1 0



 , B =





−2 1 1
0 2 −1
2 0 1



 .

XA = B

A =

�
1 0
2 −1

�

, B =

�
3 −1
1 −2

�

, A =





1 2 1
1 2 −1
2 −1 3



 , B =





−1 1 0
1 −2 1
1 1 2



 .



AX + 2B = 3X − 4C

A =

�
1 0
2 −1

�

, B =

�
3 −1
1 −2

�

, C =

�
1 −1
3 2

�

.

2XA− 3B = 4X + 2C

A =





−1 2 2
1 −2 −1
2 −1 −1



 , B =





0 1 0
1 0 1
3 2 2



 , C =





−1 −1 2
−1 −2 1
1 −1 1



 .

A =

�
2 2
1 3

�

.

A =

�
2 1
1 1

2

�

.

A =





1 2 3
0 1 7
0 2 1



 .

A =

�
0 2
7
8

1
3

�

.

A =





1 1
4 0

0 1
2 0

0 1
4 1



 .



% % %
% % %

s k p

s+ k + p = 500 .

34.1

100
s+

12

100
k +

10.2

100
p = 79.4 .

33.5

100
s+

65

100
k +

70.7

100
p = 302.05 .

s + k + p = 500

34.1

100
s +

12

100
k +

10.2

100
p = 79.40

33.5

100
s +

65

100
k +

70.7

100
p = 302.05

.

s, k, p ≥ 0 �



2x− y2 + z = 9, 5x − 2y = 2, 3 sin x+ y + x z = 0

y
y2 x 5x sinx x z

m n

a11x1 + a12x2 + . . . + a1nxn = b1
a21x1 + a22x2 + . . . + a2nxn = b2

am1x1 + am2x2 + . . . + amnxn = bm

aij bi
xj i = 1, 2, . . . ,m j = 1, 2, . . . , n

n (x1, x2, . . . , xn)

(i)
x + 2y − z = 2

3x − y + 2z = 7
−x − y + 2z = 3

(ii)
x + 2y − z = 2

3x − y + 2z = 7
4x + y + z = 5

(iii)
x + 2y − z = 2
3x − y + 2z = 7
4x + y + z = 9

(iv)
x + 3y = 10

2y + 3z = 4
12x − 2z = 48

�

x + y = 5
2x − y = 1
x − 3y = −7
4x − y = 5

�

x − 2y + 3z + t = 3
2x − 3y + z − t = 2
2x − 4y + 6z + 2t = 6

�

i = 1, 2, . . . ,m
bi bi = 0 i = 1, 2, . . . ,m



x + 2y + z + t = 0
2x + y + z + 2t = 0
x + 2y + 2z + t = 0
x + y + z + t = 0

.

�

x − 2y = 0
−3x + 6y = 0
4x − 10y = 0

.

�

0

0

a11 �= 0 a11 = 0
x1



a11

x1 + a12
a11

x2 + . . . + a1n
a11

xn = b1
a11

a21x1 + a22x2 + . . . + a2nxn = b2

am1x1 + am2x2 + . . . + amnxn = bm

−ai1
i i = 2, 3, . . . ,m

x1 + a12
a11

x2 + . . . + a1n
a11

xn = b1
a11(

a22 − a21
a12
a11

)

x2 + . . . +
(

a2n − a21
a1n
a11

)

xn = b2 − a21
b1
a11

(

am2 − am1
a12
a11

)

x2 + . . . +
(

amn − am1
a1n
a11

)

xn = bm − am1
b1
a11

cij aij − ai1
a1j
a11

i = 2, 3, . . . ,m j = 2, 3, . . . n di = bi − ai1
b1
a11

i = 2, 3, . . . ,m

x1 + a12
a11

x2 + . . . + a1n
a11

xn = b1
a11

c22x2 + . . . + c2nxn = d2

cm2x2 + . . . + cmnxn = dm

c22 �= 0
c22

x1 + a12
a11

x2 + a13
a11

x3 + . . . + a1n
a11

xn = b1
a11

x2 + c23
c22

x3 + . . . + c2n
c22

xn = d2
c22

c32x2 + c33x3 + . . . + c3nxn = d3

cm2x2 + cm3x3 + . . . + cmnxn = dm



−ci2
i i = 3, 4, . . . ,m

x1 + a12

a11

x2 + a13

a11

x3 + . . . + a1n

a11

xn = b1
a11

x2 + c23
c22

x3 + . . . + c2n
c22

xn = d2

c22(

c33 − c32
c23
c22

)

x3 + . . . +
(

c3n − c32
c2n
c22

)

xn = d3 − c32
d2

c22

(

cm3 − cm2
c23
c22

)

x3 + . . . +
(

cmn − cm2
c2n
c22

)

xn = dm − cm2
d2

c22

eij cij − ci2
c2j
c22

i = 3, 4, . . . ,m j = 3, 4, . . . n fi = di − ci2
d2
c22

i = 3, 4, . . . ,m

x1 + a12
a11

x2 + a13
a11

x3 + . . . + a1n
a11

xn = b1
a11

x2 + c23
c22

x3 + . . . + c2n
c22

xn = d2
c22

e33x3 + . . . + e3nxn = f3

em3x3 + . . . + emnxn = fm

g11x1 + g12x2 + g13x3 + . . . + g1nxn = h1
g22x2 + g23x3 + . . . + g2nxn = h2

gnnxn = hn

p11x1 + p12x2 + . . . + p1kxk + p1,k+1xk+1 + . . . + p1nxn = q1
p22x2 + . . . + p2kxk + p2,k+1xk+1 + . . . + p2nxn = q2

pkkxk + pk,k+1xk+1 + . . . + pknxn = qk

gii �= 0 i =
1, 2, . . . , n n xn

xn−1

p11x1 + p12x2 + . . . + p1kxk = q1 − p1,k+1xk+1 − . . .− p1nxn
p22x2 + . . . + p2kxk = q2 − p2,k+1xk+1 − . . .− p2nxn

pkkxk = qk − pk,k+1xk+1 − . . .− pknxn



xk+1, . . . , xn

s + k + p = 500
341s + 120k + 102p = 79400
335s + 650k + 707p = 302050

.

−341

s + k + p = 500
− 221k − 239p = −91100

335s + 650k + 707p = 302050
.

−335

s + k + p = 500
− 221k − 239p = −91100

315k + 372p = 134550
.

s + k + p = 500
− 221k − 239p = −91100

105k + 124p = 44850
.

k
221·105

s + k + p = 500
− 23205k − 25095p = −9565500

23205k + 27404p = 9911850
.

k

s + k + p = 500
− 23205k − 25095p = −9565500

2309p = 346350
.

p

s + k + p = 500
− 23205k − 25095p = −9565500

p = 150
.



p = 150

s + k + 150 = 500
− 23205k − 25095 · 150 = −9565500

,

s + k = 350
− 23205k = −5801250

.

−23205 k

s + k = 350
k = 250

.

k = 250 s

s+ 250 = 350 ⇒ s = 100 .

(s, k, p) = (100, 250, 150)

(i)
x + 2y − z = 2

3x − y + 2z = 7
−x − y + 2z = 3

(ii)
x + 2y − z = 2

3x − y + 2z = 7
4x + y + z = 5

(iii)
x + 2y − z = 2
3x − y + 2z = 7
4x + y + z = 9

(iv)
x + 3y = 10

2y + 3z = 4
12x − 2z = 48

(i) −3

x + 2y − z = 2
− 7y + 5z = 1

−x − y + 2z = 3

1

x + 2y − z = 2
− 7y + 5z = 1

y + z = 5

x + 2y − z = 2
y + z = 5

− 7y + 5z = 1



x + 2y − z = 2
y + z = 5

12z = 36
.

z = 3

x + 2y = 5
y = 2

.

y = 2 x = 5− 4 = 1
(x, y, z) = (1, 2, 3)

(ii) −3
−4

x + 2y − z = 2
− 7y + 5z = 1
− 7y + 5z = −3

.

−1

x + 2y − z = 2
− 7y + 5z = 1

0 = −4
.

(iii) −3
−4

x + 2y − z = 2
− 7y + 5z = 1
− 7y + 5z = 1

.

−1

x + 2y − z = 2
− 7y + 5z = 1

0 = 0

x + 2y − z = 2
− 7y + 5z = 1

,

x + 2y = 2 + z
− 7y = 1− 5z

.

z = t ∈ R y = (5t− 1)/7

x+
2

7
(5t− 1) = 2 + t ⇒ x =

16

7
− 3

7
t.



(x, y, z) =

(
16

7
− 3

7
t,−1

7
+

5

7
t, t

)

, t ∈ R.

(iv) −12

x + 3y = 10
2y + 3z = 4

− 36y − 2z = −72
.

x + 3y = 10
2y + 3z = 4

56z = 0
.

z = 0 y = 2 x = 4
(x, y, z) = (4, 2, 0)

�

x + y = 5
2x − y = 1
x − 3y = −7
4x − y = 5

−2
−1 −4

x + y = 5
− 3y = −9
− 4y = −12
− 5y = −15

.

y = 3
x = 2 (x, y) = (2, 3) �

x − 2y + 3z + t = 3
2x − 3y + z − t = 2
2x − 4y + 6z + 2t = 6

−2

x − 2y + 3z + t = 3
y − 5z − 3t = −4

0 = 0
,



x − 2y = 3− 3z − t
y = −4 + 5z + 3t

.

z = a ∈ R t = b ∈ R y = −4 + 5a + 3b

x− 2(−4 + 5a+ 3b) = 3− 3a− b ⇒ x = −5 + 7a+ 5b .

(x, y, z, t) = (−5 + 7a + 5b,−4 + 5a+ 3b, a, b)
a, b ∈ R �

x + 2y + z + t = 0
2x + y + z + 2t = 0
x + 2y + 2z + t = 0
x + y + z + t = 0

.

−2 −1

x + 2y + z + t = 0
− 3y − z = 0

z = 0
− y = 0

.

z = 0 y = 0

x + t = 0
0 = 0

.

x = −t t
t = a ∈ R (x, y, z, t) = (−a, 0, 0, a) a ∈ R

�

x − 2y = 0
−3x + 6y = 0
4x − 10y = 0

.

−4

x − 2y = 0
0 = 0

− 2y = 0
.

y = 0 x = 0
(x, y) = (0, 0) �



m = n

DS =

∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 . . . a1n
a21 a22 . . . a2n

an1 an2 . . . ann

∣
∣
∣
∣
∣
∣
∣
∣
∣

Dx1 =

∣
∣
∣
∣
∣
∣
∣
∣
∣

b1 a12 . . . a1n
b2 a22 . . . a2n

bn an2 . . . ann

∣
∣
∣
∣
∣
∣
∣
∣
∣

,Dx2 =

∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 b1 . . . a1n
a21 b2 . . . a2n

an1 bn . . . ann

∣
∣
∣
∣
∣
∣
∣
∣
∣

, . . . ,Dxn =

∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 . . . b1
a21 a22 . . . b2

an1 an2 . . . bn

∣
∣
∣
∣
∣
∣
∣
∣
∣

DS �= 0

(x1, x2, . . . , xn) =

(
Dx1

DS
,
Dx2

DS
, . . . ,

Dxn

DS

)

.

DS = 0 Dxi
, i = 1, 2, . . . , n 0

DS = Dx1 = Dx2 = . . . = Dxn = 0

x + 2y − z = 2
3x − y + 2z = 7
−x − y + 2z = 3

Ds =
1 2 −1
3 −1 2

−1 −1 2
.

−3

Ds =
1 2 −1
0 −7 5
0 1 1

.

Ds = −
1 2 −1
0 1 1
0 −7 5



Ds = −
1 2 −1
0 1 1
0 0 12

= −1 · 1 · 12 = −12,

Ds �= 0
Dx Dy Dz

Dx =
2 2 −1 2 2
7 −1 2 7 −1
3 −1 2 3 −1

= −4 + 12 + 7− (3− 4 + 28) = −12 ,

Dy =
1 2 −1 1 2
3 7 2 3 7

−1 3 2 −1 3
= 14− 4− 9− (7 + 6 + 12) = −24 ,

Dz =

1 2 2 1 2
3 −1 7 3 −1

−1 −1 3 −1 −1
= −3− 14− 6− (2− 7 + 18) = −36 .

x =
Dx

Ds
=

−12

−12
= 1, y =

Dy

Ds
=

−24

−12
= 2, z =

Dz

Ds
=

−36

−12
= 3.

(x, y, z) = (1, 2, 3) �

x + 2y − z = 2
3x − y + 2z = 7
4x + y + z = 5

Ds =
1 2 −1
3 −1 2
4 1 1

.

−3
−4

Ds =
1 2 −1
0 −7 5
0 −7 5

= 0

Ds = 0
Dx

Dx =
2 2 −1 2 2
7 −1 2 7 −1
5 1 1 5 1

= −2 + 20− 7− (5 + 4 + 14) = −12 �= 0 .

Ds = 0 Dx �= 0 �



x + 2y − z = 2
3x − y + 2z = 7
4x + y + z = 9

Ds = 0 Dx Dy Dz

Dx =
2 2 −1
7 −1 2
9 1 1

= 0 ,

Dy =
1 2 −1
3 7 2
4 9 1

= 0 ,

Dz =
1 2 2
3 −1 7
4 1 9

= 0 .

Ds = Dx = Dy = Dz = 0
(iii) �

a

2ax − 23y + 29z = 4
7x + ay + 4z = 7
5x + 2y + az = 5

Ds =
2a −23 29
7 a 4
5 2 a

= 2a3 − 54.

Ds = 0 2a3 − 54 = 0 a = 3

a �= 3 Ds �= 0
Dx Dy Dz

Dx =
4 −23 29
7 a 4
5 2 a

= 4a2 + 16a− 86 ⇒ x =
Dx

Ds
=

4a2 + 16a− 86

2a3 − 54
=

2a2 + 8a− 43

a3 − 27
.

Dy =
2a 4 29
7 7 4
5 5 a

= 14a2 − 68a + 80 ⇒ y =
Dy

Ds
=

14a2 − 68a+ 80

2a3 − 54
=

7a2 − 34a+ 40

a3 − 27
.

Dz =
2a −23 4
7 a 7
5 2 5

= 10a2−48a+56 ⇒ z =
Dz

Ds
=

10a2 − 48a+ 56

2a3 − 54
=

5a2 − 24a+ 28

a3 − 27
.



a = 3 Ds = 0 a = 3 Dx =
4 · 32 + 16 · 3− 86 = −2 �= 0

�

a

x + y + z = a
x + (1 + a)y + z = 2a
x + y + (1 + a)z = 0

Ds =
1 1 1
1 1 + a 1
1 1 1 + a

=
1 1 1
0 a 0
0 0 a

= a2

−1 a = 0
Ds = 0

a �= 0 Ds �= 0

Dx =
a 1 1
2a 1 + a 1
0 1 1 + a

= a
1 1 1
2 1 + a 1
0 1 1 + a

= a
1 1 1
0 −1 + a −1
0 1 1 + a

= a
1 0 1
0 a −1
0 −a 1 + a

= a
1 0 1
0 a −1
0 0 a

= a3.

a
−2

−1
x

x =
Dx

Ds
=

a3

a2
= a.

Dy

−2

Dy =
1 a 1
1 2a 1
1 0 1 + a

= −
a 1 1
0 −1 −1
0 1 1 + a

= −
a 1 1
0 −1 −1
0 0 a

= a2.

y =
Dy

Ds
=

a2

a2
= 1.



Dz −1

Dz =
1 1 a
1 1 + a 2a
1 1 0

=
1 1 a
0 a a
0 0 −a

= −a2 ⇒ z =
Dz

Ds
=

−a2

a2
= −1.

(x, y, z) = (a, 1,−1) a ∈ R \ {0}

a = 0 Dx = Dy = Dz = 0
a = 0

x + y + z = 0
x + y + z = 0
x + y + z = 0

⇒ x + y + z = 0.

x = −y − z y, z ∈ R

(x, y, z) = (−y − z, y, z) y, z ∈ R

�

a

x + y + z = 6
ax + 4y + z = 5
6x + (a+ 2)y + 2z = 13

Ds =
1 1 1
a 4 1
6 a+ 2 2

=
1 1 1

a− 1 3 0
4 a 0

= 1 · a− 1 3
4 a

= a2 − a− 12.

−1 −2

Ds = 0 a1 = 4 a2 = −3 Ds = (a− 4)(a+ 3)

a �= 4 a �= −3
Dx Dy Dz

Dx =
6 1 1
5 4 1
13 a+ 2 2

= −(a+ 3) ⇒ x =
−(a+ 3)

(a− 4)(a+ 3)
=

−1

a− 4
,

Dy =
1 6 1
a 5 1
6 13 2

= a+ 3 ⇒ y =
a+ 3

(a− 4)(a+ 3)
=

1

a− 4
,

Dz =
1 1 6
a 4 5
6 a+ 2 13

= 6(a− 4)(a+ 3) ⇒ z =
6(a− 4)(a+ 3)

(a− 4)(a+ 3)
= 6.

(x, y, z) =
(

−1
a−4 ,

1
a−4 , 6

)



a = 4 Ds = 0 Dx = −7 �= 0

a = −3 Ds = Dx = Dy = Dz = 0
a = −3

x + y + z = 6
−3x + 4y + z = 5
6x − y + 2z = 13

−6

x + y + z = 6
7y + 4z = 23

− 7y − 4z = −23

1

x + y + z = 6
7y + 4z = 23

0 = 0
⇒ x + y = 6− z

7y = 23− 4z

z = t ∈ R

y =
23

7
− 4

7
t ⇒ x =

19

7
− 3

7
t

y z

(x, y, z) =

(
19

7
− 3

7
t,
23

7
− 4

7
t, t

)

, t ∈ R.

�

% % %
% % %

x y z
x+ y+ z = 500

0.341x + 0.12y + 0.102z = 80
0.335x + 0.65y + 0.707z = 300 x, y, z ≥ 0

x + y + z = 500
0.341x + 0.12y + 0.102z = 80
0.335x + 0.65y + 0.707z = 300

.



−0.341
−0.335

x + y + z = 500
− 0.221y − 0.239z = −90.5

0.315y + 0.372z = 132.5
.

0.315
0.221

x + y + z = 500
− 0.221y − 0.239z = −90.5

(
0.372 − 0.239·0.315

0.221

)
z = 132.5 − 90.5·0.315

0.221

z = 111.88 z
y = 288.51 x = 99.61 �

S1 S2 D1

D2 m3

D1 D2

S1

S2

m3

x S1 y S2

D1 0.075x + 0.2y = 46
D2 0.2x+ 0.05y = 26 x, y ≥ 0

0.075x + 0.2y = 46
0.2x + 0.05y = 26

−4

0.2x + 0.05y = 26
−0.725x = −58

⇒ 0.2x + 0.05y = 26
x = 80

.

x = 80 y = 200
S1 S2 �



x y
x, y ≥ 0

x + y = 12
3.75x + 2.5y = 35

.

(x, y) = (4, 8)
4 · 2 · 7 = 56

8 · 1 · 7 = 56

9 · 2.5 = 22.5
4+112 = 116

22.5+22.5 = 45 8+112 = 120
�

2% 10%
3%

x 2% y 10% 0.02x+0.10y = 0.03(x+y)
x + y = 2 x = 2 − y

0.02(2 − y) + 0.10y = 0.03 · 2 y = 0.25 x = 1.75 �

R1 R2 R3

%

R1 R2 R3
%

97% 90%
98%

xi Ri i = 1, 2, 3

4x1 + 7x2 + 8x3 = 97
3x1 + 11x2 + 6x3 = 90
5x1 + 5x2 + 4x3 = 98



x1, x2, x3 ≥ 0 −4 −6

12x1 + 21x2 + 24x3 = 291
−12x1 − 44x2 − 24x3 = −360
−30x1 − 30x2 − 24x3 = −588

.

12x1 + 21x2 + 24x3 = 291
− 23x2 = −69

−18x1 − 9x2 = −297
.

x2 = 3 x1 = 15 x3 = 2 15 · 0.2 + 3 ·
1.1 + 2 · 0.7 = 7.7 �

P1 P2

P1 P1

P1 P2

P2 P2 P1 P2

87.5%
85%

x1 P1 x2 P2

M1 M2 M1 12h
P1 P1 12/100 3/25
x1 M1 3x1/25
x1 P1 M2 0.08x1 = 2x1/25

P2 M1 3/20
x2 P2 M2 3x2/20 x2

p2 M2 8x2/25 M1

12 · 0.875 = 10.5 M2 16 · 0.85 = 13.6

M1 :
3

25
x1 +

3

20
x2 = 10.5

M2 :
2

25
x1 +

8

25
x2 = 13.6

.

−75

6x1 + 15
2 x2 = 525

−6x1 − 24x2 = −1020
.

6x1 + 15
2 x2 = 525

− 33
2 x2 = −495

.

x2 = 30 P2 x1 = 50
P1 �



20%

x1 x2

1
x1

1
x2

(
1

x1
+

1

x2

)

· 12 = 1.

20%

(
2

x1
+

3

x2

)

= 1 · 20

100
.

1

x1
+

1

x2
=

1

12

2

x1
+

3

x2
=

1

5

.

s = 1/x1 t = 1/x2

s + t =
1

12

2s + 3t =
1

5

s = 1/30 t = 1/20 x1 = 1/s = 30 x2 = 1/t = 20 �

xi i i =
1, 2, 3 i 1/xi

:

(
1

x1
+

1

x2

)

· 7.5 = 1

:

(
1

x1
+

1

x3

)

· 6 = 1

:

(
1

x2
+

1

x3

)

· 10 = 1

.



s = 1/x1 t = 1/x2 q = 1/x3
s = 1/10 t = 1/30 q = 1/15 x1 = 10 x2 = 30 x3 = 15

y
y

(
1

x1
+

1

x2
+

1

x3

)

· y = 1 ⇒
(

1

10
+

1

30
+

1

15

)

· y = 1 ⇒ y = 5.

�

p
f

4p + 8f = 48
5p + 2f = 28

.

(p, f) = (4, 4) �

m p
m + p = 22 4.7m + 11p = 179

m = 10 p = 12 �

CH4 +O2 → CO2 +H2O.

x1 x2 x3 x4

x1CH4 + x2O2 → x3CO2 + x4H2O

C : x1 = x3, H : 4x1 = 2x4, O : 2x2 = 2x3 + x4,

x3 = x1, x4 = 2x1, 2x2 = 2x1 + 2x1 = 4x1 ⇒ x2 = 2x1.

x1 = 1 x2 = 2 x3 = 1 x4 = 2

CH4 + 2O2 → CO2 + 2H2O.

�



HCl +Na3PO4 → H3PO4 +NaCl.

x1 x2 x3 x4

x1HCl+ x2Na3PO4 → x3H3PO4 + x4NaCl.

H : x1 = 3x3, Cl : x1 = x4, Na : 3x2 = x4, P : x2 = x3, O : 4x2 = 4x3.

x3 =
1
3x1 x4 = x1 x2 =

1
3x4 =

1
3x1 x1 = 3

x2 = 1 x3 = 1 x4 = 3

3HCl +Na3PO4 → H3PO4 + 3NaCl.

�

v1 v2 km/h v2 = v1+10 t = 3
v1 ·3+ v2 ·3 = 300 v1 ·3+(v1+10) ·3 = 300

6v1 = 270 v1 = 45 km/h v2 = 55 km/h �

k
o r

k+ o+ r = 200 1.5k+5.75o+2.60r = 589.50 o = r− 20
k o r

k = 220 − 2r k o
1.5k + 5.75o + 2.60r = 589.50 5.35r = 374.5 ⇒ r = 70 o = 50
k = 80 �

x y z

Ca : 30x + 10y + 20z = 3400
Fe : 10x + 10y + 20z = 1800

vitA : 10x + 30y + 20z = 2200.



−1

Ca : 30x + 10y + 20z = 3400
Fe : −20x = −1600

vitA : −20x + 20y = −1200.

x = 80 y = 20
z = 40 �

N0

x y z t

: 30x + 30y + 30z + 60t = 900
: 50x + 75y + 25z + 25t = 750
: 30x + 20y + 20z + 50t = 700

.

: x + y + z + 2t = 30
: 2x + 3y + z + t = 30
: 3x + 2y + 2z + 5t = 70

.

−2
−3

: x + y + z + 2t = 30
: y − z − 3t = −30
: − y − z − t = −20

.

x

: x + y + z + 2t = 30
: y − z − 3t = −30
: − 2z − 4t = −50

.

z = 25− 2t ≥ 0 y = t− 5 ≥ 0 x = 10 − t ≥ 0
t ∈ N0 x y z t ≤ 25/2



t ≥ 5 t ≤ 10 5 ≤ t ≤ 10

t = 5, (x, y, z, t) = (5, 0, 15, 5)
t = 6, (x, y, z, t) = (4, 1, 13, 6)
t = 7, (x, y, z, t) = (3, 2, 11, 7)
t = 8, (x, y, z, t) = (2, 3, 9, 8)
t = 9, (x, y, z, t) = (1, 4, 7, 9)
t = 10, (x, y, z, t) = (0, 5, 5, 10).

�

N0

x y z t
x + y + z + t = 5

5x + 10y + 15z + 20t = 80
−1

x + y + z + t = 5
x + 2y + 3z + 4t = 16

x + y + z + t = 5
y + 2z + 3t = 11

y = 11−2z−3t ≥ 0 x = z+2t−6 ≥ 0
z + 2t ≥ 6 2z + 3t ≤ 11

z = 0, t = 3, (x, y, z, t) = (0, 2, 0, 3)
z = 1, t = 3, (x, y, z, t) = (1, 0, 1, 3)
z = 2, t = 2, (x, y, z, t) = (0, 1, 2, 2)
z = 4, t = 1, (x, y, z, t) = (0, 0, 4, 1).

�

x + 2y − z = 0
2x + 5y + 2z = 14

y − 3z = −7
.

2x + 3y + z = 12
5x − 2y + 3z = 13
x + 9y − z = 15

.



4x − 3y + 2z = 1
2x + 4y − 5z = 11
3x + 2y − 4z = 8

.

x + 2y + 3z − 4t = 11
2x + y + 5z + t = 3
3x + 2y + z + 2t = −1
x + y + 5z + t = 5

.

2x − y − 5z = 0
4x − 2y − 10z = 0

.

2x + 3y − z = 0
x + 5y + 2z = 0
3x + 8y + z = 0

.

2x + 3y − z − t = 0
x − y − 2z − 4t = 0

3x + y + 3z − 2t = 0
6x + 3y − 7z = 0

.

a

ax − 2y − z = 4
2x + y + 2z = 5
3x + 2y + 3z = 12.

a

ax + y + z = 1
x + ay + z = a
x + y + az = a2.

a

(2a+ 3)x + y + 3z = 0
x + (4a+ 3)y + 4z = 0

6x + 8y + 7z = 0.



a

x + y + z = 0
ax + 4y + z = 0
6x + (a+ 2)y + 2z = 0

47 112
3 6 2 7

3 2
100 50 150 75

37 1856
162 58

4% 5.5%
6%

3.230.000



x1 x2

D
D(x1, x2) = (20− 17)x1 + (18 − 14)x2 ,

D(x1, x2) = 3x1 + 4x2 .

x1 x2



x1 x2 1.5x1 + x2

1.5x1 + x2 ≤ 14 .

x1 x2 3x1 + 3x2

3x1 + 3x2 ≤ 30 .

x1 + 2x2 ≤ 16

1.5x1 + x2 ≤ 14,
3x1 + 3x2 ≤ 30,
x1 + 2x2 ≤ 16.

x1 ≥ 0, x2 ≥ 0.

�

S1 S2

S1 S2

M1 M2 S3

M1

M2 M1 M2

M1

S1 S2 S3

M2 S1

S2 S3

xi Mi i = 1, 2
M1 M2

T (x1, x2) = 20x1 + 18x2 .

S1 : 2x1 + 4x2 ≥ 20
S2 : 5x1 + x2 ≥ 10
S3 : 3x1 + 2x2 ≤ 40

x1, x2 ≥ 0 �



m
n

f = c1x1 + c2x2 + · · ·+ cnxn ,

n∑

j=1

aijxj ≤ bi, i = 1, 2, . . . , k,

n∑

j=1

aijxj ≥ bi, i = k + 1, k + 2, . . . , s,

n∑

j=1

aijxj = bi, i = s+ 1, s + 2, . . . ,m,

x1, x2, . . . , xn ≥ 0,

aij ∈ R, i = 1, 2, . . . ,m j = 1, 2, . . . , n

bi ∈ R, i = 1, 2, . . . ,m

ci ∈ R, i = 1, 2, . . . , n

f

x1, x2, . . . , xn ≥ 0

bi
−1 D ⊂ Rn

z = (x1, x2, . . . , xn) ∈ Rn

zopt = (xopt1 , xopt2 , . . . , xoptn ) ∈ D f

1.5x1 + x2 ≤ 14
3x1 + 3x2 ≤ 30
x1 + 2x2 ≤ 16
x1 , x2 ≥ 0

p : 1.5x1+x2 = 14
1.5x1 + x2 ≤ 14 p

(x1, x2) = (0, 0) 1.5x1 + x2 ≤ 14

1.5 · 0 + 1 · 0 ≤ 14 ⇒ 0 ≤ 14

(0, 0)



16

16

14

12

10

8

6

4

2

2 4 6 8 10 12 140

145.1: 21 �� xxp

1x

2x

3x1 + 3x2 ≤ 30 q :
3x1 + 3x2 = 30
(x1, x2) = (0, 0) 3x1 + 3x2 ≤ 30 0 ≤ 30

(0, 0)

16

16

14

12

10

8

6

4

2

2 4 6 8 10 12 140

3033: 21 �� xxq
1x

2x



x1+2x2 ≤ 16

16

16

14

12

10

8

6

4

2

2 4 6 8 10 12 140

162: 21 �� xxr

1x

2x

x1 ≥ 0 x2 ≥ 0

16

16

14

12

10

8

6

4

2

2 4 6 8 10 12 140 1x

2x

02 �x

01 �x



16

16

14

12

10

8

6

4

2

2 4 6 8 10 12 140

162: 21 �� xxr

3033: 21 �� xxq

145.1: 21 �� xxp

1x

2x

02 �x

01 �x

�

x1, x2 ≥ 0 p : 2x1 + 4x2 = 20
2x1 + 4x2 ≥ 20

(x1, x2) = (0, 0) 0 ≥ 20
(0, 0) 5x1+x2 ≥ 10

(0, 0) 3x1 + 2x2 ≤ 40
(0, 0) 3 · 0 + 2 · 0 ≤ 40

20

20

14

12

10

6

4

2

4 6 8 10 14 16 180

4023: 21 �� xxr

105: 21 �� xxq 2042: 21 �� xxp

1x

2x

02 �x

01 �x

2 12

8

16

18

�



max f = −min(−f) .

∑n
j=1 aijxj ≤ bi i = 1, 2, . . . , k

n∑

j=1

aijxj + xn+i = bi, i = 1, 2, . . . , k,

xn+i ≥ 0 i = 1, 2, . . . , k
∑n

j=1 aijxj ≥ bi i = k + 1, k + 2, . . . , s

n∑

j=1

aijxj − xn+i = bi, i = k + 1, k + 2, . . . , s,

xn+i ≥ 0 i = k + 1, k + 2, . . . , s

f =
n∑

j=1

cjxj +
n+s∑

j=n+1

cj xj ,

cn+1 = cn+2 = · · · = cn+s = 0

max(3x1 + 4x2)

1.5x1 + x2 ≤ 14
3x1 + 3x2 ≤ 30
x1 + 2x2 ≤ 16

x1, x2 ≥ 0

max(3x1 + 4x2) = −min(−3x1 − 4x2) .

1.5x1 + x2 + x3 = 14
3x1 + 3x2 + x4 = 30
x1 + 2x2 + x5 = 16

x1, x2, x3, x4, x5 ≥ 0

f = −3x1 − 4x2 + 0x3 + 0x4 + 0x5 �



min(20x1 + 18x2)

2x1 + 4x2 − x3 = 20
5x1 + x2 − x4 = 10
3x1 + 2x2 + x5 = 40

x1, x2, x3, x4, x5 ≥ 0 f = 20x1 + 18x2 + 0x3 + 0x4 + 0x5 �

m n

f = c1x1 + c2x2 + · · · + cnxn

a11x1 + a12x2 + · · ·+ a1nxn = b1
a21x1 + a22x2 + · · ·+ a2nxn = b2

am1x1 + am2x2 + · · ·+ amnxn = bm

x1, x2, . . . , xn ≥ 0.

n ≥ m
(n −m) m

1.5x1 + x2 + x3 = 14
3x1 + 3x2 + x4 = 30
x1 + 2x2 + x5 = 16

x1, x2, x3, x4, x5 ≥ 0

n = 5 m = 3
n −m = 5 − 3 = 2 x1 x2

x1 = x2 = 0 x3 = 14 x4 = 30
x5 = 16



x3, x4, x5 x1, x2 x1 = x2 = 0 x3 = 14, x4 = 30, x5 = 16 (x1, x2) = (0, 0)
x2, x4, x5 x1, x3 x1 = x3 = 0 x2 = 14, x4 = −12, x5 = −12
x2, x3, x5 x1, x4 x1 = x4 = 0 x2 = 10, x3 = 4, x5 = −4
x2, x3, x4 x1, x5 x1 = x5 = 0 x2 = 8, x3 = 6, x4 = 6 (x1, x2) = (0, 8)
x1, x4, x5 x2, x3 x2 = x3 = 0 x1 =

28
3 , x4 = 2, x5 =

20
3 (x1, x2) = (283 , 0)

x1, x3, x5 x2, x4 x2 = x4 = 0 x1 = 10, x3 = −1, x5 = 6
x1, x3, x4 x2, x5 x2 = x5 = 0 x1 = 16, x3 = −10, x4 = −18
x1, x2, x5 x3, x4 x3 = x4 = 0 x1 = 8, x2 = 2, x5 = 3 (x1, x2) = (8, 2)
x1, x2, x4 x3, x5 x3 = x5 = 0 x1 = 6, x2 = 5, x4 = −3
x1, x2, x3 x4, x5 x4 = x5 = 0 x1 = 4, x2 = 6, x3 = 2 (x1, x2) = (4, 6)

�

2x1 + 4x2 − x3 = 20
5x1 + x2 − x4 = 10
3x1 + 2x2 + x5 = 40

x1, x2, x3, x4, x5 ≥ 0

n = 5 m = 3
x3 x4

x3 = x4 = 0
x1 = 10/9 x2 = 40/9 x4 = 250/9

x3, x4, x5 x1, x2 x1 = x2 = 0 x3 = −20, x4 = −10, x5 = −40
x2, x4, x5 x1, x3 x1 = x3 = 0 x2 = 5, x4 = −5, x5 = 30
x2, x3, x5 x1, x4 x1 = x4 = 0 x2 = 10, x3 = 20, x5 = 20 (x1, x2) = (0, 10)
x2, x3, x4 x1, x5 x1 = x5 = 0 x2 = 20, x3 = 60, x4 = 10 (x1, x2) = (0, 20)
x1, x4, x5 x2, x3 x2 = x3 = 0 x1 = 10, x4 = 40, x5 = 10 (x1, x2) = (10, 0)
x1, x3, x5 x2, x4 x2 = x4 = 0 x1 = 2, x3 = −16, x5 = 34
x1, x3, x4 x2, x5 x2 = x5 = 0 x1 =

40
3 , x3 =

20
3 , x4 =

170
3 (x1, x2) = (403 , 0)

x1, x2, x5 x3, x4 x3 = x4 = 0 x1 =
10
9 , x2 =

40
9 , x5 =

250
9 (x1, x2) = (109 ,

40
9 )

x1, x2, x4 x3, x5 x3 = x5 = 0 x1 = 15, x2 = −5
2 , x4 =

125
2

x1, x2, x3 x4, x5 x4 = x5 = 0 x1 = −20
7 , x2 =

170
7 , x3 =

500
7

�



f = a f a

a

max(3x1 + 4x2)

1.5x1 + x2 ≤ 14
3x1 + 3x2 ≤ 30
x1 + 2x2 ≤ 16
x1 ≥ 0

x2 ≥ 0

.



16

16

14

12

10

8

6

4

2

2 4 6 8 10 12 140

1T

2T

3T

4T

162: 21 �� xxr

)8,0(1T

)6,4(2T

)2,8(3T

)0,3/28(4T

3033: 21 �� xxq

145.1: 21 �� xxp

1x

2x

328403)( 1 �����Tf

max2 366443)( fTf ������

322483)( 3 �����Tf

2804
3

28
3)( 4 �����Tf

�

�

�
�

02 �x

01 �x

5T

)0,0(5T 00403)( 5 �����Tf�

T1 r : x1 + 2x2 = 16
x1 = 0 x2 = 8 T1(0, 8) T4

p : 1.5x1 + x2 = 14 x2 = 0 x1 = 28/3 T4(28/3, 0)
T5(0, 0) T2 q r

3x1 + 3x2 = 30
x1 + 2x2 = 16

(x1, x2) = (4, 6) T3 p q

1.5x1 + x2 = 14
3x1 + 3x2 = 30

(x1, x2) = (8, 2)
f(x1, x2) = 3x1 + 4x2

f(T1) = f(0, 8) = 3 · 0 + 4 · 8 = 32,
f(T2) = f(4, 6) = 3 · 4 + 4 · 6 = 36,
f(T3) = f(8, 2) = 3 · 8 + 4 · 2 = 32,
f(T4) = f(28/3, 0) = 3 · 28

3 + 4 · 0 = 28,
f(T5) = f(0, 0) = 3 · 0 + 4 · 0 = 0.

fmax = 36 T2(4, 6) �

f(x1, x2) = 20x1 + 18x2
2x1 + 4x2 ≥ 20 5x1 + x2 ≥ 10 3x1 + 2x2 ≤ 40 x1, x2 ≥ 0

T4 fmin = 920
9
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9
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9

40
18

9
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20)( fTf ������

1801018020)( 5 �����Tf

360�f
200�f

9/920min �f

f(x1, x2) = a 20x1 + 18x2 = 360 f = 360
T1

T3

T3

f = 360
T4

f(T4) = 920/9 = fmin

�

f(x1, x2) = x1 + 4x2

−x1 + x2 ≤ 2 x1 − 4x2 ≤ 0 x1 + 2x2 ≥ 2 x1, x2 ≥ 0

p −x1+x2 = 2 q x1−4x2 = 0
r x1+2x2 = 2

f(x1, x2) = 2
T2(0, 1) f = 4

f(x1, x2) = 2
T1 q r T1

x1 = 4/3 x2 = 1/3 f(x1, x2) = 4/3 + 4 · 1/3 = 8/3
f(x1, x2) = 2



�

min(3x1 − 2x2 + 0x3 + 0x4)

2x1 − x2 + x3 = 4
−x1 + x2 + x4 = 2

x1, x2, x3, x4 ≥ 0

2 −1 1 0 4
−1 1 0 1 2

3 −2 0 0 0

.

x3 x4

m
bi ≥ 0 i = 1, 2, . . . ,m



m
m

a11 a12 . . . a1j . . . a1n b1
a21 a22 . . . a2j . . . a2n b2

am1 am2 . . . amj amn bm

.

a11 a12 . . . a1j . . . a1n b1
a21 a22 . . . a2j . . . a2n b2

am1 am2 . . . amj amn bm
c1 c2 . . . cj . . . cn

.

j xj j = 1, 2, . . . , n

j1, j2, . . . , jm jm+1, jm+2, . . . , jn
xjm+1 , xjm+2 , . . . , xjn

xjk = 0 k = m+ 1, . . . , n

i1, i2, . . . , im aik ,jk = 1
k = 1, 2, . . . ,m xjk = bik
k = 1, 2, . . . ,m

cjk = 0 k = 1, 2, . . . ,m s ∈ {1, 2, . . . ,m} cjs �= 0
js i ∈ {1, 2, . . . ,m} i

−cjs i

xj j = 1, 2, . . . , n
x0j = xj j = 1, 2, . . . , n

z0bp = (x01, x
0
2, . . . , x

0
n) ,

z0bp

f(z0bp) = c1 · x01 + c2 · x02 + · · ·+ cn · x0n .

z0b
z0b



a11 a12 . . . a1j . . . a1n b1
a21 a22 . . . a2j . . . a2n b2

am1 am2 . . . amj amn bm
c1 c2 . . . cj . . . cn −f(z0bp)

.

max(3x1 + 4x2)

1.5x1 + x2 ≤ 14
3x1 + 3x2 ≤ 30
x1 + 2x2 ≤ 16
x1 , x2 ≥ 0

.

max(3x1 + 4x2) = −min(−3x1 − 4x2) .

f = −3x1 − 4x2

≤

1.5x1 + x2 + x3 = 14
3x1 + 3x2 + x4 = 30
x1 + 2x2 + x5 = 16

x1, x2, x3, x4, x5 ≥ 0

f = −3 · x1 − 4 · x2 + 0 · x3 + 0 · x4 + 0 · x5.

x1 x2 x3 x4 x5
a11 a12 a13 a14 a15 b1
a21 a22 a23 a24 a25 b2
a31 a32 a33 a34 a35 b3
c1 c2 c3 c4 c5 −f(z0bp)



x1 x2 x3 x4 x5
3/2 1 1 0 0 40

3 3 0 1 0 30
1 2 0 0 1 16

−3 −4 0 0 0 −f(z0bp)

.

x3 x4 x5

x3 = 40 x4 = 30 x5 = 16 x1
x2

x1 = x2 = 0

z0bp = (x1, x2, x3, x4, x5) = (0, 0, 40, 30, 16).

f(z0bp) = −3 · 0− 4 · 0 + 0 · 40 + 0 · 30 + 0 · 16 = 0

3/2 1 1 0 0 14
3 3 0 1 0 30
1 2 0 0 1 16

−3 −4 0 0 0 0

.

z0b = (x1, x2) x1 x2
z0b = (0, 0) �

min(20x1 + 18x2)

−2x1 − 4x2 ≤ −20
5x1 + x2 ≥ 10
3x1 + 2x2 ≤ 40
x1 ≥ 0

x2 ≥ 0

.



−1

2x1 + 4x2 ≥ 20
5x1 + x2 ≥ 10
3x1 + 2x2 ≤ 40
x1 ≥ 0

x2 ≥ 0

.

≥

≤

2x1 + 4x2 − x3 + x4 = 20
5x1 + x2 − x5 + x6 = 10
3x1 + 2x2 + x7 = 40

.

x1, x2, . . . , x7 ≥ 0

f = 20 · x1 + 18 · x2 + 0 · x3 + 0 · x4 + 0 · x5 + 0 · x6 + 0 · x7 .

2 4 −1 1 0 0 0 20
5 1 0 0 −1 1 0 10
3 2 0 0 0 0 1 40

20 18 0 0 0 0 0 −f

.

x4 x6 x7
x4 x6 x7

x4 = 20 x6 = 10 x7 = 40 x1 x2
x3 x5 x1 = x2 = x3 = x5 = 0

f = 20 · 0 + 18 · 0 + 0 · 0 + 0 · 20 + 0 · 0 + 0 · 10 + 0 · 0 = 0

−f

2 4 −1 1 0 0 0 20
5 1 0 0 −1 1 0 10
3 2 0 0 0 0 1 40

20 18 0 0 0 0 0 0

.

z0bp = (x1, x2, x3, x4, x5, x6, x7) = (0, 0, 0, 20, 0, 10, 40) z0b = (x1, x2) = (0, 0) �



min(−x1 + 2x2 + x3 + 0x4 + 0x5 + 0x6)

x1 − x4 + x6 = 1
−2x1 + 2x3 + x5 = 2

x1 + x2 + 2x3 + x4 = 4

x1, x2, x3, x4, x5, x6 ≥ 0 .

f = −x1 + 2x2 + x3 + 0x4 + 0x5 + 0x6

1 0 0 −1 0 1 1
−2 0 2 0 1 0 2
1 1 2 1 0 0 4

−1 2 1 0 0 0 0

.

−2

1 0 0 −1 0 1 1
−2 0 2 0 1 0 2
1 1 2 1 0 0 4

−3 0 −3 −2 0 0 −8

.

z0b = z0bp = (x1, x2, x3, x4, x5, x6) = (0, 4, 0, 0, 2, 1)

f(z0bp) = −0 + 2 · 4 + 0 + 0 · 0 + 0 · 2 + 0 · 1 = 8

−1 �

max(x1 − x2 + x3 − 3x4 + x5 − x6 − 3x7)

3x3 + 2x4 + x5 + x6 = 6
x2 + 2x3 − x4 = 10

x1 − x6 = 0
x3 + x6 + x7 = 6

x1, x2, x3, x4, x5, x6, x7 ≥ 0 .



max(x1 − x2 + x3 − 3x4 + x5 − x6 − 3x7) = −min(−x1 + x2 − x3 + 3x4 − x5 + x6 + 3x7)

f = −x1 + x2 − x3 + 3x4 − x5 + x6 + 3x7 .

0 0 3 2 1 1 0 6
0 1 2 −1 0 0 0 10
1 0 0 0 0 −1 0 0
0 0 1 0 0 1 1 6

−1 1 −1 3 −1 1 3 0

.

x1 x2 x5 x7
−1 −3

0 0 3 2 1 1 0 6
0 1 2 −1 0 0 0 10
1 0 0 0 0 −1 0 0
0 0 1 0 0 1 1 6

0 0 −3 6 0 −2 0 −22

.

z0b = z0bp = (0, 10, 0, 0, 6, 0, 6) ,

f(z0bp) = −0 + 10− 0 + 3 · 0− 6 + 0 + 3 · 6 = 22 .

−f(z0bp) = −22 �

min(3x1 + x2 − 2x3)

x1 − 2x2 − x3 ≥ 1
− x2 + 2x3 ≤ 4

x1, x3 ≥ 0 .



x2 x2 = x′2−x′′2 x′2 x′′2
x′2 ≥ 0 x′′2 ≥ 0

min(3x1 + x′2 − x′′2 − 2x3)

x1 − 2x′2 + 2x′′2 − x3 ≥ 1
− x′2 + x′′2 + 2x3 ≤ 4

x1, x
′
2, x

′′
2 , x3 ≥ 0 .

x4 x5

min(3x1 + x′2 − x′′2 − 2x3 + 0x4 + 0x5)

x1 − 2x′2 + 2x′′2 − x3 − x4 = 1
− x′2 + x′′2 + 2x3 + x5 = 4

x1, x
′
2, x

′′
2 , x3, x4, x5 ≥ 0 .

1 −2 2 −1 −1 0 1
0 −1 1 2 0 1 4

3 1 −1 −2 0 0 0

−3

1 −2 2 −1 −1 0 1
0 −1 1 2 0 1 4

0 7 −7 1 3 0 −3

.

z0bp = (1, 0, 0, 0, 0, 4) ,

f(x1, x
′
2, x

′′
2 , x3, x4, x5) = 3x1 + x′2 − x′′2 − 2x3 +0x4 +0x5

f(z0bp) = 3 · 1 + 0− 0− 2 · 0 + 0 · 0 + 0 · 4 = 3,

−1
z0b = (x1, x

′
2 − x′′2, x3) = (1, 0, 0) �



k = 0

a011 a012 . . . a01r . . . a01n b01
a021 a022 . . . a02r . . . a02n b02

a0s1 a0s2 . . . a0sr . . . a0sn b0s

a0m1 a0m2 . . . a0mr . . . a0mn b0m
c01 c02 . . . c0r . . . c0n −f(z0bp)

.

z0b k = 0

ak11 ak12 . . . ak1r . . . ak1n bk1
ak21 ak22 . . . ak2r . . . ak2n bk2

aks1 aks2 . . . aksr . . . aksn bks

akm1 akm2 . . . akmr . . . akmn bkm
ck1 ck2 . . . ckr . . . ckn −f(zkbp)

ckj ≥ 0 j = 1, 2, . . . , n

j j ∈ {1, 2, . . . , n} ckj < 0 akij ≤ 0
i = 1, 2, . . . ,m j

ckj < 0 r r ∈ {1, 2, . . . , n}
xr

bki
akir

akir > 0 i ∈ {1, 2, . . . ,m}
s s

aksr s aksr
(sr) ak+1

sr = 1 s
r

ak+1
ir = 0 i �= s ck+1

r = 0 i 1 ≤ i ≤ m i �= s

s − akir
aksr

s

− ckr
aksr



k = k + 1

zkbp
−1

max(3x1 + 4x2)

1.5x1 + x2 ≤ 14
3x1 + 3x2 ≤ 30
x1 + 2x2 ≤ 16
x1 , x2 ≥ 0

3/2 1 1 0 0 14
3 3 0 1 0 30
1 2 0 0 1 16

−3 −4 0 0 0 0

.

x3 = 14 x4 = 30 x5 = 16 x1 = 0
x2 = 0

z0bp = (x1, x2, x3, x4, x5) = (0, 0, 14, 30, 16)

f(x1, x2, x3, x4, x5) = −3 · x1 − 4 · x2 + 0 · x3 + 0 · x4 + 0 · x5

−f(z0bp) = −(−3 · 0− 4 · 0 + 0 · 40 + 0 · 30 + 0 · 16) = 0 .

z0b = (x1, x2) = (0, 0)



x2

−4 x2
−4

3/2 1 1 0 0 14
3 3 0 1 0 30
1 2 0 0 1 16

−3 −4 0 0 0 0

.

i
i
i = 1, 2, 3

14

1
= 14 ,

30

3
= 10 ,

16

2
= 8 .

3/2 1 1 0 0 14
3 3 0 1 0 30
1 2 0 0 1 16

−3 −4 0 0 0 0

.

a3,2 = 2 = a03,2
x5

1/2

3/2 1 1 0 0 14
3 3 0 1 0 30

1/2 1 0 0 1/2 8

−3 −4 0 0 0 0

.

x2

−3
−1

1 0 1 0 −1/2 6
3/2 0 0 1 −3/2 6
1/2 1 0 0 1/2 8

−1 0 0 0 2 32

.

k = 1 x2 = 8 x3 = 6 x4 = 6
x1 = x5 = 0

z1bp = (0, 8, 6, 6, 0).



f(z1bp) = −32

f(z1bp) = −3 · 0− 4 · 8 + 0 · 6 + 0 · 6 + 0 · 0 = −32 .

k = 1

1 0 1 0 −1/2 6
3/2 0 0 1 −3/2 6
1/2 1 0 0 1/2 8

−1 0 0 0 2 32

−1

1 0 1 0 −1/2 6
3/2 0 0 1 −3/2 6
1/2 1 0 0 1/2 8

−1 0 0 0 2 32

.

6

1
= 6 ,

6
3
2

= 4 ,
8
1
2

= 16 .

3/2

1 0 1 0 −1/2 6
3/2 0 0 1 −3/2 6
1/2 1 0 0 1/2 8

−1 0 0 0 2 32

.

3/2

1 0 1 0 −1/2 6
1 0 0 2/3 −1 4

1/2 1 0 0 1/2 8

−1 0 0 0 2 32

.

0 0 1 −2/3 1/2 2
1 0 0 2/3 −1 4
0 1 0 −1/3 1 6

0 0 0 2/3 1 36

.



k = 2 x1 = 4 x2 = 6 x3 = 2
x4 = x5 = 0

z2bp = (4, 6, 2, 0, 0).

f(z2bp) = −36

f(z2bp) = −3 · 4− 4 · 6 + 0 · 2 + 0 · 6 + 0 · 0 = −36 .

zoptbp = (4, 6, 2, 0, 0)

fmax = −f(zoptbp ) = 36 zoptb = (x1, x2) = (4, 6) �

min(−x1 + 2x2 + x3 + 0x4 + 0x5 + 0x6)

x1 − x4 + x6 = 1
−2x1 + 2x3 + x5 = 2

x1 + x2 + 2x3 + x4 = 4

x1, x2, x3, x4, x5, x6 ≥ 0 .

1 0 0 −1 0 1 1
−2 0 2 0 1 0 2
1 1 2 1 0 0 4

−3 0 −3 −2 0 0 −8

.

z0b = (0, 4, 0, 0, 2, 1)

−3

1

1
= 1 ,

4

1
= 4 ,

1 x1

1 0 0 −1 0 1 1
−2 0 2 0 1 0 2
1 1 2 1 0 0 4

−3 0 −3 −2 0 0 −8

.



x1 x6
−1

1 0 0 −1 0 1 1
0 0 2 −2 1 2 4
0 1 2 2 0 −1 3

0 0 −3 −5 0 3 −5

.

−5 x4
3/2 x2

1 0 0 −1 0 1 1
0 0 2 −2 1 2 4
0 1/2 1 1 0 −1/2 3/2

0 0 −3 −5 0 3 −5

.

1 1/2 1 0 0 1/2 5/2
0 1 4 0 1 1 7
0 1/2 1 1 0 −1/2 3/2

0 5/2 2 0 0 1/2 5/2

.

zoptb = zoptbp = (5/2, 0, 0, 3/2, 7, 0) = −5/2 �

max(x1 − x2 + x3 − 3x4 + x5 − x6 − 3x7)

3x3 + 2x4 + x5 + x6 = 6
x2 + 2x3 − x4 = 10

x1 − x6 = 0
x3 + x6 + x7 = 6

x1, x2, x3, x4, x5, x6, x7 ≥ 0 .

0 0 3 2 1 1 0 6
0 1 2 −1 0 0 0 10
1 0 0 0 0 −1 0 0
0 0 1 0 0 1 1 6

0 0 −3 6 0 −2 0 −22

.

z0b = (0, 10, 0, 0, 6, 0, 6)
−3



x3

6

3
= 2 ,

10

2
= 5 ,

6

1
= 6 .

x5

0 0 1 2/3 1/3 1/3 0 2
0 1 2 −1 0 0 0 10
1 0 0 0 0 −1 0 0
0 0 1 0 0 1 1 6

0 0 −3 6 0 −2 0 −22

.

−2
−1

0 0 1 2/3 1/3 1/3 0 2
0 1 0 −7/3 −2/3 −2/3 0 6
1 0 0 0 0 −1 0 0
0 0 0 −2/3 −1/3 2/3 1 4

0 0 0 8 1 −1 0 −16

.

−16 −1

2
1
3

= 6 ,
4
2
3

= 6 .

x7

3/2

0 0 1 2/3 1/3 1/3 0 2
0 1 0 −7/3 −2/3 −2/3 0 6
1 0 0 0 0 −1 0 0
0 0 0 −1 −1/2 1 3/2 6

0 0 0 8 1 −1 0 −16

.

0 0 1 1 1/2 0 −1/2 0
0 1 0 −3 −1 0 1 10
1 0 0 −1 −1/2 0 3/2 6
0 0 0 −1 −1/2 1 3/2 6

0 0 0 7 1/2 0 3/2 −10

.

zoptb = zoptbp = (6, 10, 0, 0, 0, 6, 0)
−10 �



min(3x1 + x2 − 2x3)

x1 − 2x2 − x3 ≥ 1
− x2 + 2x3 ≤ 4

x1, x3 ≥ 0 .

x2
x2 = x′2 − x′′2

min(3x1 + x′2 − x′′2 − 2x3 + 0x4 + 0x5)

x1 − 2x′2 + 2x′′2 − x3 − x4 = 1
− x′2 + x′′2 + 2x3 + x5 = 4

x1, x
′
2, x

′′
2 , x3, x4, x5 ≥ 0 ,

1 −2 2 −1 −1 0 1
0 −1 1 2 0 1 4

0 7 −7 1 3 0 −3

.

z0bp = (1, 0, 0, 0, 0, 4) .

x2 = x′2 − x′′2 = 0 z0b = (x1, x2, x3) = (1, 0, 0) z0b
−7

1/2 = 0.5

1/2 −1 1 −1/2 −1/2 0 1/2
0 −1 1 2 0 1 4

0 7 −7 1 3 0 −3

.

−1

1/2 −1 1 −1/2 −1/2 0 1/2
−1/2 0 0 5/2 1/2 1 7/2

7/2 0 0 −5/2 −1/2 0 1/2

.

−5/2 (7/2)/(5/2) = 7/5
2/5

1/2 −1 1 −1/2 −1/2 0 1/2
−1/5 0 0 1 1/5 2/5 7/5

7/2 0 0 −5/2 −1/2 0 1/2



1/2
5/2

2/5 −1 1 0 −2/5 1/5 6/5
−1/5 0 0 1 1/5 2/5 7/5

3 0 0 0 0 1 4

zoptbp = (x1, x
′
2, x

′′
2, x3, x4, x5) = (0, 0, 6/5, 7/5, 0, 0),

−4 x2 = x′2 − x′′2 = 0 − 6/5 = −6/5
zoptb = (x1, x2, x3) = (0,−6/5, 7/5) �

z0b

ak11 ak12 . . . ak1r . . . ak1n bk1
ak21 ak22 . . . ak2r . . . ak2n bk2

aks1 aks2 . . . aksr . . . aksn bks

akm1 akm2 . . . akmr . . . akmn bkm
ck1 ck2 . . . ckr . . . ckn −f(zkbp)

j1, j2, . . . , jk k ≤ m

w = xj1 + xj2 + · · ·+ xjk , k ≤ m.

−1

m k
m− k k ≤ m

w

w



min(20x1 + 18x2)

−2x1 − 4x2 ≤ −20
5x1 + x2 ≥ 10
3x1 + 2x2 ≤ 40
x1 , x2 ≥ 0

.

2 4 −1 1 0 0 0 20
5 1 0 0 −1 1 0 10
3 2 0 0 0 0 1 40

20 18 0 0 0 0 0 0

.

z0b = (x1, x2) = (0, 0)

2 4 −1 1 0 0 0 20
5 1 0 0 −1 1 0 10
3 2 0 0 0 0 1 40

0 0 0 1 0 1 0 0

.

w = x4+x6 x4 x6

−1

2 4 −1 1 0 0 0 20
5 1 0 0 −1 1 0 10
3 2 0 0 0 0 1 40

−7 −5 1 0 1 0 0 −30

.



−7
10/5 = 2 x1

x6

2 4 −1 1 0 0 0 20
1 1/5 0 0 −1/5 1/5 0 2
3 2 0 0 0 0 1 40

−7 −5 1 0 1 0 0 −30

.

0 18/5 −1 1 2/5 −2/5 0 16
1 1/5 0 0 −1/5 1/5 0 2
0 7/5 0 0 3/5 −3/5 1 34

0 −18/5 1 0 −2/5 7/5 0 −16

.

−18/5
x2 {16/(18/5), 2/(1/5), 34/(7/5)} 16/(18/5) = 40/9 x4

5/18

0 1 −5/18 5/18 1/9 −1/9 0 40/9
1 1/5 0 0 −1/5 1/5 0 2
0 7/5 0 0 3/5 −3/5 1 34

0 −18/5 1 0 −2/5 7/5 0 −16

,

0 1 −5/18 5/18 1/9 −1/9 0 40/9
1 0 1/18 −1/18 −2/9 2/9 0 10/9
0 0 7/18 −7/18 4/9 −4/9 1 250/9

0 0 0 1 0 1 0 0

.

(x1, x2) = (10/9, 40/9)

x4 x6

0 1 −5/18 1/9 0 40/9
1 0 1/18 −2/9 0 10/9
0 0 7/18 4/9 1 250/9

20 18 0 0 0 0

.

−18 −20

0 1 −5/18 1/9 0 40/9
1 0 1/18 −2/9 0 10/9
0 0 7/18 4/9 1 250/9

0 0 35/9 22/9 0 −920/9



zoptbp = (x1, x2, x3, x5, x7) = (10/9, 40/9, 0, 0, 250/9),

f(zoptbp ) = 20 · 10
9

+ 18 · 40
9

+ 0 · 0 + 0 · 0 + 0 · 250
9

= 920/9.

−1 zoptb =
(x1, x2) = (10/9, 40/9) �

min(9x1 + x2 + x3)

−3x1 + x2 − 2x3 ≤ 1
4x1 + 2x2 − x3 ≥ 5
x1 , x2 , x3 ≥ 0

.

x4
x5

x6

−3x1 + x2 − 2x3 + x4 = 1
4x1 + 2x2 − x3 − x5 + x6 = 5

x1, x2, . . . , x6 ≥ 0 z = (x1, x2, . . . , x6)

f(z) = 9x1 + x2 + x3 + 0x4 + 0x5 + 0x6

−3 1 −2 1 0 0 1
4 2 −1 0 −1 1 5

9 1 1 0 0 0 0

z0b = (x1, x2, x3) = (0, 0, 0)
w = x6

w = x6

−3 1 −2 1 0 0 1
4 2 −1 0 −1 1 5

0 0 0 0 0 1 0

−1

−3 1 −2 1 0 0 1
4 2 −1 0 −1 1 5

−4 −2 1 0 1 0 −5

.



−4
5/4

−3 1 −2 1 0 0 1
1 1/2 −1/4 0 −1/4 1/4 5/4

−4 −2 1 0 1 0 −5

.

x1
x6

0 5/2 −11/4 1 −3/4 3/4 19/4
1 1/2 −1/4 0 −1/4 1/4 5/4

0 0 0 0 0 5/4 0

.

(x1, x2, x3) = (54 , 0, 0)

x6

0 5/2 −11/4 1 −3/4 19/4
1 1/2 −1/4 0 −1/4 5/4

9 1 1 0 0 0

−9

0 5/2 −11/4 1 −3/4 19/4
1 1/2 −1/4 0 −1/4 5/4

0 −7/2 13/4 0 9/4 −45/4

.

−7/2 x2
(19/4)/(5/2) = 19/10 (5/4)/(1/2) = 5/2 19/10

x4 5/2
2/5

0 1 −11/10 2/5 −3/10 19/10
1 1/2 −1/4 0 −1/4 5/4

0 −7/2 13/4 0 9/4 −45/4

.

0 1 −11/10 2/5 −3/10 19/10
1 0 3/10 −1/5 −1/10 3/10

0 0 −3/5 7/5 6/5 −23/5

.

−3/5 (3/10)/(3/10) = 1 3/10



10/3

0 1 −11/10 2/5 −3/10 19/10
10/3 0 1 −2/3 −1/3 1

0 0 −3/5 7/5 6/5 −23/5

.

11/3 1 0 −1/3 −2/3 3
10/3 0 1 −2/3 −1/3 1

2 0 0 1 1 −4

zoptbp = (x1, x2, x3, x4, x5) = (0, 3, 1, 0, 0)
x6

fmin = 4 −1
zoptb = (x1, x2, x3) = (0, 3, 1) �

min(2x1 + 3x2)

x1 + x2 ≤ 2
x1 + 2x2 ≥ 4
x1 , x2 ≥ 0

.

x3
x4

x5
x1 + x2 + x3 = 2
x1 + 2x2 − x4 + x5 = 4

x1, x2, . . . , x5 ≥ 0 z = (x1, x2, . . . , x5)

f(z) = 2x1 + 3x2 + 0x3 + 0x4 + 0x5

1 1 1 0 0 2
1 2 0 −1 1 4

2 3 0 0 0 0

z0b = (x1, x2) = (0, 0)
x5

1 1 1 0 0 2
1 2 0 −1 1 4

0 0 0 0 1 0



−1

1 1 1 0 0 2
1 2 0 −1 1 4

−1 −2 0 1 0 −4

.

−2
2/1 = 2

4/2 = 2
x5 2

1 1 1 0 0 2
1/2 1 0 −1/2 1/2 2

−1 −2 0 1 0 −4

.

−1

1/2 0 1 1/2 −1/2 0
1/2 1 0 −1/2 1/2 2

0 0 0 0 1 0

.

1/2 0 1 1/2 0
1/2 1 0 −1/2 2

2 3 0 0 0

.

(x1, x2) = (0, 2) f(z) =
2x1 + 3x2 + 0x3 + 0x4

−3

1/2 0 1 −1/2 0
1/2 1 0 1/2 2

1/2 0 0 3/2 −6

.

zoptbp = (0, 2, 0, 0) f(zoptbp ) = 6

−1 zoptb = (x1, x2) =
(0, 2) �

min(x1 − 2x2 + x3)

x1 + x3 ≥ 2
x2 + 2x3 ≤ 2

2x1 − x2 ≤ 1
x1 , x2 , x3 ≥ 0

.



x4 x5
x6 x7

x1 + x3 − x4 + x5 = 2
x2 + 2x3 + x6 = 2

2x1 − x2 + x7 = 1

x1, x2, . . . , x7 ≥ 0 z = (x1, x2, . . . , x7)

f(z) = x1 − 2x2 + x3 + 0x4 + 0x5 + 0x6 + 0x7 .

1 0 1 −1 1 0 0 2
0 1 2 0 0 1 0 2
2 −1 0 0 0 0 1 1

1 −2 1 0 0 0 0 0

.

z0b = (x1, x2, x3) = (0, 0, 0)

w = x5

1 0 1 −1 1 0 0 2
0 1 2 0 0 1 0 2
2 −1 0 0 0 0 1 1

0 0 0 0 1 0 0 0

−1

1 0 1 −1 1 0 0 2
0 1 2 0 0 1 0 2
2 −1 0 0 0 0 1 1

−1 0 −1 1 0 0 0 −2

.

−1 x1

1

2
= 0.5 ,

2

1
= 2

0.5
x7

1 0 1 −1 1 0 0 2
0 1 2 0 0 1 0 2
2 −1 0 0 0 0 1 1

−1 0 −1 1 0 0 0 −2

.

1 0 1 −1 1 0 0 2
0 1 2 0 0 1 0 2
1 −1/2 0 0 0 0 1/2 1/2

−1 0 −1 1 0 0 0 −2

.



−1

0 1/2 1 −1 1 0 −1/2 3/2
0 1 2 0 0 1 0 2
1 −1/2 0 0 0 0 1/2 1/2

0 −1/2 −1 1 0 0 1/2 −3/2

.

−1 2/2 = 1

0 1/2 1 −1 1 0 −1/2 3/2
0 1/2 1 0 0 1/2 0 1
1 −1/2 0 0 0 0 1/2 1/2

0 −1/2 −1 1 0 0 1/2 −3/2

.

−1

0 0 0 −1 1 −1/2 −1/2 1/2
0 1/2 1 0 0 1/2 0 1
1 −1/2 0 0 0 0 1/2 1/2

0 0 0 1 0 1/2 1/2 −1/2

.

w wmin = 1/2 > 0

�

min(2x1 + x2)

x1 + x2 ≥ 2
4x1 + x2 ≥ 4
5x1 + x2 ≥ 1
x1 , x2 ≥ 0

.

1 1 −1 1 0 0 0 0 2
4 1 0 0 −1 1 0 0 4
5 1 0 0 0 0 −1 1 1

2 1 0 0 0 0 0 0 0

f(z) = 2x1 + x2 + 0x3 + 0x4 + 0x5 + 0x6 + 0x7 + 0x8

z = (x1, x2, . . . , x8) zb0 = (x1, x2) = (0, 0)



w = x4 + x6 + x8 x4 x6 x8

1 1 −1 1 0 0 0 0 2
4 1 0 0 −1 1 0 0 4
5 1 0 0 0 0 −1 1 1

0 0 0 1 0 1 0 1 0

.

−1

1 1 −1 1 0 0 0 0 2
4 1 0 0 −1 1 0 0 4
5 1 0 0 0 0 −1 1 1

−10 −3 1 0 1 0 1 0 −7

.

2/1 = 2 4/4 = 1 1/5 = 0.2

1 1 −1 1 0 0 0 0 2
4 1 0 0 −1 1 0 0 4
1 1/5 0 0 0 0 −1/5 1/5 1/5

−10 −3 1 0 1 0 1 0 −7

.

−4 −1

0 4/5 −1 1 0 0 1/5 −1/5 9/5
0 1/5 0 0 −1 1 4/5 −4/5 16/5
1 1/5 0 0 0 0 −1/5 1/5 1/5

0 −1 1 0 1 0 −1 2 −5

.

−5
−1 −1 −1

(16/5)/(4/5) = 4 4/5
5/4

0 4/5 −1 1 0 0 1/5 −1/5 9/5
0 1/4 0 0 −5/4 5/4 1 −1 4
1 1/5 0 0 0 0 −1/5 1/5 1/5

0 −1 1 0 1 0 −1 2 −5

.

0 3/4 −1 1 1/4 −1/4 0 0 1
0 1/4 0 0 −5/4 5/4 1 −1 4
1 1/4 0 0 −1/4 1/4 0 0 1

0 −3/4 1 0 −1/4 5/4 0 1 −1

.



−3/4 −1 3/4
4/3

0 1 −4/3 4/3 1/3 −1/3 0 0 4/3
0 1/4 0 0 −5/4 5/4 1 −1 4
1 1/4 0 0 −1/4 1/4 0 0 1

0 −3/4 1 0 −1/4 5/4 0 1 −1

0 1 −4/3 4/3 1/3 −1/3 0 0 4/3
0 0 1/3 −1/3 −4/3 4/3 1 −1 11/3
1 0 1/3 −1/3 −1/3 1/3 0 0 2/3

0 0 0 1 0 1 0 1 0

.

(x1, x2) = (2/3, 4/3)

0 1 −4/3 1/3 0 4/3
0 0 1/3 −4/3 1 11/3
1 0 1/3 −1/3 0 2/3

2 1 0 0 0 0

.

f(z) = 2x1 + x2 + 0x3 + 0x5 + 0x7
−1 −2

0 1 −4/3 1/3 0 4/3
0 0 1/3 −4/3 1 11/3
1 0 1/3 −1/3 0 2/3

0 0 2/3 1/3 0 −8/3

.

fmin = 8/3 zoptbp = (x1, x2, x3, x5, x7) = (2/3, 4/3, 0, 0, 11/3)

zoptb = (x1, x2) = (2/3, 4/3) �

min(x1 + x2 − x3)

x2 + x3 ≤ 2
2x1 − 2x2 − x3 ≥ 3

4x2 + x3 = 4
− x2 + 2x3 ≥ 2

x1 , x2 , x3 ≥ 0

.

x4



x5
x6

x7
x8

x2 + x3 + x4 = 2
2x1 − 2x2 − x3 − x5 = 3

4x2 + x3 + x6 = 4
− x2 + 2x3 − x7 + x8 = 2

x1, x2, . . . , x8 ≥ 0 z = (x1, x2, . . . , x8)

f(z) = x1 + x2 − x3 + 0x4 + 0x5 + 0x6 + 0x7 + 0x8 .

0 1 1 1 0 0 0 0 2
2 −2 −1 0 −1 0 0 0 3
0 4 1 0 0 1 0 0 4
0 −1 2 0 0 0 −1 1 2

1 1 −1 0 0 0 0 0 0

0 1 1 1 0 0 0 0 2
1 −1 −1/2 0 −1/2 0 0 0 3/2
0 4 1 0 0 1 0 0 4
0 −1 2 0 0 0 −1 1 2

1 1 −1 0 0 0 0 0 0

.

−1

0 1 1 1 0 0 0 0 2
1 −1 −1/2 0 −1/2 0 0 0 3/2
0 4 1 0 0 1 0 0 4
0 −1 2 0 0 0 −1 1 2

0 2 −1/2 0 1/2 0 0 0 −3/2

.

z0b z0b = (x1, x2, x3) = (3/2, 0, 0)
w = x6 + x8

0 1 1 1 0 0 0 0 2
1 −1 −1/2 0 −1/2 0 0 0 3/2
0 4 1 0 0 1 0 0 4
0 −1 2 0 0 0 −1 1 2

0 0 0 0 0 1 0 1 0

.

−1

0 1 1 1 0 0 0 0 2
1 −1 −1/2 0 −1/2 0 0 0 3/2
0 4 1 0 0 1 0 0 4
0 −1 2 0 0 0 −1 1 2

0 −3 −3 0 0 0 1 0 −6

.



−3
4/4 = 1

0 1 1 1 0 0 0 0 2
1 −1 −1/2 0 −1/2 0 0 0 3/2
0 1 1/4 0 0 1/4 0 0 1
0 −1 2 0 0 0 −1 1 2

0 −3 −3 0 0 0 1 0 −6

.

0 0 3/4 1 0 −1/4 0 0 1
1 0 −1/4 0 −1/2 1/4 0 0 5/2
0 1 1/4 0 0 1/4 0 0 1
0 0 9/4 0 0 1/4 −1 1 3

0 0 −9/4 0 0 3/4 1 0 −3

.

−9/4 3/4 4/3

0 0 1 4/3 0 −1/3 0 0 4/3
1 0 −1/4 0 −1/2 1/4 0 0 5/2
0 1 1/4 0 0 1/4 0 0 1
0 0 9/4 0 0 1/4 −1 1 3

0 0 −9/4 0 0 3/4 1 0 −3

.

0 0 1 4/3 0 −1/3 0 0 4/3
1 0 0 1/3 −1/2 1/6 0 0 17/6
0 1 0 −1/3 0 1/3 0 0 2/3
0 0 0 −3 0 1 −1 1 0

0 0 0 3 0 0 1 0 0

.

(x1, x2, x3) = (17/6, 2/3, 4/3)
−1

0 0 1 4/3 0 −1/3 0 0 4/3
1 0 0 1/3 −1/2 1/6 0 0 17/6
0 1 0 −1/3 0 1/3 0 0 2/3
0 0 0 3 0 −1 1 −1 0

0 0 0 3 0 0 1 0 0

0 0 1 4/3 0 0 4/3
1 0 0 1/3 −1/2 0 17/6
0 1 0 −1/3 0 0 2/3
0 0 0 3 0 1 0

0 0 0 3 0 1 0

.



−1 x7

0 0 1 4/3 0 0 4/3
1 0 0 1/3 −1/2 0 17/6
0 1 0 −1/3 0 0 2/3
0 0 0 3 0 1 0

0 0 0 0 0 0 0

.

0 0 1 4/3 0 0 4/3
1 0 0 1/3 −1/2 0 17/6
0 1 0 −1/3 0 0 2/3
0 0 0 3 0 1 0

1 1 −1 0 0 0 0

.

−1

0 0 1 4/3 0 0 4/3
1 0 0 1/3 −1/2 0 17/6
0 1 0 −1/3 0 0 2/3
0 0 0 3 0 1 0

0 0 0 4/3 1/2 0 −13/6

.

zoptb = (x1, x2, x3) = (17/6, 2/3, 4/3) 17/6 +
2/3 − 4/3 = 13/6 �

min(2x1 + 3x3 + x4)

− x2 − x3 + x4 = 3
x1 + x3 + 2x4 = 8
x1 , x2 , x3 , x4 ≥ 0

.

x5

min(2x1 + 0x2 + 3x3 + x4 + 0x5)

− x2 − x3 + x4 + x5 = 3
x1 + x3 + 2x4 = 8
x1 , x2 , x3 , x4 , x5 ≥ 0

.

0 −1 −1 1 1 3
1 0 1 2 0 8

2 0 3 1 0 0



−2

0 −1 −1 1 1 3
1 0 1 2 0 8

0 0 1 −3 0 −16

z0b = (x1, x2, x3, x4) = (8, 0, 0, 0)
w = x5

0 −1 −1 1 1 3
1 0 1 2 0 8

0 0 0 0 1 0

.

−1

0 −1 −1 1 1 3
1 0 1 2 0 8

0 1 1 −1 0 −3

.

−1 3/1 = 3
−2

0 −1 −1 1 1 3
1 2 3 0 −2 2

0 0 0 0 1 0

.

w
(2, 0, 0, 3)

0 −1 −1 1 3
1 2 3 0 2

2 0 3 1 0

.

−1 −2

0 −1 −1 1 3
1 2 3 0 2

0 −3 −2 0 −7

.

−3
2/2 = 1

0 −1 −1 1 3
1/2 1 3/2 0 1

0 −3 −2 0 −7

.



1
3

1/2 0 1/2 1 4
1/2 1 3/2 0 1

3/2 0 5/2 0 −4

.

zoptb = (0, 1, 0, 4)
�

x1 x2
2x1

x2

max(40x1 + 30x2)

x1 + x2 ≤ 12
2x1 + x2 ≤ 16
x1 , x2 ≥ 0

.

x1 + x2 + x3 = 12
2x1 + x2 + x4 = 16

x1, x2, x3, x4 ≥ 0 z = (x1, x2, x3, x4)

f(z) = 40x1 + 30x2 + 0x3 + 0x4

max(40x1 + 30x2 + 0x3 + 0x4) = −min(−40x1 − 30x2 − 0x3 − 0x4)

1 1 1 0 12
2 1 0 1 16

−40 −30 0 0 0

.



z0b = (x1, x2) = (0, 0) −40
16/2 = 8 12/1 = 12

1 1 1 0 12
1 1/2 0 1/2 8

−40 −30 0 0 0

.

−1

0 1/2 1 −1/2 4
1 1/2 0 1/2 8

0 −10 0 20 320

.

−10 4/(1/2) = 8 8/(1/2) = 16
1/2

0 1 2 −1 8
1 1/2 0 1/2 8

0 −10 0 20 320

.

−1/2

0 1 2 −1 8
1 0 −1 1 4

0 0 20 10 400

.

zoptbp = (x1, x2, x3, x4) =

(4, 8, 0, 0) f(zoptbp ) = 40 ·4+30 ·8+0 ·0+0 ·0 = 400

zoptb = (x1, x2) = (4, 8) �

H1 H2 H3

80%

xi Hi i = 1, 2, 3 min(25x1 + 30x2 + 35x3)

2x1 + 3x2 + 5x3 ≥ 7
4x1 + 2x2 + x3 ≥ 9

2x1 + 3x2 + 5x3
4x1 + 2x2 + x3

≥ 0.8

x1 , x2 , x3 ≥ 0

⇒
2x1 + 3x2 + 5x3 ≥ 7
4x1 + 2x2 + x3 ≥ 9

−12x1 + 14x2 + 42x3 ≥ 0
x1 , x2 , x3 ≥ 0

.



x4 x6 x8 x5 x7 x9

2x1 + 3x2 + 5x3 − x4 + x5 = 7
4x1 + 2x2 + x3 − x6 + x7 = 9

−12x1 + 14x2 + 42x3 − x8 + x9 = 0

min(25x1+30x2+35x3+0x4+0x5+0x6+0x7+0x8+0x9) x1, . . . , x9 ≥ 0

2 3 5 −1 1 0 0 0 0 7
4 2 1 0 0 −1 1 0 0 9

−12 14 42 0 0 0 0 −1 1 0

25 30 35 0 0 0 0 0 0 0

.

z0b = (x1, x2, x3) = (0, 0, 0)
w = x5 + x7 + x9

2 3 5 −1 1 0 0 0 0 7
4 2 1 0 0 −1 1 0 0 9

−12 14 42 0 0 0 0 −1 1 0

0 0 0 0 1 0 1 0 1 0

.

−1

2 3 5 −1 1 0 0 0 0 7
4 2 1 0 0 −1 1 0 0 9

−12 14 42 0 0 0 0 −1 1 0

6 −19 −48 1 0 1 0 1 0 −16

.

−48
0/42 = 0

2 3 5 −1 1 0 0 0 0 7
4 2 1 0 0 −1 1 0 0 9

−2/7 1/3 1 0 0 0 0 −1/42 1/42 0

6 −19 −48 1 0 1 0 1 0 −16

.

24/7 4/3 0 −1 1 0 0 5/42 −5/42 7
30/7 5/3 0 0 0 −1 1 1/42 −1/42 9
−2/7 1/3 1 0 0 0 0 −1/42 1/42 0

−54/7 −3 0 1 0 1 0 −1/7 8/7 −16

.

−54/7 7/(24/7) = 49/24 9/(30/7) = 21/10



49/24 24/7
7/24

1 7/18 0 −7/24 7/24 0 0 5/144 −5/144 49/24
30/7 5/3 0 0 0 −1 1 1/42 −1/42 9
−2/7 1/3 1 0 0 0 0 −1/42 1/42 0

−54/7 −3 0 1 0 1 0 −1/7 8/7 −16

.

1 7/18 0 −7/24 7/24 0 0 5/144 −5/144 49/24
0 0 0 5/4 −5/4 −1 1 −1/8 1/8 1/4
0 4/9 1 −1/12 1/12 0 0 −1/72 1/72 7/12

0 0 0 −5/4 9/4 1 0 1/8 7/8 −1/4

.

−5/4 5/4 4/5

1 7/18 0 −7/24 7/24 0 0 5/144 −5/144 49/24
0 0 0 1 −1 −4/5 4/5 −1/10 1/10 1/5
0 4/9 1 −1/12 1/12 0 0 −1/72 1/72 7/12

0 0 0 −5/4 9/4 1 0 1/8 7/8 −1/4

,

1 7/18 0 0 0 −7/30 7/30 1/180 −1/180 21/10
0 0 0 1 −1 −4/5 4/5 −1/10 1/10 1/5
0 4/9 1 0 0 −1/15 1/15 −1/45 1/45 3/5

0 0 0 0 1 0 1 0 1 0

.

(x1, x2, x3) = (2.1, 0, 0.6)

1 7/18 0 0 −7/30 1/180 21/10
0 0 0 1 −4/5 −1/10 1/5
0 4/9 1 0 −1/15 −1/45 3/5

25 30 35 0 0 0 0

.

f = 25x1 + 30x2 + 35x3 + 0x4 + 0x6 + 0x8

−25 −35

1 7/18 0 0 −7/30 1/180 21/10
0 0 0 1 −4/5 −1/10 1/5
0 4/9 1 0 −1/15 −1/45 3/5

0 85/18 0 0 49/6 23/36 −147/2

.

fmin = 147/2 = 73.5 x1 = 2.1
x2 = 0 x3 = 0.6 zoptb = (2.1, 0, 0.6 x4 = 0.2 x6 = x8 = 0 H2

H1 H3 �



P1 P2 P3 P4

O1 O2 O3

O1 O2 O3

P1 P2 P3 P4

O1

O2

O3

P1 P2 P3 P4

xi ≥ 0 Pi i = 1, 2, 3, 4

4x1 + 10x2 + 0x3 + 8x4 ≥ 64
3x1 + 5x2 + 2x3 + 6x4 ≤ 120
2x1 + 3x2 + 5x3 + 4x4 = 82

f(z) = 12x1+8x2+12x3+6x4 z = (x1, x2, x3, x4)
x5 x7

x6 x8

4x1 + 10x2 + 0x3 + 8x4 − x5 + x6 = 64
3x1 + 5x2 + 2x3 + 6x4 + x7 = 120
2x1 + 3x2 + 5x3 + 4x4 + x8 = 82

,

min(12x1 + 8x2 + 12x3 + 6x4 + 0x5 + 0x6 + 0x7 + 0x8).

4 10 0 8 −1 1 0 0 64
3 5 2 6 0 0 1 0 120
2 3 5 4 0 0 0 1 82

12 8 12 6 0 0 0 0 0

z0b = (x1, x2, x3, x4) = (0, 0, 0, 0)

w = x6 + x8

4 10 0 8 −1 1 0 0 64
3 5 2 6 0 0 1 0 120
2 3 5 4 0 0 0 1 82

0 0 0 0 0 1 0 1 0

.



−1

4 10 0 8 −1 1 0 0 64
3 5 2 6 0 0 1 0 120
2 3 5 4 0 0 0 1 82

−6 −13 −5 −12 1 0 0 0 −146

.

−13
64/10 1/10

2/5 1 0 4/5 −1/10 1/10 0 0 32/5
3 5 2 6 0 0 1 0 120
2 3 5 4 0 0 0 1 82

−6 −13 −5 −12 1 0 0 0 −146

.

−5
−3

2/5 1 0 4/5 −1/10 1/10 0 0 32/5
1 0 2 2 1/2 −1/2 1 0 88

4/5 0 5 8/5 3/10 −3/10 0 1 314/5

−4/5 0 −5 −8/5 −3/10 13/10 0 0 −314/5

.

−5 −314/5 314/25 =
12.56

2/5 1 0 4/5 −1/10 1/10 0 0 32/5
1 0 2 2 1/2 −1/2 1 0 88

4/25 0 1 8/25 3/50 −3/50 0 1/5 314/25

−4/5 0 −5 −8/5 −3/10 13/10 0 0 −314/5

.

2/5 1 0 4/5 −1/10 1/10 0 0 32/5
17/25 0 0 34/25 19/50 −19/50 1 −2/5 1572/25
4/25 0 1 8/25 3/50 −3/50 0 1/5 314/25

0 0 0 0 0 1 0 1 0

.

(x1, x2, x3, x4) = (0, 32/5, 314/25, 0)

2/5 1 0 4/5 −1/10 0 32/5
17/25 0 0 34/25 19/50 1 1572/25
4/25 0 1 8/25 3/50 0 314/25

12 8 12 6 0 0 0

.



f = 12x1 + 8x2 +12x3 + 6x4 +0x5 +0x7
−8 −12

2/5 1 0 4/5 −1/10 0 32/5
17/25 0 0 34/25 19/50 1 1572/25
4/25 0 1 8/25 3/50 0 314/25

172/25 0 0 −106/25 2/25 0 −5048/25

−106/25 = −4.24
32/4 = 8

5/4

1/2 5/4 0 1 −1/8 0 8
17/25 0 0 34/25 19/50 1 1572/25
4/25 0 1 8/25 3/50 0 314/25

172/25 0 0 −106/25 2/25 0 −5048/25

.

1/2 5/4 0 1 −1/8 0 8
0 −17/10 0 0 11/20 1 52
0 −2/5 1 0 1/10 0 10

9 53/10 0 0 −9/20 0 −168

.

−9/20 −168
52/(11/20) 20/11

1/2 5/4 0 1 −1/8 0 8
0 −34/11 0 0 1 20/11 1040/11
0 −2/5 1 0 1/10 0 10

9 53/10 0 0 −9/20 0 −168

.

1/2 19/22 0 1 0 5/22 218/11
0 −34/11 0 0 1 20/11 1040/11
0 −1/11 1 0 0 −2/11 6/11

9 43/11 0 0 0 9/11 −1380/11

.

zoptbp = (x1, x2, x3, x4, x5, x7) = (0, 0, 6/11, 218/11, 1040/11, 0)

zoptb = (x1, x2, x3, x4) = (0, 0, 6/11, 218/11) 1380/11 �



x1 x2 x3 x4
x5 x6

x1 0.42 + 0.02 · 17 = 0.76
x2 0.40 + 0.02 · 18.5 = 0.77

x3 0.42 + 0.02 · 18 = 0.78
x4 0.40 + 0.02 · 19.5 = 0.79

x5 0.42 + 0.02 · 19 = 0.80
x6 0.40 + 0.02 · 20.5 = 0.81

max(0.76x1 + 0.77x2 + 0.78x3 + 0.79x4 + 0.80x5 + 0.81x6)

x1 + x3 + x5 ≤ 1800
x2 + x4 + x6 ≤ 1200

x1 + x2 ≤ 1500
x3 + x4 ≤ 1100

x5 + x6 ≤ 800

x1, . . . , x6 ≥ 0

−min(−0.76x1 − 0.77x2 − 0.78x3 − 0.79x4 − 0.80x5 − 0.81x6)

x7, . . . x11

x1 + x3 + x5 + x7 = 1800
x2 + x4 + x6 + x8 = 1200

x1 + x2 + x9 = 1500
x3 + x4 + x10 = 1100

x5 + x6 + x11 = 800

−min(−0.76x1 − 0.77x2 − 0.78x3 − 0.79x4 − 0.80x5 − 0.81x6 +0x7 +0x8 +0x9 +0x10 +0x11)

1 0 1 0 1 0 1 0 0 0 0 1800
0 1 0 1 0 1 0 1 0 0 0 1200
1 1 0 0 0 0 0 0 1 0 0 1500
0 0 1 1 0 0 0 0 0 1 0 1100
0 0 0 0 1 1 0 0 0 0 1 800

−0.76 −0.77 −0.78 −0.79 −0.80 −0.81 0 0 0 0 0 0

.



z0b = (0, 0, 0, 0, 0, 0)

1 0 1 0 1 0 1 0 0 0 0 1800
0 1 0 1 −1 0 0 1 0 0 −1 400
1 1 0 0 0 0 0 0 1 0 0 1500
0 0 1 1 0 0 0 0 0 1 0 1100
0 0 0 0 1 1 0 0 0 0 1 800

−0.76 −0.77 −0.78 −0.79 0.01 0 0 0 0 0 0.81 648

1 0 1 0 1 0 1 0 0 0 0 1800
0 1 0 1 −1 0 0 1 0 0 −1 400
1 1 0 0 0 0 0 0 1 0 0 1500
0 −1 1 0 1 0 0 −1 0 1 1 700
0 0 0 0 1 1 0 0 0 0 1 800

−0.76 0.02 −0.78 0 −0.78 0 0 0.79 0 0 0.02 964

.

1 1 0 0 0 0 1 1 0 −1 −1 1100
0 1 0 1 −1 0 0 1 0 0 −1 400
1 1 0 0 0 0 0 0 1 0 0 1500
0 −1 1 0 1 0 0 −1 0 1 1 700
0 0 0 0 1 1 0 0 0 0 1 800

−0.76 −0.76 0 0 0 0 0 0.01 0 0.78 0.80 1510

1 1 0 0 0 0 1 1 0 −1 −1 1100
0 1 0 1 −1 0 0 1 0 0 −1 400
0 0 0 0 0 0 −1 −1 1 1 1 400
0 −1 1 0 1 0 0 −1 0 1 1 700
0 0 0 0 1 1 0 0 0 0 1 800

0 0 0 0 0 0 0.76 0.77 0 0.02 0.04 2346

.

zoptb = (x1, x2, x3, x4, x5, x6) = (1100, 0, 700, 400, 0, 800)

�

M1 M2 M3

P1

P2



x1 P1 x2 P2

max(900x1 + 1200x2) = −min(−900x1 − 1200x2)

6x1 + 15x2 ≤ 135
12x1 + 8x2 ≤ 180
9x1 + 12x2 ≤ 150
x1 , x2 ≥ 0

.

6 15 1 0 0 135
12 8 0 1 0 180
9 12 0 0 1 150

−900 −1200 0 0 0 0

0 1 1/7 0 −2/21 5
0 0 8/7 1 −44/21 20
1 0 −4/21 0 5/21 10

0 0 0 0 100 15000

zoptb = (x1, x2) = (10, 5) �

R1 R2

R1 R2

R1

1 R2

x1 R1 x2 R2

min(16x1 + 24x2)

12x1 + 4x2 ≥ 36
4x1 + 8x2 ≥ 32
4x1 + 24x2 ≥ 48
x1 , x2 ≥ 0

⇒
3x1 + x2 ≥ 9
x1 + 2x2 ≥ 8
x1 + 6x2 ≥ 12
x1 , x2 ≥ 0

.



3 1 −1 1 0 0 0 0 9
1 2 0 0 −1 1 0 0 8
1 6 0 0 0 0 −1 1 12

16 24 0 0 0 0 0 0 0

f = 16x1 + 24x2 + 0x3 + 0x4 + 0x5 + 0x6 + 0x7 + 0x8

xi ≥ 0 i = 1, 2, . . . , 8 x3 x5 x7 x4 x6
x8

z0bp = (x1, x2, x3, x4, x5, x6, x7, x8) = (0, 0, 0, 9, 0, 8, 0, 12),

z0b = (x1, x2) = (0, 0)
w = x4 + x6 + x8

3 1 −1 1 0 0 0 0 9
1 2 0 0 −1 1 0 0 8
1 6 0 0 0 0 −1 1 12

0 0 0 1 0 1 0 1 0

−1

3 1 −1 1 0 0 0 0 9
1 2 0 0 −1 1 0 0 8
1 6 0 0 0 0 −1 1 12

−5 −9 1 0 1 0 1 0 −29

.

1 0 −2/5 2/5 1/5 −1/5 0 0 2
0 0 4/5 −4/5 −17/5 17/5 1 −1 8
0 1 1/5 −1/5 −3/5 3/5 0 0 3

0 0 0 1 0 1 0 1 0

.

(x1, x2) = (2, 3)

1 0 −2/5 1/5 0 2
0 0 4/5 −17/5 1 8
0 1 1/5 −3/5 0 3

16 24 0 0 0 0

.

f = 16x1 + 24x2 + 0x3 + 0x5 + 0x7
−16 −24

1 0 −2/5 1/5 0 2
0 0 4/5 −17/5 1 8
0 1 1/5 −3/5 0 3

0 0 8/5 56/5 0 −104

zoptb = (x1, x2) = (2, 3) �



B1 B2

B3 P1 B1

B2 B3 P2 B1

B2 B3 P3 B1

B2 B3 P4 B1

B2 B3

P1 P2 P3 P4

P1 P2 P3 P4

P1 P2 P3

S1 S2

S3 S1

S2 S3 P1 P2 P3 P1 P2 P3

P1 P2 P3

S1

S2

S3



∗∗∗ % %
∗∗ % % %
∗ % % %

∗∗∗

∗
∗∗∗ ∗∗ ∗

∗∗∗
∗∗ ∗

3/4 1/2 1/4
1/4 1/2 3/4

3.4 0.2 5.2
3.3 1.7 4.4

45 120
45



A B A B
f : A → B A,B ⊆ R A f

D B f f(A) f(D)
f B

f(A) = {y| y ∈ B, ∃x ∈ A, y = f(x)} .

f : A → B Gf R×R = R2

Gf = {(x, f(x))|x ∈ A, f(x) ∈ B} .

f : R → R f(x) = x2 a
f(R) = {x|x ∈ R, x ≥ 0} f(x) = x3

b f(R) �



y

2xy �

x
0

)a

y

3xy �

x
0

)b

f(x) = x2 f(x) = x3

A,B ⊆ R f : A → B x ∈ A
A x = 0

f(−x) = f(x)

f y

A,B ⊆ R f : A → B x
A x = 0

f(−x) = −f(x)

f

f(x) = x2 f(−x) = (−x)2 = x2 =
f(x) f(x) = x3 f(−x) = (−x)3 = −(x3) =
−f(x) �

f : A → B M > 0
x ∈ A |f(x)| ≤ M

f(x) = − 1√
x2+4

x ∈ R

|f(x)| =
∣
∣
∣
∣
− 1√

x2 + 4

∣
∣
∣
∣
=

1√
x2 + 4

≤ 1√
0 + 4

=
1

2
.

�

f : A → B ω ∈ R x ∈ A
f(x + ω) = f(x) ω > 0 ω0

f



y = a sin(bx+c) y = a cos(bx+c) ω0 = 2π/|b|
y = a tg(bx+ c) y = a ctg(bx+ c) ω0 = π/|b| a, b �= 0

�

f : A → B x0 ∈ A f f(x0) = 0

f(x) = x2 f(x) = x3

x = 0 f(x) = x2 x ∈ ∅ x < 0 x > 0
f(x) = x3 x < 0 x > 0 �

f : A → B
(a, b) ⊆ A x1, x2 ∈ (a, b)

x1 < x2 ⇒ f(x1) < f(x2) (x1 < x2 ⇒ f(x1) ≤ f(x2)) .

)a )b

y

x
0

1x
2x

)( 1xf

)( 2xf

y

x
0 1x 2x

)( 1xf

)( 2xf

3x 4x

)()( 43 xfxf �

f

f

f f

f : A → B
(a, b) ⊆ A x1, x2 ∈ (a, b)

x1 < x2 ⇒ f(x1) > f(x2) (x1 < x2 ⇒ f(x1) ≥ f(x2)) .



)a )b

y

x
0

1x
2x

)( 1xf

)( 2xf

y

x
01x 2x

)( 1xf

)( 2xf

3x 4x

)()( 43 xfxf �

f

f

f f

f(x) = x2 x < 0
x > 0 f(x) = x3

x ∈ R �

f : A → B x0 ∈ A
δ > 0 x ∈ (x− δ, x+ δ)∩A f(x) ≥ f(x0) f(x) ≤ f(x0)

f : A → B x0 ∈ A
x ∈ A f(x) ≥ f(x0) f(x) ≤ f(x0)

y

x
0

1x 2x
3x 4x

f

f x1 x3
x2 f x4

f(x) = x2 x = 0
f(x) = x3 �



(+,−, ·, :)

y = f(x) = k x+n k
n y k �= 0 x −n/k

y = kx+ n k �= 0

k �= 0

D = R

f(D) = R

f(−x) = −kx + n /∈ {f(x),−f(x)}
n �= 0

x = −n/k

k > 0

f(x) > 0 x ∈ (−n/k,+∞) f(x) < 0 x ∈ (−∞,−n/k)

f(x) x ∈ D



k < 0

f(x) > 0 x ∈ (−∞,−n/k) f(x) < 0 x ∈ (−n/k,+∞)

f(x) x ∈ D

y = 2x+ 4

y = 2x+ 4

�

y = −3x+ 12

y = −3x+ 12

�



y = k x k �= 0

y = kx k �= 0

k �= 0

D = R

f(D) = R

f(−x) = k(−x) = −(kx) = −f(x)

x = 0

k > 0

f(x) > 0 x ∈ (0,+∞) f(x) < 0 x ∈ (−∞, 0)

f(x) x ∈ D

k < 0

f(x) > 0 x ∈ (−∞, 0) f(x) < 0 x ∈ (0,+∞)

f(x) x ∈ D



y = 4x

y = 4x

�

y = n y n x
x = m x m y

y = n x = m



y = 7 x = −2

y = 7 x = −2

�

y = xa a ∈ R\{0, 1}

y = xa a = 2 a = 4

a = 2k k ∈ N

D = R



f(D) = [0,+∞)

f(−x) = (−x)2k = x2k = f(x)

x = 0

f(x) > 0 x ∈ (−∞, 0) ∪ (0,+∞) f(x) < 0 x ∈ ∅

f(x) x ∈ (−∞, 0) x ∈ (0,+∞)

x = 0

y = xa a = 3 a = 5

a = 2k + 1 k ∈ N

D = R

f(D) = R

f(−x) = (−x)2k+1 = −x2k+1 = −f(x)

x = 0

f(x) > 0 x ∈ (0,+∞) f(x) < 0 x ∈ (−∞, 0)

f(x) x ∈ (−∞,+∞)



y = xa a = −1 a = −3

a = −(2k + 1) k ∈ N0

D = R \ {0}

f(D) = R \ {0}

f(−x) = (−x)−(2k+1) = −x−(2k+1) = −f(x)

f(x) > 0 x ∈ (0,+∞) f(x) < 0 x ∈ (−∞, 0)

f(x) x ∈ (−∞, 0) ∪ (0,+∞)



y = xa a = −2 a = −4

a = −2k k ∈ N

D = R \ {0}

f(D) = (0,+∞)

f(−x) = (−x)−2k = x−2k = f(x)

f(x) > 0 x ∈ (−∞, 0) ∪ (0,+∞) f(x) < 0 x ∈ ∅

f(x) x ∈ (0,+∞) x ∈ (−∞, 0)

y = ax a = 1/2 a = 1/4

1 2 3 40

1

2

x

y

xy �

4 xy �

y = xa a = 1/2 a = 1/4



a = 1/(2k) k ∈ N

D = [0,+∞)

f(D) = [0,+∞)

x = 0

x = 0

f(x) > 0 x ∈ (0,+∞) f(x) < 0 x ∈ ∅

f(x) x ∈ (0,+∞)

f(x) x = 0

y = ax a = 1/3 a = 1/5

0
x

y

5 xy �

3 xy �

21

1

3

1�

1�2�3�

y = xa a = 1/3 a = 1/5

a = 1/(2k + 1) k ∈ N

D = R

f(D) = R

f(−x) = (−x)1/(2k+1) = −x1/(2k+1) = −f(x)

x = 0

f(x) > 0 x ∈ (0,+∞) f(x) < 0 x ∈ (−∞, 0)

f(x) x ∈ D



y = ax a > 0 a �= 1 x ∈ R

y = ax a > 0 a �= 1

D = R

f(D) = (0,+∞)

f(−x) = a−x /∈ {f(x),−f(x)}

f(x) > 0 x ∈ (−∞,+∞) f(x) < 0 x ∈ ∅

a > 1 f(x) x ∈ D 0 < a < 1 f(x)
x ∈ D



a ∈ {1/4, 1/2, 2, 4}

y = 2x y = 4x y = (1/2)x y = (1/4)x

y = ex

y = ex



8 · 8 = 64

P (0) = 1
P (1) = 8

P (2) = 8 · P (1) = 82

P (3) = 8 · P (2) = 83

P (n) = 8n, n ∈ N0

n

n P (n)

n P (n) = 8n n P (n)

1000

2000

3000

4000

0 1 2 3 4
n

P(n)

P (n) = 8n n ∈ N0

�



t t

P (t) = 1436.53 · 1.01395t

0 20 40 60 80 100 120
t

P

9101�

9102 �

9103 �

9104 �

9105 �

9106 �

9107 �

P(t)

P (t) = 1436.53 · 1.01395t

P (t) = 1436.53 · 1.01395120 = 7573.6

�

90Sr

m(t) t

m(0) = 24

m(25) = 1
2m(0) = 12

m(50) = 1
2m(25) = 1

22
m(0) = 6

m(75) = 1
2m(50) = 1

23
m(0) = 3

m(100) = 1
2m(75) = 1

24
m(0) = 1.5



m(t) =
1

2t/25
m(0) =

1

2t/25
· 24 = 24 ·

(
1

2

)t/25

.

t

m

m(t)

20 40 60 80 100

10

20

5

15

25

m(t
0
)=5

570 �t

9.7)40( �m

m(t) = 24 ·
(
1
2

)t/25

m(40) = 24 ·
(
1

2

)40/25

≈ 7.9 mg.

m = 5 t

5 = 24 ·
(
1

2

)t/25

⇒
(

5

24

)25

=

(
1

2

)t

⇒ t = log1/2

(
5

24

)25

⇒ t = −25 log2

(
5

24

)

≈ 57 godina.

�

n(t)
t

CFU/ml

h

CFU/ml

n(t) = 36.783 · 1.066t
26

160 CFU/ml



n(t)

n(t) = 36.783 · 1.066t

t = 24 + 2 = 26 n(26) = 36.783 · 1.06626 = 193.791 ≈
194 CFU/ml t 160 CFU/ml

160 = 36.783 · 1.066t ⇒ 1.066t = 4.350

⇒ t =
ln 4.350

ln 1.066
≈ 23.

160 CFU/ml �

y = loga x a > 0 a �= 1 x > 0

y = loga x a > 0 a �= 1



a > 0 a �= 1

D = (0,+∞)

f(D) = R

x = 0

x = 1

a > 1

f(x) > 0 x ∈ (1,+∞) f(x) < 0 x ∈ (0, 1)

f(x) x ∈ (0,+∞)

0 < a < 1

f(x) > 0 x ∈ (0, 1) f(x) < 0 x ∈ (1,+∞)

f(x) x ∈ (0,+∞)

a = e

y = loga x = loge x = ln x

y = x aloga x = loga a
x = x a = e

• loga x+ loga y = loga(x y) • loga x− loga y = loga
x

y
• loga x

b = b loga x

• logab x =
1

b
loga x • loga x =

1

logx a
• loga x =

logb x

logb a
• loga 1 = 0 • loga a = 1 • loga a

x = x



1

1

0

xey �

xy �

xy ln�

y

x

y = ex y = ln x y = x

n P

m2

n(P ) = −51.9403 + 27.3353 ln P

n(P )

n(P ) = −51.9403 + 27.3353 ln P



P = 1953.12

n(1953.12) = −51.9403 + 27.3353 ln 1953.12 = 155.1843 ≈ 155 vrsta.

�

L
W

lb in

L(W ) = 40.6007+13.9050 lnW

L(W )

L(W ) = 40.6007 + 13.9050 lnW

L(9) = 40.6007+13.9050 ln 9 = 71.1531 ≈
71 �



y = sinx y = cos x y = tg x y = ctg x

y = sin x y = cos x −1 ≤ y ≤ 1

f(x) = sin x w0 = 2π

D = R

f(D) = [−1, 1]

f(−x) = sin(−x) = − sinx = −f(x)

x = kπ k ∈ Z

f(x) > 0 x ∈ (0 + 2kπ, π + 2kπ) f(x) < 0 x ∈ (π + 2kπ, 2π + 2kπ) k ∈ Z

f(x) x ∈ (−π/2 + 2kπ, π/2 + 2kπ) x ∈
(π/2 + 2kπ, 3π/2 + 2kπ) k ∈ Z

x = π/2 + 2kπ f(x) x = 3π/2 + 2kπ
f(x) k ∈ Z

f(x) = cos x w0 = 2π

D = R

f(D) = [−1, 1]

f(−x) = cos(−x) = cos x = f(x)

x = π/2 + kπ k ∈ Z

f(x) > 0 x ∈ (−π/2+2kπ, π/2+2kπ) f(x) < 0 x ∈ (π/2+2kπ, 3π/2+2kπ)
k ∈ Z



f(x) x ∈ (−π + 2kπ, 0 + 2kπ) x ∈ (0 +
2kπ, π + 2kπ) k ∈ Z

x = 2kπ f(x) x = π + 2kπ f(x)
k ∈ Z

1

11�

1�

�sin

0
�

III

III IV

�sin�

�� �

�� �
�� �2

�� �2

�� x

y

y = sinx

1

11�

1�

0

�

III

III IV

�� �

�� �
�� �2

�� �2

�cos�cos� �� x

y

y = cos x

y = a sin(bx + c) a, b �= 0
ω0 = 2π/|b| −|a| ≤ y ≤ |a| x = (kπ − c)/b k ∈ Z

y = a cos(bx+ c) x = (π/2 + kπ − c)/b k ∈ Z



y = 3 sin(2x+ π/2) x ∈ [−2π, 2π]

y = 3 sin(2x+ π/2) x ∈ [−2π, 2π]

xy sin� )2sin( xy � )22sin( ��� xy )22sin(3 ��� xy

y

x0

3

3�

4

�
2

�

4

3� �

4

5�
2

3�
4

7� �2

4

�
�

2

�
�

4

3�
�

��

4

5�
�

2

3�
�

4

7�
��2�

y = sinx y = sin(2x) y = sin(2x+ π/2) y = 3 sin(2x+ π/2)
[−2π, 2π]

w0 = 2π/|b| = 2π/2 = π

D = R

f(D) = [−3, 3]

f(−x) = 3 sin(2(−x) + π/2) = 3 sin(π/2 − 2x) = 3 cos(2x) =
3 sin(2x+ π/2) = f(x)

x = (kπ − c)/b = (kπ − π/2)/2 = −π/4 + kπ/2 k ∈ Z

f(x) > 0 x ∈ (−π/4 + kπ, π/4 + kπ) f(x) < 0 x ∈ (π/4 + kπ, 3π/4 + kπ)
k ∈ Z

f(x) x ∈ (π/2+kπ, π+kπ) x ∈ (0+kπ, π/2+
kπ) k ∈ Z

x = 0+ kπ f(x) x = π/2+ kπ f(x)
k ∈ Z

�



y = tg x = sinx
cos x cos x �= 0 x �= π

2 + kπ k ∈ Z

y = tg x

f(x) = tg x w0 = π

D = R \ {π/2 + kπ} k ∈ Z

f(D) = R

f(−x) = tg(−x) = sin(−x)
cos(−x) = − sinx

cos x = − tg x = −f(x)

x = kπ k ∈ Z

f(x) > 0 x ∈ (0 + kπ, π/2 + kπ) f(x) < 0 x ∈ (π/2 + kπ, π + kπ) k ∈ Z

f(x) x ∈ (−π/2 + kπ, π/2 + kπ) k ∈ Z

y = tg x

1

11�

1�

�tg

0
�

III

III IV

�� �

�� �
�� �2

�� �2

�tg�

�� x

y

y = tg x



y = a tg(bx+ c) a, b �= 0 ω0 = π/|b|
x −π/2 + kπ − c < b x < π/2 + kπ − c x = (kπ − c)/b k ∈ Z

y = ctg x = cos x
sinx sin x �= 0 x �= kπ k ∈ Z

y = ctg x

f(x) = ctg x w0 = π

D = R \ {kπ} k ∈ Z

f(D) = R

f(−x) = ctg(−x) = − ctg x = −f(x)

x = π/2 + kπ k ∈ Z

f(x) > 0 x ∈ (0 + kπ, π/2 + kπ) f(x) < 0 x ∈ (π/2 + kπ, π + kπ) k ∈ Z

f(x) x ∈ (0 + kπ, π + kπ) k ∈ Z

y = ctg x

1

11�

1�

0

�

III

III IV

�� �

�� �
�� �2

�� �2

�ctg� �ctg�� x

y

y = ctg x



y = a ctg(bx+c) a, b �= 0 ω0 = π/|b| kπ−c < b x < π+kπ−c
x = (π/2 + kπ − c)/b k ∈ Z

π 180◦

α π/6 π/4 π/3 π/2 π 3π/2 2π

sinα 1/2
√
2/2

√
3/2 −1

cosα
√
3/2

√
2/2 1/2 −1

tgα
√
3/3

√
3 − −

ctg α −
√
3

√
3/3 − −

α

α π − α π + α 2π − α 2π + α −α π
2 − α π

2 + α 3π
2 − α 3π

2 + α

sinα sinα − sinα − sinα sinα − sinα cosα cosα − cosα − cosα
cosα − cosα − cosα cosα cosα cosα sinα − sinα − sinα sinα
tgα − tgα tgα − tgα tgα − tgα ctg α − ctgα ctgα − ctg α
ctgα − ctg α ctg α − ctgα ctg α − ctg α tgα − tgα tgα − tgα

sin2 α+ cos2 α = 1

sin(α± β) = sinα cos β ± sin β cosα

cos(α± β) = cosα cos β ∓ sinα sin β

sin2 α =
1− cos(2α)

2

cos2 α =
1 + cos(2α)

2

tg(α± β) =
tg α± tg β

1∓ tgα tg β

ctg(α± β) =
ctg α ctg β ∓ 1

ctgα± ctg β



sinα = a −1 ≤ a ≤ 1 arcsin a = α
y = arcsinx

x

y

xy arcsin�
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y = arcsin x

D = [−1, 1]

f(D) = [−π/2, π/2]

f(−x) = arcsin(−x) = arcsin(− sin(arcsinx)) = arcsin(sin(− arcsin x)) = − arcsinx

= −f(x) ,

x = 0

f(x) > 0 x ∈ (0, 1] f(x) < 0 x ∈ [−1, 0)

x ∈ (−1, 1)

f(x) x = −1 x = 1



arccos x
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y = arccos x

D = [−1, 1]

f(D) = [0, π]

f(−x) = arccos(−x) = arccos(− cos(arccos x)) = arccos(cos(π − arccos x))

= π − arccos x /∈ {f(x),−f(x)} ,

x = 1

f(x) > 0 x ∈ (0, π] f(x) < 0 x ∈ ∅

x ∈ (−1, 1)

f(x) x = 1 x = −1
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y = arctg x

D = R

f(D) = (−π/2, π/2)

f(−x) = arctg(−x) = arctg(− tg(arctg x)) = arctg(tg(− arctg x)) = − arctg x = −f(x) ,

x = 0

f(x) > 0 x ∈ (0,+∞) f(x) < 0 x ∈ (−∞, 0)

x ∈ (−∞,+∞)



arcctg x
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0

y = arcctg x

D = R

f(D) = (0, π)

f(−x) = arcctg(−x) = arcctg(− ctg(arcctg x)) = arcctg(ctg(π − arcctg x))

= π − arcctg x /∈ {f(x),−f(x)} ,

f(x) > 0 x ∈ (−∞,+∞) f(x) < 0 x ∈ ∅

x ∈ (−∞,+∞)
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cosh x tgh x ctgh x
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�ctgctgh �u

EF

sinhx coshx tghx ctgh x x− y

x2 + y2 = 1
y =

√
1− x2 x2− y2 = 1 y =

√
x2 − 1

x ≥ 1, y ≥ 0 OFC P = u/2
ODC P△ODC = 1

2 xy = 1
2 x

√
x2 − 1 FDC

a = 1

P = P (x) =
1

2
x
√

x2 − 1− 1

2

(

x
√

x2 − 1− ln
(

x+
√

x2 − 1
))

,

P (x) =
1

2
ln

(

x+
√

x2 − 1
)

⇒ u

2
=

1

2
ln

(

x+
√

x2 − 1
)

⇒ u(x) = ln
(

x+
√

x2 − 1
)

.

x = x(u)

x = x(u) =
eu + e−u

2
=: cosh u .

x(u)

y = y(u) =
eu − e−u

2
=: sinh u .



y = sinhx y = coshx

x
0

xy sinh�

y
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xy cosh�

y = sinh x y = cosh x

y = sinhx

D = R

f(D) = R

f(−x) = sinh (−x) =
e−x − ex

2
= −ex − e−x

2
= − sinh x = −f(x) ,

x = 0

f(x) > 0 x ∈ (0,+∞) f(x) < 0 x ∈ (−∞, 0)

x ∈ (−∞,+∞)

y = coshx

D = R

f(D) = [1,+∞)

f(−x) = cosh (−x) =
e−x + ex

2
=

ex + e−x

2
= cosh x ,



f(x) > 0 x ∈ (−∞,+∞)

x ∈ (0,+∞) x ∈ (−∞, 0)

f(x) x = 0

tgh u =
sinh u

cosh u
=

eu − e−u

eu + e−u
, ctgh u =

cosh u

sinh u
=

eu + e−u

eu − e−u
.

y = tgh x y = ctgh x
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xy tgh�

y = tgh x y = ctgh x

y = tgh x

D = R

f(D) = (−1, 1)

f(−x) = tgh (−x) =
sinh (−x)

cosh (−x)
=

− sinh x

cosh x
= − tgh x = −f(x) ,

x = 0

f(x) > 0 x ∈ (0,+∞) f(x) < 0 x ∈ (−∞, 0)

x ∈ (−∞,+∞)



y = ctgh x

D = R \ {0}

f(D) = (−∞,−1) ∪ (1,+∞)

f(−x) = ctgh (−x) =
cosh (−x)

sinh (−x)
=

cosh x

− sinh x
= − ctgh x = −f(x) ,

f(x) > 0 x ∈ (0,+∞) f(x) < 0 x ∈ (−∞, 0)

x ∈ R \ {0}

cosh2 x = 1 + sinh2 x

sinh (x± y) = sinh x cosh y ± sinh y cosh x

cosh (x± y) = cosh x cosh y ± sinh x sinh y

tgh (x± y) =
tgh x± tgh y

1± tgh x tgh y

ctgh (x± y) =
1± ctgh x ctgh y

ctgh x± ctgh y

arcsinhx

arccosh x

arctgh x

arcctgh x

sinh u u
OFC



arcsinhx = log
(

x+
√

x2 + 1
)

,

arccosh x = log
(

x+
√

x2 − 1
)

.

y = arcsinhx y = arccosh x

y
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3�

10

3

xy arcsinh�

xy arccosh�
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y = arcsinh x y = arccosh x

y = arcsinhx

D = R

f(D) = R

f(−x) = log
(

−x+
√

(−x)2 + 1
)

= log

(
(

−x+
√

x2 + 1
)

· x+
√
x2 + 1

x+
√
x2 + 1

)

= log
x2 + 1− x2

x+
√
x2 + 1

= log
1

x+
√
x2 + 1

= − log
(

x+
√

x2 + 1
)

= −f(x)

x = 0

f(x) > 0 x ∈ (0,+∞) f(x) < 0 x ∈ (−∞, 0)

x ∈ (−∞,+∞)



y = arccosh x

D = [1,+∞)

f(D) = [0,+∞)

x = 1

f(x) > 0 x ∈ (1,+∞)

x ∈ (1,+∞)

f(x) x = 1

arctgh x =
1

2
ln

1 + x

1− x
, arcctgh x =

1

2
ln

x+ 1

x− 1
.

y = arctgh x y = arcctgh x

y

1

x0 1 2 3
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xy arcctgh�
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xy arctgh�

y = arctgh x y = arcctgh x

y = arctgh x

D = (−1, 1)

f(D) = R

f(−x) =
1

2
ln

1− x

1 + x
=

1

2
ln

(
1 + x

1− x

)−1

= −1

2
ln

1 + x

1− x
= −f(x)



x = 0

f(x) > 0 x ∈ (0, 1) f(x) < 0 x ∈ (−1, 0)

x ∈ (−1, 1)

y = arcctgh x

D = (−∞,−1) ∪ (1,+∞)

f(D) = (−∞, 0) ∪ (0,+∞)

f(−x) =
1

2
ln

−x+ 1

−x− 1
=

1

2
ln

−(x− 1)

−(x+ 1)
=

1

2
ln

x− 1

x+ 1
= −1

2
ln

x+ 1

x− 1
= −f(x)

f(x) > 0 x ∈ (1,+∞) f(x) < 0 x ∈ (−∞,−1)

x ∈ (−∞,−1) ∪ (1,+∞)

n n ∈ N0 Pn : C → C

Pn(x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0 , an �= 0 ,

a0 a1 an−1 an C

Pn : C → R

a0

P3(x) = 3x3−4x2+5x−7 a3 = 3 a2 = −4 a1 = 5
a0 = −7 �

Pn Qm R(x) =
Pn(x)

Qm(x)
m > n R

R(x) =
x2 − 4x

x3 + 2
�



n ≥ m
n−m

R(x) =
x4 − 2x3 + x2 − 3x+ 8

x2 + 2

P4(x) = x4 − 2x3 + x2 − 3x+ 8 Q2(x) = x2 + 2

(x4 − 2x3 + x2 − 3x + 8) : (x2 + 2) = x2 − 2x− 1
−

x4 + 2x2

− 2x3 − x2 − 3x + 8
−

− 2x3 − 4x

− x2 + x + 8
−

− x2 − 2

x + 10

x4 − 2x3 + x2 − 3x+ 8

x2 + 2
= x2 − 2x− 1 +

x+ 10

x2 + 2
.

P4

P4(x) = (x2 − 2x− 1)Q2(x) + x+ 10 .

�

x0 ∈ C Pn : C → R Pn(x0) = 0
n n

xi i ∈ {1, 2, . . . , n}

Pn(x) = an(x− x1)(x− x2) · · · · · (x− xn) .

Pn : R → R

Pn(x) = an(x− x1)(x− x2) · · · · · (x− xl)(x
2 + b1x+ c1)(x

2 + b2x+ c2) · · · · · (x2 + bsx+ cs) ,

l + 2s = n i ∈ {1, 2, . . . , s} b2i − 4ci < 0

P3(x) = x3+3x2+4x+4

P3(x) = x3 +2x2 + x2 +2x+2x+4 = x2(x+2) + x(x+ 2) + 2(x+2) = (x+2)(x2 + x+2) .

x2 + x+ 2
b2 − 4c = 1− 8 = −7 < 0 �



p/q p ∈ Z q ∈ N p
a0 Pn q an

P (x) = 2x4 − 3x3 − 12x2 + 7x+ 6 .

a4 = 2 a0 = 6 p a0 p ∈ {±1,±2,±3,±6}
q a4 q ∈ {1, 2}

p

q
∈
{

±1,±1

2
,±2,±3,±3

2
,±6

}

.

�

p/q

P (x) =

n∑

i=0

ai x
i

x− x0 P (x) = (x− x0)Q(x) + r = (x− x0)

n−1∑

i=0

bi x
i + r r

bi i = 0, 1, . . . , n− 1

bn−1 = an, . . . , bi = bi+1 · x0 + ai+1, . . . , b0 = b1 · x0 + a1, r = b0 · x0 + a0

i = 1, 2, . . . , n − 2 P (x0) = r P (x0) = 0 P (x)
x− x0 x = x0

an an−1 an−2 . . . a0 r x = x0
bn−1 = an bn−2 = bn−1 · x0 + an−1 . . . b0 = b1 · x0 + a1 b0 · x0 + a0

P (x) = 2x4 − 3x3 − 12x2 + 7x+ 6

±1,±1

2
,±2,±3,±3

2
,±6 .

2 − 3 − 12 + 7 + 6 = 0)
x1 = 1 x

2 −3 −12 7 6 r x = 1

2 −1 −13 −6 0 P (x) = (x− 1)(2x3 − x2 − 13x− 6) + 0



2x3−x2−13x−6

2 −3 −12 7 6 r x = 1

2 −1 −13 −6 0 x = −2 P (x) = (x− 1)(2x3 − x2 − 13x− 6)
2 −5 −3 0 P (x) = (x− 1)(x+ 2)(2x2 − 5x− 3)

x2 = −2 2 −5 3

2x2 − 5x− 3 = 0 ⇒ x3,4 =
5±

√
25 + 24

4
⇒ x3 = −1

2
, x4 = 3 .

P (x)

P (x) = 2(x− 1)(x+ 2)(x− 3)(x+
1

2
) = (x− 1)(x+ 2)(x− 3)(2x + 1) .

�

y = ax2 + bx+ c a �= 0

x1,2 =
−b±

√
b2 − 4ac

2a
,

y = a(x− x1)(x− x2)

y = a

(

x+
b

2a

)2

+
4ac− b2

4a
.

a D = b2−4ac

T

(

− b

2a
,
4ac− b2

4a

)

.

a > 0

D = R

f(D) = [4ac−b2

4a ,+∞)

f(−x) = a(−x)2 + b(−x) + c = ax2 − bx+ c = f(x)
b = 0

a > 0 D > 0

x1 x2 x1 < x2
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x
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D>0 D=0 D<0

c

c

c
c

c
c

T

T

T

T

T

T

�

�

C

C

0>a

21 xx =

a 0
2x

y = ax2 + bx+ c a �= 0

f(x) > 0 x ∈ (−∞, x1) ∪ (x2,+∞) f(x) < 0 x ∈ (x1, x2)

x ∈ (−∞,− b
2a) x ∈ (− b

2a ,+∞)

x = −b/2a = (x1 + x2)/2

a > 0 D = 0

x1 = x2

f(x) > 0 x ∈ (−∞, x1) ∪ (x1,+∞) f(x) < 0 x ∈ ∅

x ∈ (−∞,− b
2a) x ∈ (− b

2a ,+∞)

x = −b/2a = x1 = x2

a > 0 D < 0

R

f(x) > 0 x ∈ (−∞,+∞) f(x) < 0 x ∈ ∅

x ∈ (−∞,− b
2a) x ∈ (− b

2a ,+∞)

x = −b/2a



f(x) = 4x2 − 3x− 1 R

x1 = −1/4 x2 = 1 T (38 ,−25
16 )

4

1
�

1

T

x

y

1�

y = 4x2 − 3x− 1 = 4(x+ 1
4)(x− 1) T (38 ,−25

16 )

�

a < 0

D = R

f(D) = (−∞, 4ac−b2

4a ]

f(−x) = a(−x)2 + b(−x) + c = ax2 − bx+ c = f(x)
b = 0

a < 0 D > 0

x1 x2 x1 < x2

f(x) > 0 x ∈ (x1, x2) f(x) < 0 x ∈ (−∞, x1) ∪ (x2,+∞)

x ∈ (− b
2a ,+∞) x ∈ (−∞,− b

2a)

x = −b/2a = (x1 + x2)/2

a < 0 D = 0

x1 = x2

f(x) > 0 x ∈ ∅ f(x) < 0 x ∈ (−∞, x1) ∪ (x1,+∞)

x ∈ (− b
2a ,+∞) x ∈ (−∞,− b

2a)

x = −b/2a = x1 = x2

a < 0 D < 0

R

f(x) > 0 x ∈ ∅ f(x) < 0 x ∈ (−∞,+∞)

x ∈ (− b
2a ,+∞) x ∈ (−∞,− b

2a)

x = −b/2a



y = −x2 + x+ 6 R

y = −x2 + x+ 6 x1 = −2 x2 = 3 T (12 ,
25
4 )

T

x

y

2� 3

6

y = −x2 + x+ 6 = −(x+ 2)(x − 3) T (12 ,
25
4 )

�

y = x2 + 4x+ 5 R

y = x2+4x+5 T (−2, 1)

1
T

x

y

2�

5

y = x2 + 4x+ 5 = (x+ 2)2 + 1
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y = −x2 − 4x− 4 R

y = −x2 − 4x − 4 x1 = x2 = −2 T (−2, 0)

T
x

2�

y

4�

y = −x2 − 4x− 4 = −(x+ 2)2

�

f(x)

f(−x) y
f(x)

−f(x) x
f(x)

f(x) + a a y f(x)
a > 0 a a < 0 a

f(x + a) a x f(x)
a > 0 a a < 0 a



f1(x) = x2 − x f2(x) = f1(−x) f3(x) = −f1(x) f4(x) =
f1(x) + 2
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y
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y = f(x) x ∈ (a, b)

x = ψ(t), y = φ(t), t ∈ (t1, t2) ,

ψ, φ : (t1, t2) → R ψ ψ(t1) = a ψ(t2) = b

x2 + y2 = r2

x(t) = r cos t y(t) = r sin t t ∈ [0, 2π]
x(t) y(t) t

x(t) = r cos t y(t) = r sin t t 0 ≤ t ≤ 2π

t π
6

π
4

π
3

π
2

2π
3

3π
4

5π
6 π

x(t) r r
√
3

2
r
√
2

2
r
2 − r

2 − r
√
2

2 − r
√
3

2 −r

y(t) r
2

r
√
2

2
r
√
3

2 r r
√
3

2
r
√
2

2
r
2

t 7π
6

5π
4

4π
3

3π
2

5π
3

7π
4

11π
6 2π

x(t) − r
√
3

2 − r
√
2

2 − r
2

r
2

r
√
2

2
r
√
3

2 r

y(t) − r
2 − r

√
2

2 − r
√
3

2 −r − r
√
3

2 − r
√
2

2 − r
2

•A1 (r cos 0, r sin 0) = A1(r, 0), •A2 (r cos π, r sin π) = A2(−r, 0),

•B1

(
r cos π

6 , r sin
π
6

)
= B1

(
r
√
3

2 , r2

)

, •B2

(
r cos 5π

6 , r sin 5π
6

)
= B2

(

− r
√
3

2 , r2

)

,

•B3

(
r cos 7π

6 , r sin 7π
6

)
= B3

(

− r
√
3

2 ,− r
2

)

, •B4

(
r cos 11π

6 , r sin 11π
6

)
= B4

(
r
√
3

2 ,− r
2

)

,

•C1

(
r cos π

4 , r sin
π
4

)
= C1

(
r
√
2

2 , r
√
2

2

)

, •C2

(
r cos 3π

4 , r sin 3π
4

)
= C2

(

− r
√
2

2 , r
√
2

2

)

,

•C3

(
r cos 5π

4 , r sin 5π
4

)
= C3

(

− r
√
2

2 ,− r
√
2

2

)

, •C4

(
r cos 7π

4 , r sin 7π
4

)
= C4

(
r
√
2

2 ,− r
√
2

2

)

,

•D1

(
r cos π

3 , r sin
π
3

)
= D1

(
r
2 ,

r
√
3

2

)

, •D2

(
r cos 2π

3 , r sin 2π
3

)
= D2

(

− r
2 ,

r
√
3

2

)

,

•D3

(
r cos 4π

3 , r sin 4π
3

)
= D3

(

− r
2 ,− r

√
3

2

)

, •D4

(
r cos 5π

3 , r sin 5π
3

)
= D4

(
r
2 ,− r

√
3

2

)

,

•E1

(
r cos π

2 , r sin
π
2

)
= E1(0, r), •E2

(
r cos 3π

2 , r sin 3π
2

)
= E2(0,−r).
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x(t) = r cos t y(t) = r sin t t ∈ [0, 2π]

x(t) = 3 sin t y(t) = 2 sin 2t t ∈ [0, 2π]
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x(t) = 3 sin t y(t) = 2 sin 2t t ∈ [0, 2π]

x(t) = 16 sin3 t , y(t) = 13 cos t− 5 cos 2t− 2 cos 3t− cos 4t , t ∈ [0, 2π] ,
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x(t) = 16 sin3 t y(t) = 13 cos t−5 cos 2t−2 cos 3t−cos 4t t ∈ [0, 2π]

a g(x) =
x2 + 3x− 2 b h(x) = 1− x3 − x4 − 2x

y = −4x+ 8

y = 3x+ 18

y = −5x

y = 2

y = (x− 2)3 + 1

y = 3
√
x− 1 + 1



y =

(
1

3

)x−1

− 2

y = 4x + 1

y = log1/2 x

y = − log3(x− 2)

y = | ln x|

y = 2 sin x+ 1
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n+p
∑

k=n+1

1

k2

∣
∣
∣
∣
∣
≤

n+p
∑

k=n+1

1

k2

=
1

(n+ 1)2
+

1

(n+ 2)2
+ · · ·+ 1

(n+ p)2

≤ 1

n(n+ 1)
+

1

(n + 1)(n+ 2)
+ · · · + 1

(n + p− 1)(n + p)

=
1

n
− 1

n+ 1
+

1

n+ 1
− 1

n+ 2
+ · · ·+ 1

n+ p− 1
− 1

n+ p

=
1

n
− 1

n+ p
<

1

n
< ε ,

n0 n0 =

[
1

ε

]

+ 1 �

an =

n∑

k=1

1

k
, n ∈ N ,

(∃ε > 0)(∀n0 ∈ N)(∃n, p ∈ N)(n > n0 ∧ |an+p − an| > ε) .

ε = 1/3

|an+p − an| =

∣
∣
∣
∣
∣

n+p
∑

k=0

1

k
−

n∑

k=0

1

k

∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣

n+p
∑

k=n+1

1

k

∣
∣
∣
∣
∣
=

n+p
∑

k=n+1

1

k

=
1

n+ 1
+

1

n+ 2
+ · · ·+ 1

n+ p

≥ 1

n+ p
+

1

n+ p
+ · · · + 1

n+ p
︸ ︷︷ ︸

p

=
p

n+ p
.



p = n

|a2n − an| ≥
n

n+ n
=

n

2n
=

1

2
>

1

3
= ε ,

n ∈ N �

(an)n∈N (bn)n∈N limn→+∞ an = L limn→+∞ bn = P

lim
n→+∞

α = α,α ∈ R

lim
n→+∞

1 = 1 �

lim
n→+∞

(α · an) = α · lim
n→+∞

an = α · L,α ∈ R

lim
n→+∞

3 · 2n

3n+ 4
= 3 · lim

n→+∞
2n

3n + 4
= 3 · 2

3
= 2 .

�

lim
n→+∞

(an ± bn) = lim
n→+∞

an ± lim
n→+∞

bn = L± P

b) g)

lim
n→+∞

(
−3n2 + 2n

5n2 + 3
+

2n

3n+ 4
) = lim

n→+∞
−3n2 + 2n

5n2 + 3
+ lim

n→+∞
2n

3n+ 4

= lim
n→+∞

n2
(
−3 + 2

n

)

n2
(
5 + 3

n2

) +
2

3

= lim
n→+∞

−3 + 2
n

5 + 3
n2

+
2

3
= −3

5
+

2

3
=

1

15
.

�



lim
n→+∞

(an · bn) = lim
n→+∞

an · lim
n→+∞

bn = L · P

g)

lim
n→+∞

(
−3n2 + 2n

5n2 + 3
· 3n

−3n+ 1
) = lim

n→+∞
−3n2 + 2n

5n2 + 3
· lim
n→+∞

3n

−3n+ 1
= −3

5
·
(

−3

3

)

=
3

5
.

�

lim
n→+∞

an
bn

=
limn→+∞ an
limn→+∞ bn

=
L

P
,P �= 0

g)

lim
n→+∞

−3n2+2n
5n2+3
4n

5n+3

=
limn→+∞

−3n2+2n
5n2+3

limn→+∞
4n

5n+3

=
−3

5
4
5

= −3

4
.

�

lim
n→+∞

(an)
m = ( lim

n→+∞
an)

m = Lm,m ∈ N

g)

lim
n→+∞

(
4n

5n + 3

)2

=

(

lim
n→+∞

4n

5n + 3

)2

=

(
4

5

)2

=
16

25
.

�

lim
n→+∞

m
√
an = m

√

lim
n→+∞

an =
m
√
L,m ∈ N, an > 0, n ∈ N

b)

lim
n→+∞

3

√

8n3

27n3 + 2n2 − 2
= 3

√

lim
n→+∞

8n3

n3
(
27 + 2

n − 2
n3

) =
3

√

8

27
=

2

3
.

�

lim
n→+∞

an = K lim
n→+∞

bn = L n0 ∈ N n ∈ N

n > n0 an ≤ bn K ≤ L

(an)n∈N = 1 + 1/n (bn)n∈N = 2 + 1/n
n ≥ 1 an = 1 + 1

n < 2 + 1
n = bn

lim
n→+∞

an = lim
n→+∞

(

1 +
1

n

)

= 1 < 2 = lim
n→+∞

(

2 +
1

n

)

= lim
n→+∞

bn .

�



lim
n→+∞

an = L lim
n→+∞

bn = L n0 ∈ N n ∈ N

n > n0 an ≤ cn ≤ bn lim
n→+∞

cn = L

lim
n→+∞

(

1− 1

n

)n

=
1

e
.

in =
(
1− 1

n

)n
n ∈ N

0 ≤
(

1− 1

n

)n

< 1 .

in n ∈ N

i1 = 0, i2 = 0.25, i3 = 0.296296, i4 = 0.316406, i5 = 0.32768, i6 = 0.334898, . . .

(
1− 1

n

)n

(

1− 1
n+1

)n+1 =

(
1− 1

n

)n

(

1− 1
n+1

)n (

1− 1
n+1

) =

(

1− 1
n

1− 1
n+1

)n

· 1

1− 1
n+1

=

(
n−1
n
n

n+1

)n

· 1
n

n+1

=

(
n2 − 1

n2

)n

· n+ 1

n

=

(

1− 1

n2

)n

·
(

1 +
1

n

)

.

(

1− 1

n2

)n

=

n∑

k=0

(
n

k

)

1n−k

(

− 1

n2

)k

=

n∑

k=0

(
n

k

)

(−1)k
1

n2k

= 1− 1

n
+

(
n

2

)
1

n4
−

(
n

3

)
1

n6
+

(
n

4

)
1

n8
−

(
n

5

)
1

n10
+ . . .

= 1− 1

n
+

(
n

2

)
1

n4
−

((
n

3

)
1

n6
−

(
n

4

)
1

n8

)

−
((

n

5

)
1

n10
−

(
n

6

)
1

n12

)

− . . .

k ≥ 2

(
n

2k − 1

)
1

n2·(2k−1)
−

(
n

2k

)
1

n2(2k)
> 0 ,



(

1− 1

n2

)n

< 1− 1

n
+

(
n

2

)
1

n4
.

(
n

2k − 1

)
1

n4k−2
−

(
n

2k

)
1

n4k
=

n!

(2k − 1)!(n − (2k − 1))!
· n2

n4k
− n!

(2k)!(n − 2k)!
· 1

n4k

=
n!

n4k(2k − 1)!(n − 2k)!

(
n2

n− (2k − 1)
− 1

2k

)

.

n− (2k − 1)

2k n2
<

n

2k n2
=

1

2k n
< 1 ⇒ 1

2k
<

n2

n− (2k − 1)
⇒ n2

n− (2k − 1)
− 1

2k
> 0 .

(
1− 1

n

)n

(

1− 1
n+1

)n+1 <

(

1− 1

n
+

(
n

2

)
1

n4

)

·
(

1 +
1

n

)

=

(

1− 1

n
+

n(n− 1)

2!
· 1

n4

)

·
(

1 +
1

n

)

=

(

1− 1

n
+

1

2n2
− 1

2n3

)

·
(

1 +
1

n

)

= 1 +
1

n
− 1

n
− 1

n2
+

1

2n2
+

1

2n3
− 1

2n3
− 1

2n4

= 1− 1

2n2
− 1

2n4
< 1

in n ∈ N

lim
n→+∞

(

1− 1

n

)n

= b ,

lim
n→+∞

(

1− 1

n

)n(

1 +
1

n

)n

= lim
n→+∞

(

1− 1

n2

)n

= b e ,

b e = 1 b = 1/e

cn = 1−
(

1− 1

n2

)n

,

n ∈ N

0 <
1

n2
≤ 1 ⇒ 0 > − 1

n2
≥ −1 ⇒ 1 > 1− 1

n2
≥ 0 ⇒ 1 >

(

1− 1

n2

)n

≥ 0



cn = 1−
(

1− 1

n2

)n

> 0

n ∈ N

cn = 1−
(

1− 1

n2

)n

=
1

n
−

(
n

2

)
1

n4
+

(
n

3

)
1

n6
−
(
n

4

)
1

n8
+

(
n

5

)
1

n10
− . . .

=
1

n
−

((
n

2

)
1

n4
−

(
n

3

)
1

n6

)

−
((

n

4

)
1

n8
−

(
n

5

)
1

n10

)

− . . .

<
1

n

k ∈ N
(
n

2k

)
1

n2·2k −
(

n

2k + 1

)
1

n2(2k+1)
> 0

(
n

2k

)
1

n4k
−

(
n

2k + 1

)
1

n4k+2
=

n!

(2k)!(n − 2k)!
· 1

n4k

− n!

(2k + 1)!(n − (2k + 1))!
· 1

n4k · n2

=
n!

n4k(2k)!(n − (2k + 1))!

(
1

n− 2k
− 1

(2k + 1)n2

)

.

n− 2k

(2k + 1)n2
<

n

(2k + 1)n2
=

1

(2k + 1)n
< 1 ⇒ 1

(2k + 1)n2
<

1

n− 2k

⇒ 1

n− 2k
− 1

(2k + 1)n2
> 0 .

n ∈ N

0 < cn <
1

n

n → +∞

lim
n→+∞

cn = lim
n→+∞

(

1−
(

1− 1

n2

)n)

= 0

limn→+∞
1
n = 0

lim
n→+∞

(

1− 1

n2

)n

= 1

�



lim
n→+∞

�
n− 3

n+ 2

�n

.

lim
n→+∞

�
n− 3

n+ 2

�n

= lim
n→+∞

�

1 +
n− 3

n+ 2
− 1

�n

= lim
n→+∞

�

1− 5

n+ 2

�n

= lim
n→+∞

�

1− 1
n+2
5

�n

= lim
n→+∞

�

1− 1
n+2
5

�n+2
5

· 5
n+2

·n

= lim
n→+∞





�

1− 1
n+2
5

�n+2
5





5n
n+2

=
1

e5
.

�

lim
n→+∞

�

1 +
6

2n+ 1

�n

.

lim
n→+∞

�

1 +
6

2n+ 1

�n

= lim
n→+∞

�

1 +
1

2n+1
6

�n

= lim
n→+∞

�

1 +
1

2n+1
6

� 2n+1
6

· 6
2n+1

·n

= lim
n→+∞





�

1 +
1

2n+1
6

� 2n+1
6





6n
2n+1

= e
6
2 = e3 .

�

an =
1

n2
n ∈ N

bn =
(−1)n

n2
n ∈ N

cn = 1 +
n

n+ 1
· cos nπ

2
n ∈ N

dn = 1 + 2 · (−1)n+1 n ∈ N



an = 1 +
1

3
+

1

32
+ ·+ 1

3n
, n ∈ N

bn =
sin 1

1 · 2 +
sin 2

2 · 3 + ·+ sinn

n(n+ 1)
, n ∈ N

cn =
cos 1!

1
+

cos 2!

22
+ ·+ cosn!

n2
, n ∈ N

dn =
1

1
+

1√
2
+ ·+ 1√

n
, n ∈ N

L = lim
n→+∞

2n4 + 3n2 − 1

n5 + n+ 4
L = 1

L = lim
n→+∞

n5 + 2n2 + 4

n3 − 2
L = +∞

L = lim
n→+∞

7n2 + 5n+ 3

n3 + 9
L = 0

L = lim
n→+∞

2n + 4

n n
√
2019 − n

L = +∞

L = lim
n→+∞

(

1 +
1

2
+

1

22
+ · · · + 1

2n−1

)

L = 2

L = lim
n→+∞

2n+1 + 3n+1

2n + 3n
L = 3

L = lim
n→+∞

(

n−
√

n2 − 3n − 4
)

L = 3

L = lim
n→+∞

(
2n− 1

2n+ 3

)3n

L = 1/e6

L = lim
n→+∞

(
n2 + 2n + 3

n2 + n+ 1

)5n−1

L = e5

un n ∈ N

u1 =
1

4
, u2 =

1

4
+

1

10
, . . . , un =

1

31 + 1
+

1

32 + 1
+ · · ·+ 1

3n + 1
, . . .

un n → ∞

an =
1

31 + 1
+

1

32 + 2
+ · · ·+ 1

3n + n
n → ∞

u1 = 6, u2 =
√
6 + u1, . . . , un =

√

6 + un−1, . . .

L L = 3





lim f

f x x0

x0 A ⊆ R ε > 0
(x0− ε, x0+ ε) A x0 x0

A

N = {1, 2, 3, . . . }
(n − 0.5, n + 0.5) n n ∈ N

Q =
{

p
q | p ∈ Z, q ∈ N

}

(
p
q − ε, pq + ε

)

ε ≥ 1 p
q + 1

2 ∈
(
p
q − ε, pq + ε

)

0 < ε < 1 n ∈ N 10−n < ε

p
q +

1
2·10n ∈

(
p
q − ε, pq + ε

)

a a



{
1
n |n ∈ N

}
=

{
1, 12 ,

1
3 , . . .

}

�

x0

f D R

f : D → R x0 D L f
x0

(∀ ε > 0)(∃δ = δ(ε, x0) > 0)(∀x ∈ D)(0 < |x− x0| < δ ⇒ |f(x)− L| < ε)

lim
x→x0

f(x) = L .

0 < |x− x0| x �= x0

|x− x0| < δ ⇔ −δ < x− x0 < δ ⇔ x0 − δ < x < x0 + δ ⇔ x ∈ (x0 − δ, x0 + δ),

x ∈ (x0 − δ, x0 + δ) \ {x0}

|f(x)− L| < ε ⇔ −ε < f(x)− L < ε ⇔ L− ε < f(x) < L+ ε ⇔ f(x) ∈ (L− ε, L+ ε) .

L f
x0 L x0

x0 x0 L

0x ��0x��0x
x

y

)( 0 ��xf

)( 0 ��xf

L

��L

��L

0

)(xfy �

L f x x0



lim
x→1

(x2 + x+ 1) = 3 .

x → 1 0 < |x − 1| < δ 1 − δ < x < 1 + δ x �= 1
δ ε

∣
∣(x2 + x+ 1)− 3

∣
∣ < ε .

∣
∣(x2 + x+ 1)− 3

∣
∣ =

∣
∣x2 + x− 2

∣
∣

= |(x− 1)(x+ 2)|

= |x− 1||x+ 2|

< δ(δ + 3) .

δ(δ + 3) = ε δ2 + 3δ − ε = 0
δ > 0

δ =
−3 +

√
9 + 4ε

2

ε = 0.1 δ = 0.03297 ε = 0.01
δ = 0.00333

3

1.03 �

1.03 �

1

0.032971�0.032971�

1)( 2 ��� xxxf

y

x�
8.0 2.16.0

8.2

2.3

4.3

6.2

1 201�2�

1

2

3

4

y

x

x�

1)( 2 ��� xxxf

f(x) = x2+x+1

x ε = 0.1 δ = −3+
√
9+4ε

2 = 0.03297

�



x0

f D R

f : D → R x0 D L1

f x0 a

(∀ ε > 0)(∃δ = δ(ε, x0) > 0)(∀x ∈ D)(x ∈ (x0 − δ, x0) ⇒ |f(x)− L| < ε)

lim
x→x−

0

f(x) = L1 .

L2 f x0 b

(∀ ε > 0)(∃δ = δ(ε, x0) > 0)(∀x ∈ D)(x ∈ (x0, x0 + δ) ⇒ |f(x)− L| < ε)

lim
x→x+

0

f(x) = L2 .

y

x
0x

y

x
0x

2L

)b

y

x
0x

1L

y

x
0x

)a

1L 2L

x0

L1 = L2 f x0

lim
x→x−

0

f(x) = lim
x→x+

0

f(x) = lim
x→x0

f(x) = L .

+∞ −∞

f : D → R (a,+∞) ⊆ D a ∈ R L
f +∞ a

(∀ ε > 0)(∃N > 0)(∀x ∈ (a,+∞))(x > N ⇒ |f(x)− L| < ε)

lim
x→+∞

f(x) = L .

(−∞, a) ⊆ D L f −∞
b

(∀ ε > 0)(∃N > 0)(∀x ∈ (−∞, a))(x < −N ⇒ |f(x)− L| < ε)

lim
x→−∞

f(x) = L .



)a

y

x

L

y

x

L

)b

y

x

L

y

x

L

x → ±∞

L x0 L x
x0

f : D → R (x0, b) ⊆ D b > x0 f
+∞

(∀M > 0)(∃δ > 0)(∀x ∈ (x0, b))(x ∈ (x0, x0 + δ) ⇒ f(x) > M)

lim
x→x+

0

f(x) = +∞ .

f −∞

(∀M > 0)(∃δ > 0)(∀x ∈ (x0, b))(x ∈ (x0, x0 + δ) ⇒ f(x) < −M)

lim
x→x+

0

f(x) = −∞ .

0x
x

y

0
0x

x

y

0

)a )b

+∞ −∞ x x0



f : D → R (a, x0) ⊆ D a < x0 f
+∞

(∀M > 0)(∃δ > 0)(∀x ∈ (a, x0))(x ∈ (x0 − δ, x0) ⇒ f(x) > M)

lim
x→x−

0

f(x) = +∞ .

f −∞

(∀M > 0)(∃δ > 0)(∀x ∈ (a, x0))(x ∈ (x0 − δ, x0) ⇒ f(x) < −M)

lim
x→x−

0

f(x) = −∞ .

0x
x

y

0

0x
x

y

0

)a )b

+∞ −∞ x x0

∞
∞ ,

0

0
, ∞ · 0, ∞−∞, 00, ∞0, 1∞.

f(x) = 1
x D = R \ {0} = (−∞, 0) ∪ (0,+∞)

lim
x→+∞

1

x
= 0+ , lim

x→−∞
1

x
= 0− , lim

x→0−

1

x
= −∞ , lim

x→0+

1

x
= +∞ ,

lim
x→±∞

a

xα
= 0, a ∈ R , α > 0



x
0

0,
1

)( �� x
x

xf

y

���x

���x �� 0x

�� 0x

���f

���f

�� 0f

�� 0f

f(x) = 1
x x → ±∞ x → 0±

lim
x→x±

0

a

x− x0
= ∓∞, a ∈ R− , lim

x→x±
0

a

x− x0
= ±∞, a ∈ R+ .

lim
x→+∞

xα = +∞ , α > 0 .

• lim
x→±∞

amxm + am−1x
m−1 + . . .+ a0

bnxn + bn−1xn−1 + . . .+ b0
=







0 , m < n,
am
bn

, m = n ,

+∞ −∞ , m > n ,

• lim
x→0

sinx

x
= 1 , • lim

x→0

ln(1 + x)

x
= 1, • lim

x→0

ex − 1

x
= 1 ,

• lim
x→±∞

�

1 +
1

x

�x

= e , • lim
x→±∞

�

1− 1

x

�x

=
1

e
, • lim

x→0
(1 + x)

1
x = e ,

• lim
x→0

(1− x)
1
x =

1

e
.

f g h D
x0

lim
x→x0

f(x) = L lim
x→x0

g(x) = K .



lim
x→x0

(c · f(x)) = c · lim
x→x0

f(x) = c · L c ∈ R

lim
x→x0

(f(x)± g(x)) = lim
x→x0

f(x)± lim
x→x0

g(x) = L±K

lim
x→x0

(f(x) · g(x)) = lim
x→x0

f(x) · lim
x→x0

g(x) = L ·K

lim
x→x0

f(x)

g(x)
=

lim
x→x0

f(x)

lim
x→x0

g(x)
=

L

K
K �= 0

lim
x→x0

(f(x))g(x) =

(

lim
x→x0

f(x)

) lim
x→x0

g(x)
= LK

x ∈ D \ {x0} f(x) ≤ g(x) L ≤ K

limx→x0 g(x) = L x ∈ D \ {x0} f(x) ≤ h(x) ≤ g(x)
limx→x0 h(x) = L

x0 = ±∞
f(x) = sinx

x x

1

5.0

0 �2� �3���2��3�

y

x

x

x
y

sin
�

f(x) =
sinx

x
x → 0

f(−x) =
sin (−x)

−x
=

− sin x

−x
=

sin x

x
= f(x) ,

y
x → 0+ x ∈ (0, π2 )

△ABC P△ABC

ABC PkiABC △ABD P△ABD



1

0

y

x
1

x

xsin

xtg

A B

C

D

C�

x

|CC ′| = sinx , |BD| = tg x =
sinx

cos x
, |AB| = |AC| = 1 .

P△ABC =
|AB||CC ′|

2
=

1 · sinx
2

=
sinx

2
,

PkiABC = |AC|2π · x

2π
= 1 · x

2
=

x

2

P△ABD =
|AB||BD|

2
=

1 · tg x
2

=
sinx

2 cos x
.

P△ABC < PkiABC < P△ABD ⇒ sinx

2
<

x

2
<

sinx

2 cos x

/

· 2

sinx

⇒ 1 <
x

sinx
<

1

cos x

⇒ 1 >
sinx

x
> cos x .

x sinx > 0 cos x > 0
x → 0+

lim
x→0+

1 ≥ lim
x→0+

sinx

x
≥ lim

x→0+
cos x ⇒ 1 ≥ lim

x→0+

sinx

x
≥ cos 0 ⇒ 1 ≥ lim

x→0+

sinx

x
≥ 1 ,

lim
x→0+

sinx

x
= 1 .



f(x) = sinx/x

lim
x→0−

sinx

x
= 1 ,

lim
x→0

sinx

x
= 1 .

f(x) = ln(x+1)
x x → 0− x → 0+

1

5.0

0

y

x

x

x
y

)1ln( �
�

f(x) =
ln(x+ 1)

x
x → 0

limx→0
ex−1
x = 1

f(x) =
(
1 + 1

x

)x
x → ±∞

5

1

0

y

x

x

x
y �

�

�
�
�

� ��
1

1

2

3

4

e

f(x) = (1 + 1/x)x x → ±∞



(i) lim
x→+∞

2x2 − 3x

x2 + 4
(ii) lim

x→+∞
−2x+ 4

x3 + x− 3
(iii) lim

x→−∞
x3 + x+ 2

2x2 − 5

(iv) lim
x→0

sin 3x

sin 4x
(v) lim

x→1

ln(1 + x)− ln 2

x2 − 1
(vi) lim

x→0

ex − e−x

x

(vii) lim
x→+∞

(
x2 + 3

x2 − 2x

)x

(viii) lim
x→+∞

(
x− 3

x

)x

(ix) lim
x→0

(1 + sinx)
2
x

(x) lim
x→2

(
1− (x3 − 8)

) 1
x2−4

lim
x→+∞

2x2 − 3x

x2 + 4
= lim

x→+∞

x2
(
2− 3

x

)

x2
(
1 + 4

x2

) = lim
x→+∞

2− 3
x

1 + 4
x2

=

lim
x→+∞

(

2− 3

x

)

lim
x→+∞

(

1 +
4

x2

)

=
2− lim

x→+∞
3

x

1 + lim
x→+∞

4

x2

=
2− 0

1 + 0
= 2 .

lim
x→+∞

−2x+ 4

x3 + x− 3
= lim

x→+∞

x
(
−2 + 4

x

)

x
(
x2 + 1− 3

x

) = lim
x→+∞

−2 + 4
x

x2 + 1− 3
x

= 0 .

lim
x→−∞

x3 + x+ 2

2x2 − 5
= lim

x→−∞

x2
(
x+ 1

x + 2
x2

)

x2
(
2− 5

x2

) = lim
x→−∞

x+ 1
x + 2

x2

2− 5
x2

= −∞ .

limx→0
sinx
x = 1

lim
x→0

sin 3x

sin 4x
= lim

x→0

sin 3x
3x · 3x

sin 4x
4x · 4x

= lim
x→0

sin 3x
3x · 3

sin 4x
4x · 4

=
3 lim
x→0

sin 3x

3x

4 lim
x→0

sin 4x

4x

=
3 · 1
4 · 1 =

3

4
.



limx→0
ln(1+x)

x = 1

lim
x→1

ln(1 + x)− ln 2

x2 − 1
= lim

x−1→0

ln(1 + x)− ln 2

(x− 1)(x + 1)
= {t = x− 1 ⇒ x = t+ 1}

= lim
t→0

ln(1 + (t+ 1)) − ln 2

t((t+ 1) + 1)
= lim

t→0

ln(2 + t)− ln 2

t(t+ 2)

= lim
t→0

ln 2+t
2

t(t+ 2)
= lim

t→0

ln
�
1 + t

2

�

t(t+ 2)
= lim

t→0

ln
�
1 + t

2

�

t
2 · 2 · (t+ 2)

= lim
t→0

�

ln
�
1 + t

2

�

t
2

· 1

2 · (t+ 2)

�

= lim
t→0

ln
�
1 + t

2

�

t
2

· lim
t→0

1

2 · (t+ 2)
= 1 · 1

2 · (0 + 2)
=

1

4
.

limx→0
ex−1
x = 1

lim
x→0

ex − e−x

x
= lim

x→0

e−x
�
e2x − 1

�

x
= lim

x→0

2 e−x
�
e2x − 1

�

2x

= lim
x→0

�

2 e−x · e
2x − 1

2x

�

= 2 e0 · 1 = 2 · 1 · 1 = 2 .

limx→+∞
�
1 + 1

x

�x
= e

lim
x→+∞

�
x2 + 3

x2 − 2x

�x

= lim
x→+∞

�

1 +
x2 + 3

x2 − 2x
− 1

�x

= lim
x→+∞

�

1 +
x2 + 3− x2 + 2x

x2 − 2x

�x

= lim
x→+∞

�

1 +
2x+ 3

x2 − 2x

�x

= lim
x→+∞

�

1 +
1

x2−2x
2x+3

�x

= lim
x→+∞

�

1 +
1

x2−2x
2x+3

�x2−2x
2x+3

· 2x+3
x2−2x

·x

= lim
x→+∞






�

1 +
1

x2−2x
2x+3

�x2−2x
2x+3






2x2+3x

x2−2x

=




 lim

x→+∞

�

1 +
1

x2−2x
2x+3

�x2−2x
2x+3






limx→+∞
2x2+3x
x2−2x

= e2 ,



lim
x→+∞

2x2 + 3x

x2 − 2x
= lim

x→+∞

x2
(
2 + 3

x

)

x2
(
1− 2

x

) = lim
x→+∞

2 + 3
x

1− 2
x

= 2 .

limx→+∞
(
1− 1

x

)x
= 1

e

lim
x→+∞

(
x− 3

x

)x

= lim
x→+∞

(

1− 3

x

)x

= lim
x→+∞

(

1− 1
x
3

)x
3
·3
= lim

x→+∞

((

1− 1
x
3

)x
3

)3

=
1

e3
.

limx→0(1 + x)
1
x = e limx→0

sinx
x = 1

lim
x→0

(1 + sinx)
2
x = lim

x→0
(1 + sinx)

1
sin x

·sinx· 2
x = lim

x→0

(

(1 + sinx)
1

sinx

)2· sinx
x

= e2·1 = e2 .

limx→0(1− x)
1
x = 1

e

lim
x→2

(
1− (x3 − 8)

) 1
x2−4 = lim

x−2→0

(
1− (x− 2)(x2 + 2x+ 4)

) 1
(x−2)(x+2)

= {t = x− 2 ⇒ x = t+ 2}

= lim
t→0

(
1− t((t+ 2)2 + 2(t+ 2) + 4)

) 1
t((t+2)+2)

= lim
t→0

(
1− t(t2 + 6t+ 12)

) 1
t(t+4)

= lim
t→0

(
1− t(t2 + 6t+ 12)

) 1
t(t2+6t+12)

· t
2+6t+12

t+4

= lim
t→0

(
(
1− t(t2 + 6t+ 12)

) 1
t(t2+6t+12)

) t2+6t+12
t+4

=

(
1

e

) 02+6·0+12
0+4

=
1

e3
.

�

f y = n
n = L

lim
x→−∞

f(x) = n, lim
x→+∞

f(x) = n.



f x = x0 x0

lim
x→x−

0

f(x) = −∞ (slika 9.6 b)), lim
x→x−

0

f(x) = +∞ (slika 9.6 a)),

lim
x→x+

0

f(x) = −∞ (slika 9.5 b)), lim
x→x+

0

f(x) = +∞ (slika 9.5 a)).

(a, b) [a, b) (a, b] [a, b] a b
(−∞, b) (−∞, b] b (a,+∞) [a,+∞)
a

f y = kx+n k ∈ R\{0}
n ∈ R

k = lim
x→−∞

f(x)

x
, n = lim

x→−∞
(f(x)− k x) (slika 9.12 a))

k = lim
x→+∞

f(x)

x
, n = lim

x→+∞
(f(x)− k x) (slika 9.12 b)) .

)a

y

x

y

x

)b

y

x

y

x

±∞

f(x) = Pm(x)
Qn(x)

Pm(x) =

amxm + am−1x
m−1 + · · · + a1x + a0 am �= 0 Qn(x) = bnx

n + bn−1x
n−1 + · · · + b1x + b0

bn �= 0

m ≤ n x → ±∞ y = 0
m < n y = am/bn m = n

m = n+ 1 x → ±∞

m > n+ 1

x0 Qn(x0) = 0 x = x0

x → +∞ x →
−∞ x → +∞ x → −∞

x0 f(x0) f a
x → +∞ x → −∞

b



)a )b

y

x
0x

y

x
0x

a x → +∞ x → −∞ b
x → −∞ x → +∞

x → +∞ x → −∞

(i) f(x) =
x2 − x

x3 + 1
, (ii) f(x) =

x3 + x

x2 − 1
, (iii) f(x) =

2x2 − 5

3x2 + 4
.

x3 + 1 �= 0 ⇒ x3 �= −1 ⇒ x �= −1 ⇒ D =
R \ {−1} x = −1

lim
x→−1−

x2 − x

x3 + 1
= −∞

(−1)2 − (−1) = 2

x → −1− ⇒ x < −1 ⇒ x3 < (−1)3 = −1 ⇒ x3 + 1 < 0,

x2−x
x3+1

−∞

lim
x→−1+

x2 − x

x3 + 1
= +∞

x → −1+ ⇒ x > −1 ⇒ x3 > −1 ⇒ x3 + 1 > 0,

x2−x
x3+1

+∞
x = −1

lim
x→±∞

x2 − x

x3 + 1
= lim

x→±∞

x2
(
1− 1

x

)

x2
(
x+ 1

x

) = lim
x→±∞

1− 1
x

x+ 1
x

= 0 ,

y = 0 x → ±∞



x2−1 �= 0 x �= ±1 D = R\{−1, 1}

lim
x→−1−

x3 + x

x2 − 1
= −∞ , lim

x→−1+

x3 + x

x2 − 1
= +∞ , lim

x→1−

x3 + x

x2 − 1
= −∞ , lim

x→1+

x3 + x

x2 − 1
= +∞ .

x = −1 x = 1 y = kx + n
k �= 0

k = lim
x→±∞

f(x)

x
= lim

x→±∞

x3+x
x2−1

x
= lim

x→±∞
x3 + x

x3 − x
= lim

x→±∞

x3
(
1 + 1

x2

)

x3
(
1− 1

x2

) = lim
x→±∞

1 + 1
x2

1− 1
x2

= 1 .

n

n = lim
x→±∞

(f(x)−k x) = lim
x→±∞

(
x3 + x

x2 − 1
− x

)

= lim
x→±∞

x3 + x− x3 + x

x2 − 1
= lim

x→±∞
2x

x2 − 1
= 0 ,

y = x x → ±∞
3x2+4 > 0 x

lim
x→±∞

2x2 − 5

3x2 + 4
= lim

x→±∞

x2
(
2− 5

x2

)

x2
(
3 + 4

x2

) = lim
x→±∞

2− 5
x2

3 + 4
x2

=
2

3
.

y = 2
3 x → ±∞ �

f(x) = x2 a g(x) =

{
x2, x ≤ 2,
3, x > 2,

b

x = 2

y

2)( xxf �

x
0

)a )b

y

x
0 2

4

3

�
�
�

�

�
�

.2,3

,2,
)(

2

x

xx
xg

f g x = 2



f(2) = g(2) = 4

f(x) g(x) |x− 2| |f(x)− f(2)| |g(x) − g(2)|
x = 2.1 4.41 3 0.1 0.41 1
x = 2.01 4.0401 3 0.01 0.0401 1
x = 2.001 4.004001 3 0.001 0.004001 1
x = 2.0001 4.00040001 3 0.0001 0.00040001 1

x f(x)
g(x) |g(x)− g(2)| = 1 x > 2 f

g x = 2

f : D → R x0 ∈ D

(∀ ε > 0)(∃δ = δ(ε, x0) > 0)(∀x ∈ D)(|x− x0| < δ ⇒ |f(x)− f(x0)| < ε) .

0x ��0x��0x
x

y

)( 0 ��xf

)( 0 ��xf

0

)(xfy �

)( 0xf

��)( 0xf

��)( 0xf

f x0

f : D → R x0 ∈ D
f : D → R [a, b] ⊆ D

(a, b)

lim
x→a+

f(x) = f(a) lim
x→b−

f(x) = f(b).

s(x) = x R ε > 0
x0 ∈ R |x− x0| < δ

|s(x)− s(x0)| = |x− x0| < δ = ε .

ε > 0 x0 ∈ R δ = ε s(x) = x
R



f(x) = x2 R

ε > 0 x0 ∈ R |x− x0| < δ

|f(x)−f(x0)| = |x2−x20| = |x−x0||x+x0| < δ|x+x0| = δ|x−x0+2x0| ≤ δ(|x−x0|+2|x0|) .
δ(|x− x0|+ 2|x0|) < δ(δ + 2|x0|) δ(δ + 2|x0|) = ε

δ2 + 2|x0|δ − ε = 0 ⇒ δ = −|x0|+
√

x20 + ε .

ε > 0 x0 ∈ R δ
f(x) = x2 R

g(x) =

{
x2, x ≤ 2,
3, x > 2,

x0 = 2

x �= 2 g(x) x0 = 2

(∃ε > 0)(∀ δ = δ(ε, x0) > 0)(∃x ∈ D)(|x− x0| < δ ∧ |g(x) − g(x0)| ≥ ε) .

ε = 1/2 x = 2+ δ/2 |x−x0| = |2+ δ/2− 2| < δ |g(x)− g(x0)| = |g(2+ δ/2)−
g(2)| = |3− 4| = 1 > 1/2 g(x) x0 = 2

y

x
0 2

4

3

�
�
�

�

�
�

.2,3

,2,
)(

2

x

xx
xg

5.3

5.4

��2��2

2
2

�
��x

)(xg

)( 0xg

0x

g(x) x0 = 2

�

f : D → R x0 D f x = x0

lim
x→x0

f(x) = f(x0)

L = f(x0)

f(x) g(x) x = x0 x = x0
f(x) ± g(x) f(x) · g(x) f(x)/g(x) g(x0) �= 0

(f ◦ g)(x) = f(g(x))



a, b ∈ R a < b f : D → R

[a, b] ⊆ D

y

x
minx

maxx

minf

maxf

a b

xmin, xmax ∈ [a, b] f(x) x ∈ [a, b]
fmin = f(xmin) fmax = f(xmax)

f(x) [a, b] f(a) �= f(b) f(x)
[a, b]

y

x

y

xa �

)(af

)(bf

b

)a )b

)(af

)(bf

a b

f(a) < c < f(b) f(b) < c < f(a) α ∈ (a, b)
f(α) = c f(a) f(b) < 0
α ∈ (a, b) f(α) = 0 b

f(x) = 0



f : [a, b] → R f(a) · f(b) < 0

f

(
a+ b

2

)

= 0
[

a,
a+ b

2

] [
a+ b

2
, b

]

f(a) · f
(
a+ b

2

)

< 0

[

a,
a+ b

2

]

[a1, b1] [a1, b1] =

[
a+ b

2
, b

]

[a1, b1]

[a, b] b1 − a1 =
b− a

2

a1 + b1
2

f

(
a1 + b1

2

)

= 0
[

a1,
a1 + b1

2

] [
a1 + b1

2
, b1

]

f(a1) · f
(
a1 + b1

2

)

< 0 [a2, b2] =

[

a1,
a1 + b1

2

]

[a2, b2] =

[
a1 + b1

2
, b1

]

[a2, b2]

[a1, b1] b2 − a2 =
b1 − a1

2
=

b− a

22

[a, b] ⊃ [a1, b1] ⊃ [a2, b2] ⊃ . . . bn − an =
b− a

2n
n

lim
n→+∞

(bn − an) = lim
n→+∞

b− a

2n
= 0 .

a1 ≤ a2 ≤ a3 ≤ . . . b1 ≥ b2 ≥ b3 ≥ . . . (an)n∈mN

(bn)n∈mN

lim
n→+∞

an = ξ = lim
n→+∞

bn .

f(ξ) = 0 n ∈ N f(an) · f(bn) < 0

lim
n→+∞

(f(an) · f(bn)) ≤ 0 ⇒ (f(ξ) · f(ξ)) ≤ 0 ⇒ (f(ξ))2 ≤ 0 ⇒ f(ξ) = 0 .

|ξ− a1| < b1− a1 =
b− a

2
|ξ− a2| < b2− a2 =

b− a

22

n ∈ N |ξ− an| <
b− a

2n
ε > 0 n0 ∈ N

|ξ − an| < ε , n ≥ n0.

f(x) = x2 − 2 [1, 2]
ε = 0.01

a0 = a = 1 b0 = b = 2 n0 ∈ N n ≥ n0

b− a

2n
≤ b− a

2n0
< ε ⇒ 2n0

b− a
>

1

ε
⇒ 2n0 >

b− a

ε
⇒ n0 >

ln b−a
ε

ln 2
.

n0 >
ln 2−1

0.01

ln 2
=

ln 100

ln 2
= 6.64 ⇒ n0 = 7 .



n an (an + bn)/2 bn |an+bn
2 −

√
2| f(an) f(an+bn

2 ) f(bn)

0 1 1.5 2 0.08579 −1 0.25 2
1 1 1.25 1.5 0.16421 −1 −0.4375 0.25
2 1.25 1.375 1.5 0.03921 −0.4375 −0.10938 0.25
3 1.375 1.4375 1.5 0.02329 −0.10938 0.06641 0.25
4 1.375 1.40625 1.4375 0.00796 −0.10938 −0.02246 0.06641
5 1.40625 1.42188 1.4375 0.00766 −0.02246 0.02173 0.06641
6 1.40625 1.41406 1.42188 0.00015 −0.02246 −0.00043 0.02173
7 1.41406 1.41797 1.42188 0.00376 −0.00043 0.01064 0.02173

x = 1.41797 �

tg x =
1

x
x ∈ [π/4, π/3] ε = 0.0001

f(x) = tg x− 1

x

n0 >
ln

π
3
−π

4
0.0001

ln 2
=

π
12 ln 10000

ln 2
= 11.35 ⇒ n0 = 12 .

n an (an + bn)/2 bn f(an) f(an+bn
2 ) f(bn)

0 0.78540 0.91630 1.04720 −0.27324 0.21188 0.77712
1 0.78540 0.85085 0.91630 −0.27324 −0.03501 0.21188
2 0.85085 0.88357 0.91630 −0.03502 0.08674 0.21188
3 0.85085 0.86721 0.88357 −0.03502 0.02552 0.08674
4 0.85085 0.85903 0.86721 −0.03502 −0.00483 0.02552

11 0.86031 0.86037 0.86044 −0.00010 0.00014 0.00038
12 0.86031 0.86034 0.86037 −0.00010 0.00002 0.00014

x = 0.86031 �

f(x)

limx→x0 f(x) = L L �= f(x0)

limx→x−
0
f(x) = L1 limx→x+

0
f(x) = L2 L1 �= L2



f(x) =







x2 + 2x− 8

x− 2
, x �= 2,

5, x = 2 .

x = 2

lim
x→2

x2 + 2x− 8

x− 2
= lim

x→2

(x+ 4)(x− 2)

x− 2
= lim

x→2

x+ 4

1
= 6 �= 5 = f(2) .

x = 2 f(2) = 6

g(x) =

�
x2, x ≤ 2,
3, x > 2,

x = 2

lim
x→2−

f(x) = 4 �= 3 = lim
x→2+

f(x) .

h(x) =

�
1
x , x �= 0,
1, x = 0,

limx→0− f(x) = −∞ limx→0+ f(x) = +∞

x = 0

�

y = x2 x → 2 y → 4 δ |x− 2| < δ
|y − 4| < ε = 0.001 δ < 0.00025

y = x2−1
x2+1

x → 2 y → 3
5 δ |x − 2| < δ

|y − 3
5 | < ε = 0.1 δ < 2−

√
3

L = lim
x→+∞

3x3 + 2x+ 5

2x3 − x2 + 4
L = 3/2

L = lim
x→−∞

2x+
√
x2 + 3

5x+ 4
√
x4 + x2

L = 1/2

L = lim
x→+∞

3x2 − 4x2 + 7

x3 − 3x+ 3
L = 0



L = lim
x→+∞

4x4 + 2x2 + x+ 1

3x3 − 3x2 + x− 1
L = +∞

L = lim
x→+∞

(

x−
√

x2 − 4x
)

L = 2

L = lim
x→−1

x3 + x2 + x+ 1

x3 + 7x2 + 11x+ 5

L = lim
x→4

x3 − 5x2 + 4x

x2 − 2x− 8
L = 2

L = lim
x→0

3x3 − 3x2 + 2 sinx+ 8x6

3x5 + sin2 x+ 4x− 7x8
L = 1/2

L = lim
x→0

ln(1 + sinx)

x
L = 1

L = lim
x→2

√
2x+ 1−

√
3x− 1√

x−
√
2

L = −
√
2/
√
5

L = lim
x→4

√
1 + 2x− 3√
x−

√
2

L = 4/3

L = lim
x→3

√
3 + 2x− 3

√
27

3− x
L = −1/3

lim
x→π

√
1− tg x−√

1 + tg x

sin 2x
L = −1/2

lim
x→0

1− cosx

x
L = 0

L = lim
x→3+

1

x− 3
L = +∞

L = lim
x→0−

(√

(−x)5 + ln(1 + x)
)

L = 0

L = lim
x→0−

1

1 + e
1
x

L = 1

L = lim
x→0−

1

1 + e−
1
x

L = 0

f(x) =
x2 − 5x+ 7

x− 2

f(x) =
x3

x2 − 1

f(x) =
x

1 + e1/x



x3 − 6x+ 3 = 0 (1/2, 1) x1
x1 ≈ 0.52

x5− 3x− 1 = 0 (1, 2) x1
x1 ≈ 1.39

λ y = x ∈ R λ = 2

y =







− 1
x , x < 0,
1, 0 ≤ x ≤ 1,
x, 1 < x ≤ 2,
3, 2 < x ≤ 3,

2x2−18
x2−3x

, x > 3.

x ∈ [−2, 2] y =







(x+ 1)e−2/x, x < 0,
0, x = 0,

x+ 1, x > 0,
f(−2) f(2)

y =







1− x2, x < 0,
a, x = 0,

1 + x, x > 0.
a

x = 0 a = 1

f(x) = arctg
1

x− 1
x = 1 f(1)

x = 1



x

t

)(tx

x

t

)(tx

x

t

)(tx

)a )b )c

x(t) t



(x0, f(x0))
(x0 + h, f(x0 + h)) h > 0

f(x0 + h)− f(x0)

x0 + h− x0
=

f(x0 + h)− f(x0)

h
.

x

y

0

)(xfy �

0x hx �0

)( 0xf

)( 0 hxf �

(x0, f(x0)) f(x) (x0 +
h, f(x0 + h)) h > 0

h → 0 x0

lim
h→0

f(x0 + h)− f(x0)

h
.

x0

f : (a, b) → R x0 ∈ (a, b) f
x0

f ′(x0) = lim
h→0

f(x0 + h)− f(x0)

h

x = x0
(a, b)

[a, b]
(a, b) a

lim
h→0+

f(a+ h)− f(a)

h
.

b

lim
h→0−

f(b+ h)− f(b)

h
.



x = x0

f x = x0

f ′
−(x0) = lim

h→0−

f(x0 + h)− f(x0)

h
.

f x = x0

f ′
+(x0) = lim

h→0+

f(x0 + h)− f(x0)

h
.

f ′
−(x0) = f ′

+(x0)
x = x0

(c)′ = 0 c

(xn)′ = nxn−1 n ∈ N x ∈ R \ {0}

(xα)′ = αxα−1 α ∈ R \ {0} x > 0

(sinx)′ = cos x x ∈ R

(cos x)′ = − sinx x ∈ R

(tg x)′ =
1

cos2 x
x ∈ R \

{π

2
+ kπ, k ∈ Z

}

(ctg x)′ = − 1

sin2 x
x ∈ R \ {kπ, k ∈ Z}

(ax)′ = ax ln a a > 0 a �= 1 x ∈ R

(ex)′ = ex

(loga x)
′ =

1

x ln a
a > 0 a �= 1 x > 0

(ln x)′ =
1

x
x > 0

(arcsin x)′ =
1√

1− x2
|x| < 1

(arccos x)′ =
−1√
1− x2

|x| < 1

(arctg x)′ =
1

1 + x2
x ∈ R

(arcctg x)′ =
−1

1 + x2
x ∈ R



(x3)′ = 3x2 f(x) = x3

f ′(x) = lim
h→0

f(x+ h)− f(x)

h
= lim

h→0

(x+ h)3 − x3

h
= lim

h→0

x3 + 3x2h+ 3xh2 + h3 − x3

h

= lim
h→0

3x2h+ 3xh2 + h3

h
= lim

h→0

h(3x2 + 3xh+ h2)

h
= lim

h→0

3x2 + 3xh+ h2

1
= 3x2 .

(sinx)′ = cos x f(x) = sinx

f ′(x) = lim
h→0

sin(x+ h)− sinx

h
= lim

h→0

sinx cos h+ sinh cos x− sinx

h

= lim
h→0

−(1− cos h) sin x+ sinh cos x

h
= lim

h→0

−2 sin2 h
2 sinx+ sinh cos x

h

= − lim
h→0

sin2 h
2 sinx
h
2

+ lim
h→0

sinh cos x

h

= − sinx lim
h→0

h
2 sin

2 h
2

(
h
2

)2 + cos x lim
h→0

sinh

h

= − sinx · (0 · 1) + cos x · 1 = cos x .

lim
t→0

sin t

t
= 1 1− cosα = 2 sin2(α/2)

(lnx)′ = 1
x x > 0 f(x) = lnx

f ′(x) = lim
h→0

ln(x+ h)− lnx

h
= lim

h→0

ln x+h
x

h
= lim

h→0

ln
(
1 + h

x

)

h
= lim

h→0

ln
(
1 + h

x

)

x · h
x

=
1

x
lim
h→0

ln
(
1 + h

x

)

h
x

=
1

x
.

lim
t→0

ln(1 + t)

t
= 1

x = x0
x = x0

f ′(x0) = lim
h→0

f(x0 + h)− f(x0)

h
,

x = x0

lim
x→x0

f(x) = f(x0) ⇔ lim
x−x0→0

f(x0 + x− x0) = f(x0) ⇔ lim
h→0

f(x0 + h) = f(x0) ,

x− x0 = h

lim
h→0

(f(x0 + h)− f(x0)) = lim
h→0

f(x0 + h)− f(x0)

h
· h = f ′(x0) · lim

h→0
h = 0 .



x = x0

f(x) = |x| =
{

x, x ≥ 0,
−x, x < 0,

x = 0

y

x
0

0,)( ��� xxxf 0,)( �� xxxf

0)0( �f

f(x) = |x|

x = 0

lim
x→0−

f(x) = lim
x→0−

(−x) = 0 , lim
x→0+

f(x) = lim
x→0+

x = 0 .

limx→0− f(x) = limx→0+ f(x) = 0 = f(0)
x = 0

f ′
−(0) = lim

h→0−

f(0 + h)− f(0)

h
= lim

h→0−

f(h)− f(0)

h
= lim

h→0−

−h− 0

h
= lim

h→0−
(−1) = −1

f ′
+(0) = lim

h→0+

f(0 + h)− f(0)

h
= lim

h→0+

f(h)− f(0)

h
= lim

h→0+

h− 0

h
= lim

h→0+
1 = 1 .

f ′
−(0) �= f ′

+(0) x = 0

f (a, b) x, x+ h ∈ (a, b)

f ′(x) = lim
h→0

f(x+ h)− f(x)

x+ h− x
.

x + h − x = h = ∆x ∆y = f(x + h) − f(x)

f ′(x) = lim
∆x→0

∆y

∆x
⇔ lim

∆x→0

(
∆y

∆x
− f ′(x)

)

= 0 ⇔ lim
∆x→0

∆y − f ′(x)∆x

∆x
= 0.



∆y − f ′(x)∆x = ϕ(∆x)∆x ,

lim
∆x→0

ϕ(∆x) = 0

∆y = f ′(x)∆x+ ϕ(∆x)∆x ⇒ ∆y ≈ f ′(x)∆x ,

∆x → 0 y = f(x) x f ′(x)∆x

f ′(x) ≈ ∆y

∆x
.

y = x2 ∆x ∈ {0.1, 0.01, 0.001, 0.0001}
x = 1 ∆y/∆x f ′(x)

f ′(x) = 2x f ′(1) = 2

y = x2 x = 1 ∆x ∈ {0.1, 0.01, 0.001, 0.0001} ∆y/∆x
f ′(x)

x ∆x ∆y = (x+∆x)2 − x2 ∆y/∆x f ′(x)

�

f dx = ∆x
y = f(x) dy = f ′(x) dx

dy D C ∆y
A C

y = sinx+ x5

f(x) = sinx+x5 f ′(x) = cos x+5x4 dy = (cos x+5x4) dx �



f

x

y

0

)(xfy �

x hx �

)(xf

)( hxf �

� �

dxhxhxx ������

)()( xfhxfy ����

A

B

dy

C

D

�

h > 0 h < 0 x x x+h
f(x) f(x+h) ∆x = (x+h)−x = h

∆y = f(x + h) − f(x) A A(x + h, f(x + h))
B(x, f(x)) C(x+ h, f(x)) △ABC ∠ABC α

tgα =
|AC|
|BC| =

∆y

∆x
.

h = ∆x → 0 A f B
A B f x α β

tg β = lim
∆x→0

tgα = lim
∆x→0

∆y

∆x
= f ′(x) .

f x
f x x
f (x0, y0) t : y− y0 = f ′(x0)(x− x0)

(x0, y0) n : y − y0 = − 1
f ′(x0)

(x− x0), f
′(x0) �= 0 y0 = f(x0)



x

y

0

)(xfy �

0x

)( 00 xfy �

tn

f (x0, y0)

f(x) = x2 (1, f(1))

f(1) = 1 (x0, y0) = (1, 1) f ′(x) = 2x
f ′(x0) = f ′(1) = 2

t : y − 1 = 2(x− 1) ⇒ y = 2x− 1 ,

n : y − 1 = −1

2
(x− 1) ⇒ y = −1

2
x+

3

2
,

y

x
0 1 2 3

1

2

1�

1�2�

2xy �

2

3

2

1
: ��� xyn

12: �� xyt

f(x) = x2 (1, 1)

�



lim
x→0

ex − 1

x
= 1

f(x) = ax a > 0 a �= 1

f ′(x) = lim
h→0

f(x+ h)− f(x)

h
= lim

h→0

ax+h − ax

h
= lim

h→0

ax · ah − ax

h

= lim
h→0

ax
(
ah − 1

)

h
= ax lim

h→0

ah − 1

h
.

f ′(0) = a0 lim
h→0

ah − 1

h
= lim

h→0

ah − 1

h
⇒ f ′(x) = ax f ′(0) .

(ah− 1)/h a = 2 a = 3
h h → 0

(ah − 1)/h a = 2 a = 3 h

h (2h − 1)/h (3h − 1)/h

f ′(0) ≈

a f ′(0) = 1
e a = e

1 = f ′(0) = lim
h→0

eh − 1

h
⇒ f ′(x) = ex · f ′(0) = ex · 1 = ex ,

f(x) = ex

(0, 1) x π/4
f ′(0) = e0 = 1 �

1

5.0

0

y

x

x

e
y

x 1�
�

f(x) = (ex − 1)/x x → 0



(c · f(x))′ = c · f ′(x) c

(c · f(x))′ = lim
h→0

c · f(x+ h)− c · f(x)
h

= c · lim
h→0

f(x+ h)− f(x)

h
= c · f ′(x).

(c · f(x))′

(5 sin x)′ = 5 (sin x)′ = 5cos x

(−3 ln x)′ = −3 (lnx)′ = −3

x

(2 arctg x)′ = 2 (arctg x)′ =
2

1 + x2

�

(f(x)± g(x))′ = f ′(x)± g′(x)

(f(x)± g(x))′ = lim
h→0

(f(x+ h)± g(x+ h))− (f(x)± g(x))

h

= lim
h→0

(f(x+ h)− f(x))± (g(x + h)− g(x))

h

= lim
h→0

f(x+ h)− f(x)

h
± lim

h→0

g(x+ h)− g(x)

h

= f ′(x)± g′(x) .

(ex + cos x)′ = (ex)′ + (cos x)′ = ex − sinx

(2 tg x−arcsin x+5x3)′ = 2(tg x)′−(arcsin x)′+5(x3)′ =
2

cos2 x
− 1√

1− x2
+15x2

(
5
√
x3 + 3x − 5

x
+ 10)′ = (x3/5)′ + (3x)′ − 5(x−1)′ + (10)′ =

3

5
x−2/5 + 3x ln 3 +

5

x2

�



(f(x) · g(x))′ = f ′(x) · g(x) + f(x) · g′(x)

(f(x) · g(x))′ = lim
h→0

f(x+ h) · g(x+ h)− f(x) · g(x)
h

= lim
h→0

f(x+h)·g(x+h)−f(x)·g(x+h)+f(x)·g(x+h)−f(x)·g(x)
h

= lim
h→0

f(x+ h)− f(x)

h
· g(x+ h) + f(x) · lim

h→0

g(x+ h)− g(x)

h

= f ′(x) · g(x) + f(x) · g′(x) .

(x2 · log4 x)′ = (x2)′ · log4 x+x2 ·(log4 x)′ = 2x · log4 x+x2 · 1

x ln 4
= 2x · log4 x+

x

ln 4

(ctg x·ex)′ = (ctg x)′ ·ex+ctg x·(ex)′ = −1

sin2 x
·ex+ctg x·ex = ex

(

ctg x− 1

sin2 x

)

�

(
f(x)

g(x)

)′
=

f ′(x) · g(x) − f(x) · g′(x)
g2(x)

(
f(x)

g(x)

)′
= lim

h→0

f(x+h)
g(x+h) −

f(x)
g(x)

h
= lim

h→0

f(x+h)g(x)−f(x)g(x+h)
g(x+h)g(x)

h

= lim
h→0

f(x+ h)g(x) − f(x)g(x)− f(x)g(x+ h) + f(x)g(x)

h g(x+ h)g(x)

= lim
h→0

f(x+h)−f(x)
h · g(x) − f(x) · g(x+h)−g(x)

h

g(x+ h)g(x)

=
f ′(x) · g(x)− f(x) · g′(x)

g2(x)
.

(cosx

x4

)′
=

(cosx)′x4 − cosx(x4)′

(x4)2
=

− sinx · x4 − cosx · 4x3

x8
=

−x sinx− 4 cosx

x5

(
ex + 3

√
x

lnx

)′

=
(ex + 3

√
x)′ lnx− (ex + 3

√
x)(ln x)′

(lnx)2

=

(

ex + 3
2
√
x

)

lnx− (ex + 3
√
x) 1

x

ln2 x

=
ex

(
lnx− 1

x

)
+ 3

2
√
x
lnx− 3

√
x

x

ln2 x
.

�



(f(g(x))′ = f ′(g(x)) · g′(x) ∆g =
g(x+ h)− g(x)

(f(g(x))′ = lim
h→0

f(g(x+ h))− f(g(x))

h

= lim
h→0

f(g(x) + ∆g)− f(g(x))

∆g
· ∆g

h

= lim
h→0

f(g(x) + ∆g)− f(g(x))

g(x+ h)− g(x)
· g(x+ h)− g(x)

h

= f ′(g(x)) · g′(x)

(sin(5x))′ = cos(5x) · (5x)′ = 5 cos(5x)

(e3x)′ = e3x · (3x)′ = 3 e3x

(arcsin(x2019))′ =
1

√

1− (x2019)2
· (x2019)′ = 2019x2018√

1− x4038

((arcsin x)2019)′ = 2019 (arcsin x)2018 · (arcsin x)′ = 2019 arcsin2018 x√
1− x2

(
√

1 + x2)′ =
1

2
√
1 + x2

· (1 + x2)′ =
2x

2
√
1 + x2

=
x√

1 + x2

(

arctg
2x

1− x2

)′
=

1

1 +
(

2x
1−x2

)2 ·
(

2x

1− x2

)′

=
1

1 + 4x2

(1−x2)2

· 2 · x
′(1− x2)− x(1− x2)′

(1− x2)2

= 2 · 1
(1−x2)2+4x2

(1−x2)2

· 1 · (1− x2)− x · (−2x)

(1− x2)2

= 2 · (1− x2)2

1− 2x2 + x4 + 4x2
· 1− x2 + 2x2

(1− x2)2

= 2 · 1 + x2

1 + 2x2 + x4
= 2 · 1 + x2

(1 + x2)2
=

2

1 + x2
.

�



y = f(x) (a, b) f−1

f−1(y) = x

f−1(y) = f−1(f(x)) = x ⇒ (f−1(f(x)))′ = 1 ⇒ (f−1)′(f(x)) · f ′(x) = 1

⇒ (f−1)′(f(x)) =
1

f ′(x)
⇒ (f−1)′(y) =

1

f ′(f−1(y))
.

y → x

(f−1)′(x) =
1

f ′(f−1(x))
.

arcsinx

f(x) = sinx f−1(x) = arcsin x

(f−1(x))′ =
1

f ′(f−1(x))
=

1

cos(arcsin x)
=

1
√

1− (sin(arcsinx))2
=

1√
1− x2

.

sin2 α+ cos2 α = 1 �

arctg x

f(x) = tg x f−1(x) = arctg x

(f−1(x))′ =
1

f ′(f−1(x))
= cos2(arctg x) =

cos2(arctg x)

cos2(arctg x) + sin2(arctg x)

=
1

cos2(arctg x)
cos2(arctg x)

+ sin2(arctg x)
cos2(arctg x)

=
1

1 + (tg(arctg x))2
=

1

1 + x2
.

�

arccos x arcctg x

h(x) g(x)
(a, b) f(x) = h(x)g(x)

f(x) = h(x)g(x) ⇒ ln f(x) = lnh(x)g(x) ⇒ ln f(x) = g(x) lnh(x)

⇒ (ln f(x))′ = (g(x) lnh(x))′

⇒ f ′(x)

f(x)
= g′(x) lnh(x) + g(x) (ln h(x))′

⇒ f ′(x) = f(x) ·
(

g′(x) lnh(x) + g(x)
h′(x)

h(x)

)

.



f(x) = xx

f(x) = xx ⇒ ln f(x) = x lnx ⇒ f ′(x)

f(x)
=

(

lnx+ x · 1
x

)

⇒ f ′(x) = xx (lnx+ 1) .

�

f(x) = (ln x)sinx

ln f(x) = sinx ln(lnx) ⇒ f ′(x) = (ln x)sinx

(

cos x ln(lnx) + sinx · 1

lnx
· 1
x

)

.

�

y = f(x) x ∈ (a, b)
x = ψ(t) y = φ(t) t ∈ (t1, t2) ψ(t) y = φ(t)

(t1, t2) f

f ′
x(x(t)) =

φ′
t(t)

ψ′
t(t)

, ψ′
t(t) �= 0 , t ∈ (t1, t2) .

f ′(x) =
dy

dx
=

dy
dt
dx
dt

=
y′(t)

x′(t)
.

x(t) = 3 sin t y = 2 sin 2t t ∈ (0, 2π)

x(t) = 16 sin3 t y = 13 cos t− 5 cos 2t− 2 cos 3t− cos 4t t ∈ (0, π)

x′(t) = 3 cos t y′ = 4cos 2t

f ′
x(x(t)) =

4 cos 2t

3 cos t
.

x′(t) = 48 sin2 t cos t y′ = −13 sin t+ 10 sin 2t+ 6 sin 3t+ 4 sin 4t

f ′
x(x(t)) =

−13 sin t+ 10 sin 2t+ 6 sin 3t+ 4 sin 4t

48 sin2 t cos t
.

�



f f ′ (a, b)
f x0 ∈ (a, b)

f x0 f ′(x) x0
f ′′(x0)

n f x0
f ′′′(x0) f (4)(x0) f (n)(x0)

f(x) = 5x3 − 2x2 + 6x− 8 x ∈ R

f ′(x) = (5x3 − 2x2 + 6x− 8)′ = 15x2 − 4x+ 6

f ′′(x) = (15x2 − 4x+ 6)′ = 30x− 4

f ′′′(x) = (30x− 4)′ = 30

f (4)(x) = (30)′ = 0

f(x) = ln(3x+ 2)− e−2x +
1

x
x ∈ (−2/3, 0) ∪ (0,+∞)

f ′(x) =

(

ln(3x+ 2)− e−2x +
1

x

)′
=

3

3x+ 2
+ 2e−2x − 1

x2

f ′′(x) =

(
3

3x+ 2
+ 2e−2x − 1

x2

)′
=

−9

(3x+ 2)2
− 4e−2x +

2

x3

f ′′′(x) =

( −9

(3x+ 2)2
− 4e−2x +

2

x3

)′
=

54

(3x+ 2)3
+ 8e−2x − 6

x4

f (4)(x) =

(
54

(3x+ 2)3
+ 8e−2x − 6

x4

)′
=

−486

(3x+ 2)4
− 16e−2x +

24

x5

�

n n ∈ N

f(x) = ex x ∈ R

f(x) = ex f ′(x) = f ′′(x) = · · · =
f (n)(x) = ex x n ∈ N



f(x) = sinx x ∈ R

f ′(x) = cos x f ′′(x) = − sinx f ′′′(x) = − cos x f (4)(x) = sinx
f (5)(x) = cos x = f ′(x) k ∈ N0 x ∈ R

f (4k+1)(x) = cos x , f (4k+2)(x) = − sinx , f (4k+3)(x) = − cos x , f (4k+4)(x) = sinx .

f(x) = cos x x ∈ R

f ′(x) = − sinx f ′′(x) = − cos x f ′′′(x) = sinx f (4)(x) = cos x
f (5)(x) = − sinx = f ′(x) k ∈ N0

x ∈ R

f (4k+1)(x) = − sinx , f (4k+2)(x) = − cos x , f (4k+3)(x) = sinx , f (4k+4)(x) = cos x .

f(x) =
1

x
x ∈ R \ {0}

f ′(x) = − 1

x2
f ′′(x) =

2

x3
f ′′′(x) = − 6

x4
f (4)(x) =

24

x5

f (n)(x) = (−1)n
n!

xn+1
n ∈ N x ∈ R \ {0}

f(x) = ln(1 + x) x ∈ (−1,+∞)

f ′(x) =
1

x+ 1
f ′′(x) = − 1

(x+ 1)2
f ′′′(x) =

2

(x+ 1)3
f (4)(x) =

− 6

(x+ 1)4
f (n)(x) = (−1)n−1 (n − 1)!

(x+ 1)n
n ∈ N x ∈ (−1,+∞)

�

f (a, b) x, x+ h ∈ (a, b)

f ′′(x) = lim
h→0

f ′(x+ h)− f ′(x)

h

= lim
h→0

f(x+2h)−f(x+h)
h − f(x+h)−f(x)

h

h

= lim
h→0

f(x+2h)−2f(x+h)+f(x)
h

h

= lim
h→0

f(x+ 2h) − 2f(x+ h) + f(x)

h2
.



(∆x)2 = h2 ∆2y = f(x+ 2h) − 2f(x+ h) + f(x)

f ′′(x) = lim
∆x→0

∆2y

(∆x)2
⇔ lim

∆x→0

(
∆2y

(∆x)2
− f ′′(x)

)

= 0

⇔ lim
∆x→0

∆2y − f ′′(x)(∆x)2

(∆x)2
= 0 .

∆2y − f ′′(x)(∆x)2 = ̟(∆x)(∆x)2 ,

lim
∆x→0

̟(∆x) = 0

∆2y = f ′′(x)(∆x)2 +̟(∆x)(∆x)2 ⇒ ∆2y ≈ f ′′(x)(∆x)2 ,

∆x → 0

f ′′(x) ≈ ∆2y

(∆x)2
.

∆x ∈ {0.1, 0.01, 0.001} ∆2y ∆2y/(∆x)2 y = x3

x = 1 f ′′(x)

f ′(x) = 3x2 f ′′(x) = 6x f ′′(1) = 6 �

∆2y f ′′(x)∆2x y = x3 x = 1 ∆x ∈ {0.1, 0.01, 0.001}
x (∆x)2 ∆2y = (x+ 2∆x)3 − 2(x+∆x)3 + x3 ∆2y/(∆x)2 f ′′(x)

10−2 6.6 · 10−2 6.6 6
10−4 6.06 · 10−4 6.06 6
10−6 6.006 · 10−6 6.006 6

y = x23 − 5 cos x+ 6ex y′ = 23x22 + 5 sinx+ 6ex

y = x− sinx cos x y′ = 1− cos2 x+ sin2 x

y =
lnx

1− lnx
y′ =

1

x(1− lnx)2

y = ln

√

sin 2x

1− sin 2x
y′ =

ctg(2x)

(1− sin(2x))

y = ln

(

arctg

(
1 + x

1− x

))

y′ =
1

(1 + x2) arctg 1+x
1−x



y = x sin(3x) ln x y′ = sin(3x) ln x+ 3x cos(3x) ln x+ sin(3x)

y = ln
(

e2x +
√

e4x + 1
)

y′ =
2e2x√
e4x + 1

y = (x2 − 3)x y′ = (x2 − 3)x
(

ln(x2 − 3) +
2x2

x2 − 3

)

y = xx+5 y′ = xx+5

(

lnx+
x+ 5

x

)

y =
√
x+ 3 (y−1)′ = 2(x− 3)

y = x3 + 6 (y−1)′ =
1

3( 3
√
x− 6)2

y = ex−5 (y−1)′ =
1

x

x(t) = 3(t− sin t) , y(t) = 3(1− cos t) t ∈ (0, 2π) f ′
x(x(t)) = sin t/(1− cos t)

x(t) = 4 cos3 t , y(t) = 4 sin3 t t ∈ (0, π/2) f ′
x(x(t)) = − sin t/ cos t

x(t) = t3 + 3t , y(t) =
3

2
t2 − 6t t ∈ R f ′

x(x(t)) = (t− 2)/(t2 + 1)

y =
√
3− 5x y′ =

−5

2
√
3− 5x

y′′ =
−25

4
√

(3− 5x)3
y′′′ =

−375

8
√

(3− 5x)5

y =
2x− 3

3x+ 1
y′ =

11

(3x+ 1)2
y′′ =

−66

(3x+ 1)3
y′′′ =

594

(3x+ 1)4

f(1) = x2 + 2x − 3 A(1, f(1))
t : y = 4x− 4 n : y = −x/4 + 1/4

y = x3 ∆x ∈ {0.1, 0.01, 0.001} x = 2
∆y/∆x f ′(x)

∆x ∈ {0.1, 0.01, 0.001} ∆2y ∆2y/(∆x)2 y = x2 − 1 x = 1
f ′′(x)



a · b a/b x x3

f : [a, b] → R c ∈ (a, b)
f ′(c) (a, b)

f ′(c) = 0

f c
f(x) ≥ f(c) x ∈ [a, b] f(x)− f(c) ≥ 0

x > c x− c > 0

f(x)− f(c)

x− c
≥ 0 , x ∈ (c, b] .

f ′(c) f ′
+(c) ≥ 0 x < c x− c < 0

f(x)− f(c)

x− c
≤ 0 , x ∈ [a, c) ,

f ′
−(c) ≤ 0 f ′(c) = 0 �



c (a, b)
b

f ′(b) �= 0

x

y

0

)(xfy �

a b

)(cf

)(xf

c xx

)(xf

c f ′(c) = 0

f [a, b] (a, b)
f(a) = f(b) θ ∈ (a, b) f ′(θ) = 0

ν1 ν2
f(ν1) = f(ν2)

f [a, b] x ∈ [a, b] f ′(x) = 0 ν2 ∈ (a, b)
f (a, b) f ′(ν2) = 0 ⇒ θ = ν2 �

y

)()( bfaf �

)(�f )(xfy �

ba x
0 �



f [a, b] (a, b)
θ ∈ (a, b)

f(b)− f(a)

b− a
= f ′(θ) .

(a, f(a)) (b, f(b))

y − f(a) =
f(b)− f(a)

b− a
(x− a) .

g(x) = f(x)− f(a)− f(b)− f(a)

b− a
(x− a) .

[a, b] (a, b) g(a) = g(b) = 0
θ ∈ (a, b) g′(θ) = 0

g′(x) = f ′(x)− f(b)− f(a)

b− a
,

0 = g′(θ) = f ′(θ)− f(b)− f(a)

b− a
⇒ f ′(θ) =

f(b)− f(a)

b− a
.

�

y

)(�f )(xfy �

ba x
0 �

)(bf

)(af

� �� �

f(a) = f(b)



Pn(x) = an(x− x0)
n + an−1(x− x0)

n−1 + · · ·+ a2(x− x0)
2 + a1(x− x0) + a0 ,

ai ∈ R i = 0, 1, 2, . . . , n x, x0 ∈ R P (x0) P ′(x0) P ′′(x0) P (n)(x0)
P (x0) = a0

P ′(x) = n an(x− x0)
n−1 + (n − 1) an−1(x− x0)

n−2 + · · ·+ 2 a2(x− x0)
1 + a1 ,

P ′(x0) = a1

P ′′(x) = n(n− 1) an(x− x0)
n−2 + (n− 1)(n − 2) an−1(x− x0)

n−3 + · · · + 2 · 1 a2 ,

P ′′(x0) = 2! a2 P (k)(x0) = k! ak k = 3, 4, . . . , n
a0 = P (x0)

ak =
P (k)(x0)

k!
, k = 1, 2, . . . , n .

Pn(x) = P (x0) +
P ′(x0)

1!
(x− x0) +

P ′′(x0)

2!
(x− x0)

2 + · · · + P (n)(x0)

n!
(x− x0)

n .

n P (x) x0
f

f n [a, b]
f (n+1) (a, b) n ∈ N x ∈ [a, b]

f(x) = f(a) + (x− a)f ′(a) +
(x− a)2

2!
f ′′(a) + · · · + (x− a)n

n!
f (n)(a) +

(x− a)n+1

(n+ 1)!
f (n+1)(θ) ,

θ ∈ (a, x) θ = a+ ν(x− a) 0 < ν < 1

Pn(x) = f(a) + (x− a)f ′(a) +
(x− a)2

2!
f ′′(a) + · · · + (x− a)n

n!
f (n)(a)

n f a

Rn =
(x− a)n+1

(n + 1)!
f (n+1)(θ)



n = 0 x = b

f(b) = f(a) + (b− a)f ′(θ) , a < θ < b .

f x0
Rn

x, x0 ∈ (a, b)

f(x) = f(x0) +

n∑

k=1

(x− x0)
k

k!
f (k)(x0) +

(x− x0)
n+1

(n+ 1)!
f (n+1)(θ)

︸ ︷︷ ︸

Rn

,

θ = x0 + ν(x − x0) 0 < ν < 1 x0 = 0
f x0 = 0

f(x) = f(0) +
n∑

k=1

xk

k!
f (k)(0) +

xn+1

(n+ 1)!
f (n+1)(θ) , θ = νx, 0 < ν < 1 .

f(x) = ex f(x) = sin x f(x) = cos x f(x) = ln (x+ 1)

f ′(x) = · · · = f (n+1)(x) = ex x ∈ R f ′(0) = · · · = f (n)(0) = e0 = 1
f (n+1)(θ) = eθ θ = ν x 0 < ν < 1 f(0) = e0 = 1

ex =
n∑

k=0

xk

k!
+

xn+1

(n+ 1)!
eνx ,

ex = 1 + x+
x2

2!
+

x3

3!
+ · · ·+ xn

n!
+Rn ,

Rn =
xn+1

(n+ 1)!
eνx

0 < ν < 1 x ∈ R

f(x) = sin x f(0) = 0

f (4k+1)(0) = 1 , f (4k+2)(0) = 0 , f (4k+3)(0) = −1 , f (4k+4)(0) = 0 ,

k ∈ N0

sin x =
n∑

k=0

(−1)k
x2k+1

(2k + 1)!
+ (−1)n+1 x2n+2

(2n + 2)!
sin

(

νx+
(2n + 2)π

2

)

,

sin x = x− x3

3!
+

x5

5!
− · · ·+ (−1)n

x2n+1

(2n+ 1)!
+R2n+1 ,



R2n+1 = (−1)n+1 x2n+2

(2n+ 2)!
sin

(

νx+
(2n+ 2)π

2

)

0 < ν < 1 x ∈ R

f(x) = cos x f(0) = 1

f (4k+1)(0) = 0 , f (4k+2)(0) = −1 , f (4k+3)(0) = 0 , f (4k+4)(0) = 1 ,

k ∈ N0

cos x =
n∑

k=0

(−1)k
x2k

(2k)!
+ (−1)n+1 x2n+1

(2n+ 1)!
cos

(

νx+
(2n + 1)π

2

)

,

cos x = 1− x2

2!
+

x4

4!
− · · ·+ (−1)n

x2n

(2n)!
+R2n ,

R2n = (−1)n+1 x2n+1

(2n+ 1)!
cos

(

νx+
(2n+ 1)π

2

)

0 < ν < 1 x ∈ R

f(x) = ln(x+ 1) f(0) = 0

f ′(0) = 1 , f ′′(0) = −1 , f ′′′(0) = 2 , f (4)(0) = −6 , . . . , f (n)(0) = (−1)n−1(n− 1)! ,

f (n+1)(θ) = (−1)n
n!

(νx+ 1)n+1
0 < ν < 1 x ∈ R

ln(x+ 1) =

n∑

k=1

(−1)k−1x
k

k!
(k − 1)! + (−1)n

xn+1

(n+ 1)!(νx+ 1)n+1
n!

=
n∑

k=1

(−1)k−1x
k

k
+ (−1)n

xn+1

(n+ 1)(νx+ 1)n+1
,

ln(x+ 1) = x− x2

2
+

x3

3
− · · ·+ (−1)n−1x

n

n
+Rn ,

Rn = (−1)n
xn+1

(n+ 1)(νx+ 1)n+1

0 < ν < 1 �



ex x = 1 |Rn| < 0.01

x = 1 Rn = 1
(n+1)! e

ν

0 < ν < 1

Rn =
1

(n + 1)!
eν <

1

(n + 1)!
e1 <

3

(n+ 1)!

n ∈ N
3

(n+ 1)!
< 0.01 ,

n = 5
3

(5 + 1)!
= 0.0042 < 0.01

e1 ≈ 1 + 1 +
1

2!
+

1

3!
+

1

4!
+

1

5!
≈ 2.71667 (e ≈ 2.71828) .

�

ln(x+ 1) x = 1 |Rn| < 0.0001

x = 1

|Rn| =
∣
∣
∣
∣
(−1)n

1

(n+ 1)(ν + 1)n+1

∣
∣
∣
∣
,

0 < ν < 1

|Rn| =
1

(n+ 1)(ν + 1)n+1
<

1

n+ 1

n ∈ N

1

n+ 1
< 0.0001 ⇒ n+ 1 > 10000 ⇒ n > 10001 ,

n = 10002

ln 2 ≈ 1− 1

2
+

1

3
− 1

4
+ · · · − 1

10002
≈ 0.693097 (ln 2 ≈ 0.693147) .

�

lim
x→a

f(x)

g(x)
lim

x→±∞
f(x)

g(x)
,



f g (a, b)
c ∈ (a, b)

x → c

g′(x) �= 0 x �= c

lim
x→c

f ′(x)

g′(x)

lim
x→c

f(x)

g(x)

lim
x→c

f(x)

g(x)
= lim

x→c

f ′(x)

g′(x)
.

f g (a,+∞)
(−∞, b)

x → +∞
g′(x) �= 0 x ∈ (b,+∞) b > a

lim
x→+∞

f ′(x)

g′(x)

lim
x→+∞

f(x)

g(x)

lim
x→+∞

f(x)

g(x)
= lim

x→+∞
f ′(x)

g′(x)
.

0

0
lim
x→3

x2 − 9

x− 3

lim
x→3

(x2 − 9)′

(x− 3)′
= lim

x→3

2x

1
= 6 ,

lim
x→3

x2 − 9

x− 3
= 6

∞
∞ lim

x→+∞
xn

ex
n ∈ N

(xn)(n) = n! (ex)(n) = ex n

lim
x→+∞

(xn)
′

(ex)′
= lim

x→+∞
(xn)

′′

(ex)′′
= · · · = lim

x→+∞
(xn)(n)

(ex)(n)
= lim

x→+∞
n!

ex
= 0 ,

lim
x→+∞

xn

ex
= 0



∞−∞ lim
x→2

(
1

ln(x− 1)
− 1

x− 2

)

lim
x→2

(
1

ln(x− 1)
− 1

x− 2

)

= lim
x→2

(x− 2)− ln(x− 1)

(x− 2) ln(x− 1)
.

0

0

lim
x→2

((x− 2)− ln(x− 1))′

((x− 2) ln(x− 1))′
= lim

x→2

1− 1
x−1

ln(x− 1) + x−2
x−1

.

0

0

lim
x→2

(

1− 1
x−1

)′

(

ln(x− 1) + x−2
x−1

)′ = lim
x→2

1
(x−1)2

1
x−1 +

1
(x−1)2

=
1

2
.

1/2

0 · ∞ lim
x→1+

(x− 1) · ln(x− 1)

∞
∞

lim
x→1+

(x− 1) · ln(x− 1) = lim
x→1+

ln(x− 1)
1

x−1

,

lim
x→1+

(ln(x− 1))′
(

1
x−1

)′ = lim
x→1+

1
x−1

− 1
(x−1)2

= − lim
x→1+

(x− 1) = 0 .

0

00 lim
x→0+

xsinx

lim
x→0+

xsinx = lim
x→0+

elnxsinx

= lim
x→0+

esinx lnx = e
limx→0+

lnx
1

sinx .

lim
x→0+

(lnx)′
(

1
sinx

)′ = lim
x→0+

1
x

− cos x
sin2 x

= − lim
x→0+

sin2 x

x cos x
= − lim

x→0+

sinx

x
· lim
x→0+

sinx

cos x
= −1 · 0 = 0 .

lim
x→0+

xsinx = e0 = 1



∞0 lim
x→+∞

x
2
x

lim
x→+∞

elnx
2
x = lim

x→+∞
e

2
x
lnx = lim

x→+∞
e

2 lnx
x

lim
x→+∞

(2 ln x)′

(x)′
= lim

x→+∞

2
x

1
= 0 ,

lim
x→+∞

x
2
x = e0 = 1

1∞ lim
x→+∞

(
x+ 2

x

)2x+1

lim
x→+∞

(
x+ 2

x

)2x+1

= lim
x→+∞

e(2x+1) ln x+2
x .

lim
x→+∞

(2x+ 1) ln
x+ 2

x
= lim

x→+∞

ln x+2
x

1
2x+1

0
0

lim
x→+∞

(
ln x+2

x

)′

(
1

2x+1

)′ = lim
x→+∞

x
x+2

(
x+2
x

)′

− 2
(2x+1)2

= lim
x→+∞

x
x+2 · −2

x2

− 2
(2x+1)2

= lim
x→+∞

(2x+ 1)2

x(x+ 2)

= lim
x→+∞

4x2 + 4x+ 1

x2 + 2x
= 4 ,

lim
x→+∞

(
x+ 2

x

)2x+1

= e4

�

f
[a, b] (a, b)

f ′(x) > 0 x ∈ (a, b) f [a, b]

f ′(x) < 0 x ∈ (a, b) f [a, b]

f(x) = x2

f ′(x) = 2x x < 0 f ′(x) < 0 f
f ց (−∞, 0) x > 0 f ′(x) > 0 f

f ր (0,+∞) �



f : D → R D f c ∈
D f f ′(c) = 0 f

f ′(c)

(a, b)
c ∈ (a, b) c

f [a, b]
(a, b) c ∈ (a, b)

f ′(c) < 0 x ∈ (c − δ, c) ⊂ (a, b) f ′(c) > 0 x ∈ (c, c + δ) ⊂ (a, b)
(c, f(c)) δ > 0

f ′(c) > 0 x ∈ (c − δ, c) ⊂ (a, b) f ′(c) < 0 x ∈ (c, c + δ) ⊂ (a, b)
(c, f(c)) δ > 0

c

f (a, b) c ∈ (a, b)
f ′(c) = 0

f ′′(c) > 0 f (c, f(c))

f ′′(c) < 0 f (c, f(c))

f ′′(c) = 0 f 2n
(a, b) n ∈ N c ∈ (a, b) f ′(c) =

f ′′(c) = · · · = f (2n−1)(c) = 0

f (2n)(c) > 0 f (c, f(c))

f (2n)(c) < 0 f (c, f(c))

f(x) = x3 − 3x2

f ′(x) = 0 ⇒ 3x2 − 6x = 0 ⇒ 3x(x− 2) = 0 ,

x = 0 x = 2 x < 0 f ′(x) > 0 ⇒ f ր
0 < x < 2 f ′(x) < 0 ⇒ f ց x > 2 f ′(x) > 0 ⇒ f ր T1(0, f(0)) =
T1(0, 0) T2(2, f(2)) = T2(2,−4) f T1

T2

f(x) = x3 − 3x2

f ′′(x) = (3x2 − 6x)′ = 6x− 6 ,

f(0) = −6 < 0 T1(0, 0) f(2) = 6 > 0 T1(2,−4)
�
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f(x) = x3 − 3x2 T1

T2

f(x) = x3 − 3x2 R [−1, 1] [−0.5, 4]

T1(0, 0) T2(2,−4)
R

[−1, 1] T1(0, 0)
(−1, f(−1)) = (−1,−4)

[−0.5, 4] T1(0, 0)
(4, f(4)) = (4, 16) T2(2,−4)

�

f (a, b) f
c ∈ (a, b) x ∈ (a, b) \ {c}

f(x) > yt(x) ,

f(x) < yt(x) ,

yt(x) = f(c) + f ′(c)(x − c) y = f(x) (c, f(c))
f (a, b)
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a b f

f (a, b)

x ∈ (a, b) f ′′(x) > 0 f

x ∈ (a, b) f ′′(x) < 0 f

f ′′(x0) = 0

f (a, b)
c ∈ (a, b) P (c, f(c)) f δ > 0

f (c − δ, c) (c, c + δ)
(c− δ, c) (c, c+ δ)
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f

f c ∈ (a, b)
(a, b) c P (c, f(c)) f

f ′′(x) > 0 x ∈ (c− δ, c) ⊂ (a, b) f ′′(x) < 0 x ∈ (c, c+ δ) ⊂ (a, b)

f ′′(x) < 0 x ∈ (c− δ, c) ⊂ (a, b) f ′′(x) > 0 x ∈ (c, c+ δ) ⊂ (a, b) δ > 0

c f
(a, b) P (c, f(c))

f ′′(c) = 0 c

f(x) = x3 − 3x2

f ′(x) = 3x2 − 6x f ′′(x) = 6x− 6 = 6(x− 1)

f ′′(x) = 0 ⇒ 6(x− 1) = 0 ⇒ x = 1 ,

x = 1 x < 1
f ′′(x) < 0 x > 1 f ′′(x) > 0 P (1, f(1)) = P (1,−2)

f

�
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x
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P (1,−2) f(x) = x3 − 3x2

f(x) =
x

x2 + 4

x2 + 4 > 0 x ∈ R D = R

f(x) = 0 ⇒ x = 0

f(−x) =
−x

(−x)2 + 4
= − x

x2 + 4
= −f(x)

x ≥ 0
x ∈ D

(−∞, 0) (0,+∞)

x − +
x2 + 4 + +

f(x) − +

f(x) > 0 x ∈ (0,+∞) f(x) < 0 x ∈ (−∞, 0)

lim
x→±∞

x

x2 + 4
= lim

x→±∞
x

x
(
x+ 4

x

) = lim
x→±∞

1

x+ 4
x

= 0± ,

y = 0 x → ±∞



f ′(x) =
x′(x2 + 4)− x(x2 + 4)′

(x2 + 4)2
=

x2 + 4− x · 2x
(x2 + 4)2

=
x2 + 4− 2x2

(x2 + 4)2
=

4− x2

(x2 + 4)2
.

f ′(x) = 0 ⇒ 4 − x2 = 0 ⇒ x = ±2

(−∞,−2) (−2, 2) (2,+∞)

4− x2 − + −
(x2 + 4)2 + + +

f ′(x) − + −
f(x) ց ր ց

T1(−2, f(−2)) = T1(−2,−1
4 )

T2(2, f(2)) = T2(2,
1
4) f(x) ր x ∈ (−2, 2)

f(x) ց x ∈ (−∞,−2) ∪ (2,+∞)

f ′′(x) =
(4− x2)′(x2 + 4)2 − (4− x2)((x2 + 4)2)′

(x2 + 4)4

=
−2x (x2 + 4)2 − (4− x2) · 2 (x2 + 4) · 2x

(x2 + 4)4

=
(x2 + 4)

(
−2x (x2 + 4)− 4x (4− x2)

)

(x2 + 4)4

=
−2x3 − 8x− 16x+ 4x3

(x2 + 4)3
=

2x3 − 24x

(x2 + 4)3

=
2x (x2 − 12)

(x2 + 4)3

f ′′(x) = 0 ⇒ x (x2 − 12) = 0 ⇒ x = 0, x =
±2

√
3

(−∞,−2
√
3) (−2

√
3, 0) (0, 2

√
3) (2

√
3,+∞)

2x − − + +
x2 − 12 + − − +
(x2 + 4)3 + + + +

f ′′(x) − + − +

f(x) ⌢ ⌣ ⌢ ⌣



P1(−2
√
3, f(−2

√
3)) = P1(−2

√
3,−

√
3

8
) P2(0, f(0)) = P2(0, 0)

P3(2
√
3, f(2

√
3)) = P3(2

√
3,

√
3

8
)

⌣ x ∈ (−2
√
3, 0)∪(2

√
3,+∞) ⌢ x ∈ (−∞,−2

√
3)∪

(0, 2
√
3)

x

y
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4.0
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5 151010� 5�15� 2P

3P

1P

2T

1T

0�y

0

f(x) =
x

x2 + 4
x = 0 T1(−2,−1

4 )

T2(2,
1
4) P1(−2

√
3,−

√
3
8 ) P2(0, 0) P3(2

√
3,

√
3
8 )

y = 0

�



f(x) =
x

lnx

lnx x > 0 f(x)
x ∈ R+ lnx �= 0 ⇒ x �= 1 D = (0, 1) ∪ (1,+∞)

f(x) = 0 x = 0 /∈ D

f(−x) =
−x

ln(−x)
f(x) −f(x)

(0, 1) (1,+∞)

x + +
lnx − +

f(x) − +

f(x) > 0 x ∈ (1,+∞) f(x) < 0 x ∈ (0, 1)

x → +∞
x → −∞

lim
x→+∞

lnx = +∞ .

lim
x→+∞

x

lnx
= lim

x→+∞
(x)′

(lnx)′
= lim

x→+∞
1
1
x

= lim
x→+∞

x = +∞ ,

∞
∞

x → +∞ x → +∞
y = kx+ n k �= 0 k

k = lim
x→+∞

f(x)

x
= lim

x→+∞
x

x lnx
= lim

x→+∞
1

lnx
= 0 ,

lim
x→0+

lnx = −∞ lim
x→1±

lnx = 0± ,

lim
x→0+

x

lnx
= lim

x→0+

(

x · 1

lnx

)

= 0+ ·0− = 0− , lim
x→1−

x

lnx
= −∞ , lim

x→1+

x

lnx
= +∞ ,

x = 1 x = 0
x → 0+



f ′(x) =
( x

lnx

)′
=

(x)′ lnx− x (lnx)′

ln2 x
=

lnx− x · 1
x

ln2 x
=

lnx− 1

ln2 x
.

f ′(x) = 0 ⇒ lnx− 1 = 0 ⇒ lnx = 1 ⇒ x = e

(0, 1) (1, e) (e,+∞)

lnx− 1 − − +
ln2 x + + +

f ′(x) − − +

f(x) ց ց ր

T1(e, f(e)) = T1(e, e) f(x) ր x ∈
(e,+∞) f(x) ց x ∈ (0, 1) ∪ (1, e)

f ′′(x) =

(
lnx− 1

ln2 x

)′
=

(ln x− 1)′ ln2 x− (ln x− 1) (ln2 x)′

ln4 x

=
1
x · ln2 x− (ln x− 1) · 2 lnx · 1

x

ln4 x
=

1
x lnx (lnx− 2 (lnx− 1))

ln4 x

=
lnx− 2 lnx+ 2

x ln3 x
=

2− lnx

x ln3 x

f ′′(x) = 0 ⇒ 2− lnx = 0 ⇒ lnx = 2 ⇒ x = e2 .

(0, 1) (1, e2) (e2,+∞)

2− lnx + + −
x + + +

ln3 x − + +

f ′′(x) − + −
f(x) ⌢ ⌣ ⌢

P1(e
2, f(e2)) = P1(e

2, e
2

2 )) ⌣ x ∈
(1, e2) ⌢ x ∈ (0, 1) ∪ (e2,+∞)
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f(x) =
x

lnx
T1(e, e) P1(e

2, e
2

2 )

x = 1

�

f(x) = (x+ 2) e
1
x

x ∈ R \ {0} e
1
x x

x = −2 f(x) = 0 ⇒ x+2 = 0

e
1
x > 0 x ∈ D

f(−x) = (−x+ 2) e
1

−x = −(x − 2) e−
1
x /∈ {f(x),−f(x)}

(−∞,−2) (−2, 0) (0,+∞)

x+ 2 − + +

e
1
x + + +

f(x) − + +

f(x) > 0 x ∈ (−2, 0) ∪ (0,+∞) f(x) < 0 x ∈ (−∞,−2)

lim
x→±∞

1

x
= 0± lim

x→±∞
e

1
x = e0 = 1 .



lim
x→±∞

(x+ 2) e
1
x = ±∞ ,

y = kx+n
k �= 0 k

k = lim
x→±∞

f(x)

x
= lim

x→±∞
(x+ 2) e

1
x

x
= lim

x→±∞
x+ 2

x
e

1
x = 1 · 1 = 1 .

k = 1 n

n = lim
x→±∞

(f(x)− k x) = lim
x→±∞

(

(x+ 2) e
1
x − x

)

= lim
x→±∞

(

x
(

e
1
x − 1

)

+ 2 e
1
x

)

= lim
x→±∞

x
(

e
1
x − 1

)

+ 2 lim
x→±∞

e
1
x = lim

x→±∞
e

1
x − 1
1
x

+ 2

= 2 + lim
x→±∞

(

e
1
x − 1

)′

(
1
x

)′ = 2 + lim
x→±∞

− 1
x2 e

1
x

− 1
x2

= 2 + lim
x→±∞

e
1
x = 2 + e0 = 2 + 1 = 3 .

y = x + 3 x → ±∞
x 0

lim
x→0−

1

x
= −∞ , lim

x→0+

1

x
= +∞ , lim

x→0−
e

1
x = 0 lim

x→0+
e

1
x = +∞ ,

lim
x→0−

(x+ 2) e
1
x = 2 · 0 = 0 lim

x→0+
(x+ 2) e

1
x = 2 · (+∞) = +∞ ,

x = 0 x → 0+

f ′(x) =
(

(x+ 2) e
1
x

)′
= (x+ 2)′ e

1
x + (x+ 2)

(

e
1
x

)′
= e

1
x + (x+ 2) e

1
x ·

(

− 1

x2

)

= e
1
x

(

1− x+ 2

x2

)

= e
1
x · x

2 − x− 2

x2

f ′(x) = 0 ⇒ x2 − x− 2 = 0 ⇒ x = −1, x = 2



(−∞,−1) (−1, 0) (0, 2) (2,+∞)

e
1
x + + + +

x2 − x− 2 + − − +
x2 + + + +

f ′(x) + − − +

f(x) ր ց ց ր

T1(−1, f(−1)) = T1(−1,
1

e
) T2(2, f(2)) =

T2(2, 4
√
e) f(x) ր x ∈ (−∞,−1)∪ (2,+∞) f(x) ց

x ∈ (−1, 0) ∪ (0, 2)

(
x2 − x− 2

x2

)′
=

(x2 − x− 2)′x2 − (x2 − x− 2)(x2)′

x4

=
(2x− 1)x2 − (x2 − x− 2) · 2x

x4

=
2x3 − x2 − 2x3 + 2x2 + 4x

x4

=
x2 + 4x

x4
=

x (x+ 4)

x4
=

x+ 4

x3
.

f ′′(x) =

(

e
1
x · x

2 − x− 2

x2

)′
=

(

e
1
x

)′ x2 − x− 2

x2
+ e

1
x

(
x2 − x− 2

x2

)′

= − 1

x2
e

1
x · x

2 − x− 2

x2
+ e

1
x · x+ 4

x3

=
1

x4
e

1
x (−x2 + x+ 2 + x2 + 4x)

=
1

x4
e

1
x (5x+ 2) .

5x+ 2 = 0 ⇒ x = −2
5



(−∞,−2
5) (−2

5 , 0) (0,+∞)

e
1
x + + +

5x+ 2 − + +
x4 + + +

f ′′(x) − + +

f(x) ⌢ ⌣ ⌣

P1

(
−2

5 , f
(
−2

5

))
= P1

(

−2
5 ,

8
5 e2

√
e

)

⌣

x ∈ (−2
5 , 0) ∪ (0,+∞) ⌢ x ∈ (−∞,−2

5 )
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x
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f(x) = (x+2) e
1
x x = −2 T1(−1, 1e )

T2(2, 4
√
e) P1

(

−2
5 ,

8
5 e2

√
e

)

x = 0

x → 0+ y = x+ 3

�



f(x) =
ex

x− 1

x ∈ R x − 1 �= 0 ⇒ x �= 1
D = R \ {1} = (−∞, 1) ∪ (1,+∞)

ex > 0 x ∈ D

f(−x) =
e−x

−x− 1
= − 1

ex(x+ 1)
/∈ {f(x),−f(x)}

(−∞, 1) (1,+∞)

ex + +
x− 1 − +

f(x) − +

f(x) > 0 x ∈ (1,+∞) f(x) < 0 x ∈ (−∞, 1)

x → +∞ x →
−∞

lim
x→+∞

ex = +∞ , lim
x→−∞

ex = 0 .

lim
x→+∞

ex

x− 1
= lim

x→+∞
(ex)′

(x− 1)′
= lim

x→+∞
ex

1
= +∞ ,

∞
∞

x → +∞ x → +∞

lim
x→−∞

ex

x− 1
= lim

x→+∞
1

e−x(x− 1)
= 0 ,

y = 0 x → −∞
x → −∞

k

k = lim
x→+∞

f(x)

x
= lim

x→+∞
ex

x2 − x
= lim

x→+∞
ex

2x− 1
= lim

x→+∞
ex

2
= +∞

x →
+∞

lim
x→1−

ex

x− 1
= −∞ , lim

x→1+

ex

x− 1
= +∞ ,

x = 1



f ′(x) =

(
ex

x− 1

)′
=

(ex)′(x− 1)− ex(x− 1)′

(x− 1)2
=

ex (x− 1)− ex

(x− 1)2
=

ex (x− 2)

(x− 1)2
.

f ′(x) = 0 ⇒ x−2 = 0 ⇒ x = 2

(−∞, 1) (1, 2) (2,+∞)

ex + + +
x− 2 − − +

(x− 1)2 + + +

f ′(x) − − +

f(x) ց ց ր
T1(2, f(2)) = T1(2, e

2) f(x) ր x ∈
(2,+∞) f(x) ց x ∈ (−∞, 1) ∪ (1, 2)

(ex (x− 2))′ = (ex)′ (x− 2) + ex (x− 2)′ = ex (x− 2) + ex = ex (x− 1) ,

f ′′(x) =

(
ex (x− 2)

(x− 1)2

)′

=
(ex (x− 2))′(x− 1)2 − ex (x− 2)((x − 1)2)′

(x− 1)4

=
ex (x− 1)(x− 1)2 − ex (x− 2) · 2 (x− 1)

(x− 1)4

=
ex (x− 1)

(
(x− 1)2 − 2 (x− 2)

)

(x− 1)4
=

ex
(
x2 − 2x+ 1− 2x+ 4

)

(x− 1)3

=
ex

(
x2 − 4x+ 5

)

(x− 1)3
=

ex
(
(x− 2)2 + 1

)

(x− 1)3
.

x ∈ D
f ′′(x) �= 0 , x ∈ D

(−∞, 1) (1,+∞)

ex + +
(x− 2)2 + 1 + +
(x− 1)3 − +

f ′′(x) − +

f(x) ⌢ ⌣

⌣ x ∈ (1,+∞) ⌢ x ∈ (−∞, 1)
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f(x) =
ex

x− 1
T1(2, e

2) y = 0

x → −∞ x = 1

�

f(x) = 3
√

(x2 − 1)2

x ∈ R D = R

f(x) = 0 ⇒ x2 − 1 = 0 ⇒ x = ±1

f(−x) = 3
√

((−x)2 − 1)2 = 3
√

(x2 − 1)2 = f(x)
y

f(x) > 0 x ∈ R \ {−1, 1} f(x) < 0
x ∈ ∅

lim
x→±∞

3
√

(x2 − 1)2 = lim
x→±∞

3
√

x4 − 2x2 + 1 = lim
x→±∞

3

√

x4
(

1− 2

x2
+

1

x4

)

= lim
x→±∞

x
4
3

3

√

1− 2

x2
+

1

x4
= +∞



y = kx + n k �= 0
k

k = lim
x→±∞

f(x)

x
= lim

x→±∞

x
4
3 3

√

1− 2
x2 + 1

x4

x
= lim

x→±∞
x

1
3

3

√

1− 2

x2
+

1

x4
= ±∞ ,

f ′(x) =
(

3
√

(x2 − 1)2
)′

=
((

x2 − 1
) 2

3

)′
=

2

3
(x2 − 1)−

1
3 · 2x =

4x

3 3
√
x2 − 1

.

f ′(x) = 0 ⇒ x = 0
x = ±1

x = −1 x = 1

lim
x→−1−

4x

3 3
√
x2 − 1

= −∞ , lim
x→−1+

4x

3 3
√
x2 − 1

= +∞ ,

lim
x→1−

4x

3 3
√
x2 − 1

= −∞ , lim
x→1+

4x

3 3
√
x2 − 1

= +∞ ,

x = ±1

(−∞,−1) (−1, 0) (0, 1) (1,+∞)

x − − + +
3
√
x2 − 1 + − − +

f ′(x) − + − +

f(x) ց ր ց ր

T1(−1, f(−1)) = T1(−1, 0) T3(1, f(1)) = T3(1, 0)
T2(0, f(0)) = T2(0, 1)

f(x) ր x ∈ (−1, 0) ∪ (1,+∞) f(x) ց x ∈ (−∞,−1) ∪ (0, 1)



f ′′(x) =

(
4x

3 3
√
x2 − 1

)′
=

4

3

(

x

(x2 − 1)
1
3

)′

=
4

3
·
x′ (x2 − 1)

1
3 − x

(

(x2 − 1)
1
3

)′

(x2 − 1)
2
3

=
4

3
· (x

2 − 1)
1
3 − x · 1

3 · (x2 − 1)−
2
3 · 2x

(x2 − 1)
2
3

=
4

3
· (x

2 − 1)−
2
3

(
x2 − 1− 2

3 x
2
)

(x2 − 1)
2
3

=
4

3
·

1
3 x

2 − 1

(x2 − 1)
4
3

=
4(x2 − 3)

9(x2 − 1)
4
3

=
4(x2 − 3)

9 3
√

(x2 − 1)4
.

f ′′(x) = 0 ⇒ x2 − 3 = 0 ⇒ x = ±
√
3

(−∞,−
√
3) (−

√
3,−1) (−1, 1) (1,

√
3) (

√
3,+∞)

x2 − 3 + − − − +
3
√

(x2 − 1)4 + + + + +

f ′′(x) + − − − +

f(x) ⌣ ⌢ ⌢ ⌢ ⌣

P1(−
√
3, f(−

√
3)) = P1(−

√
3,

3
√
4) P2(

√
3, f(

√
3)) = P2(

√
3,

3
√
4)

⌣ x ∈ (−∞,−
√
3) ∪ (

√
3,+∞)

⌢ x ∈ (−
√
3,−1) ∪ (−1, 1) ∪ (1,

√
3)



x

y

1

1P 2P

1T
3T

2T

2 31�2�3� 0

1

2

3

f(x) = 3
√

(x2 − 1)2 x = −1 x = 1
T1(−1, 0) T3(1, 0) T2(0, 1) P1(−

√
3, 3

√
4) P2(

√
3, 3

√
4)

�

N

f(N) = N(N − 3)(8 −N),

N
0 ≤ N ≤ 9

f ′(N) = (−N3 + 11N2 − 24N)′ = −3N2 + 22N − 24,
f ′′(N) = (−3N2 + 22N − 24)′ = −6N + 22.

f ′(N) = 0

N1,2 =
−22±

√
484 − 288

−6
=

−22± 14

−6
⇒ N1 = 4/3, N2 = 6.

f ′′(4/3) = 14 > 0 (4/3, f(4/3)) = (4/3,−400/27)
f ′′(6) = −14 < 0 (6, f(6)) = (6, 36)

f(0) = 0 f(9) = −54 N = 6

N = 9 �



C(t) = 8(e−0.4t − e−0.6t),

t C µg/ml

0 ≤ t ≤ 12 C(0) = 0 C(12) = 8
(
e−24/5 − e−36/5

)
≈ 0.06

C(t)

C ′(t) = 8
(
0.6e−0.6t − 0.4e−0.4t

)
, C ′′(t) = 8

(
0.16e−0.4t − 0.36e−0.6t

)
.

C ′(t) = 0 ⇒ 0.6e−0.6t − 0.4e−0.4t = 0

⇒ 0.6

0.4
=

e−0.4t

e−0.6t

⇒ 3

2
= e0.2t

⇒ ln
3

2
= 0.2 t

⇒ t = 5 ln
3

2
.

C ′′ (5 ln 3
2

)
= − 64

225 < 0 C(t) t = 5 ln 3
2 ≈ 2h

Cmax = C
(
5 ln 3

2

)
= 32/27 ≈ 1.19µg/ml �

V
T

V (T ) = 999.87 − 0.06426T + 0.0085043T 2 − 0.0000679T 3 .

0 ≤ T ≤ 30

T = 0 T = 30 V (0) = 999.87 cm3 V (30) =
1003.76 cm3 V ′(T ) = −0.06426 + 0.0170086T − 0.0002037T 2

V ′′(T ) = 0.0170086 − 0.0004074T

V ′(T ) = 0 ⇒ T1 = 3.9665146, T2 = 79.5317672.

V ′′(T1) = 0.0153926 > 0 V (T2) = −0.0153926 < 0
T1

Vmin = V (T1) = 999.7446746 cm3.

T1 = 3.9665146

ρmax =
1

999.7446746

kg

cm3
= 1000.255391

kg

m3
.

�



t = 0

P (t) =
75200

1 + 1503 e−0.5932 t

t 0 ≤ t ≤ 25

P (t)
t

P (t)

P (t)

P ′(t) =
67046785.92 e−0.5932 t

(1 + 1503 e−0.5932 t)2
.

P ′(t)

a = 67046785.92 b = 0.5932 c = 1503

P ′′(t) =

(

a e−b t

(1 + c e−b t)
2

)′

=
a b e−b t

(
−1 + c e−b t

)

(1 + c e−b t)
3 .



P ′′(t) = 0 ⇒ −1 + c e−b t = 0
⇒ e−b t = 1

c
⇒ −b t = ln 1

c
⇒ t = −1

b ln
1
c

⇒ t = 1
b ln c

⇒ t ≈ 12.3318 .

�

N(t)
t

N(t) =
0.3 t

t+ 2
,

t N

t

f(t) =
N(t)

t+ 4
=

0.3 t

(t+ 2)(t+ 4)
.

f(t)

f ′(t) =
−0.3t2 + 2.4

((t+ 2)(t+ 4))2
, f ′′(t) =

0.6(t3 − 24 t− 48)

((t+ 2)(t+ 4))3
.

t ≥ 0 f ′(t) = 0 t = 2
√
2 f ′′(2

√
2) ≈ −0.0012 < 0

t = 2
√
2

f(2
√
2) ≈ 0.175736 �

f(x) = x4 − 2x2 x ∈ [0,
√
2]

θ

[−π/2, π/2] f(x) =
| sinx|

f(x) = 1− 3
√
x2 [−1, 1]

θ f(x) = 1− x2 [0, 1]
f(x) = lnx [1, e]



[1/e, e] f(x) =
| ln x|

sin(x + h) − sinx = h cos θ x <
θ < x+ h

1

a+ 1
< ln

1 + a

a
<

1

a
a > 0

P (x) = 5x4−36x3+99x2−122x+57 (x−2)

P (x) = 1 + 2(x− 2) + 3(x− 2)2 + 4(x− 2)3 + 5(x− 2)4

P (x) = x10−3x5+1 (x−1)
P (x) = −1−5(x−1)+15(x−1)2 +90(x−1)3+195(x−1)4+249(x−1)5+210(x−1)6

+120(x− 1)7 + 45(x− 1)8 + 10(x − 1)9 + (x− 1)10

n y = x3 lnx x0 = 1

y = (x−1)+ 5
2!(x−1)2+ 11

3! (x−1)3+
∑n

k=4
(−1)k 6 (x−1)k (k−4)!

k! + (−1)n+1 6 (x−1)n+1 (n−3)!
(1+ν(x−1))n−2(n+1)!

,

0 < ν < 1

f(x) = tg x
|x| ≤ 1

10 tg x = x+ x3/3 +R3 R3 < 1/(3 · 103)

sin 1
sinx sin 1 ≈ 0.84

f(x) =
√
1 + x x ≥ −1
(
0, 1

10

)
R2 <

1
6 ·

(
1
10

)3

L = lim
x→1

x5 − 3x4 + 2x2 + x− 1

x7 − 4x+ 3
L = −2/3

L = lim
x→0

lnx

ctg x
L = 0

L = lim
x→+∞

ex − 2x

x
L = +∞

L = lim
x→0

arcsinx · ctg x L = 1

r H
V

V

2s



a

3a/(9 + 4
√
3)√

3a/(9 + 4
√
3)

f(x) = (x− 1)3/(x+ 1)2

f(x) = x− 2− 6/(x− 1)

f(x) = e
1

x−2

f(x) = ln((1− x)/(x+ 5))

f(x) = e
1

lnx

f(x) = (lnx)2 − lnx2

f(x) = x+ ln(x2 − 1)

c(V ) = c0e
−1/V +ϑV (1−e−1/V ) c0 ϑ

V V c(V )

P
P v

P (v) =
10 + v + v2

1 + v
, 0 ≤ v ≤ 9.

t

c(t) =
e−αt − e−βt

β − α
, β > α > 0.

t β = 0.4
α = 0.2



F (x) f(x) F ′(x) = f(x)

f (a, b) R f :
(a, b) → R F f (a, b)

F ′(x) = f(x), x ∈ (a, b) .

f(x) = x F (x) = x2/2

F ′(x) =

(
x2

2

)′
=

2x

2
= x = f(x) .

F (x) = x2/2+1 f(x) = x
C F (x) = x2/2 + C

f(x) = x

f : (a, b) → R (a, b)
f (a, b)
∫

f(x) dx = F (x) + C, x ∈ (a, b),

C

(∫

f(x) dx

)′
= (F (x) + C)′ = F ′(x) = f(x)



∫

f ′(x) dx = f(x) + C .

∫

dx = x+ C

∫

xα dx =
xα+1

α+ 1
+ C α ∈ R \ {−1} xα x ≤ 0

x > 0
∫

1

x
dx = ln |x|+ C x �= 0

∫

sinx dx = − cosx+C

∫

cos x dx = sinx+ C

∫
1

cos2 x
dx = tg x+C cos x �= 0 ⇒ x �= π

2 + kπ k ∈ Z

∫
1

sin2 x
dx = − ctg x+ C sinx �= 0 ⇒ x �= kπ k ∈ Z

∫

ax dx =
ax

ln a
+ C a > 0 a �= 1

∫

ex dx = ex +C

∫
1

1 + x2
dx = arctg x+ C

∫
1

a2 + x2
dx =

1

a
arctg

x

a
+ C a �= 0

∫
1

1− x2
dx =

1

2
ln

∣
∣
∣
∣

1 + x

1− x

∣
∣
∣
∣
+C x �= ±1

∫
1

a2 − x2
dx =

1

2a
ln

∣
∣
∣
∣

a+ x

a− x

∣
∣
∣
∣
+ C a �= 0 x �= ±a

∫
1√

x2 + 1
dx = ln |x+

√

x2 + 1|+ C

∫
1√

x2 + a2
dx = ln |x+

√

x2 + a2|+ C a �= 0

∫
1√

x2 − 1
dx = ln |x+

√

x2 − 1|+ C |x| > 1



∫
1√

x2 − a2
dx = ln |x+

√

x2 − a2|+ C a �= 0 |x| > a

∫
1√

1− x2
dx = arcsinx+ C |x| < 1

∫
1√

a2 − x2
dx = arcsin

x

a
+ C a �= 0 |x| < a

∫

sinhx dx = cosh x+ C

∫

cosh x dx = sinhx+ C

∫

(αf(x)) dx = α

∫

f(x) dx α ∈ R

∫

(f(x)± g(x)) dx =

∫

f(x) dx±
∫

g(x) dx

∫ (

3x2 − 4 cos x+ ex − 2
4
√
x3 +

5√
4− x2

)

dx .

∫ (

3x2 − 4 cos x+ ex − 2
4
√
x3 +

5√
4− x2

)

dx

= 3

∫

x2 dx− 4

∫

cosx dx+

∫

ex dx− 2

∫

x3/4 dx+ 5

∫
1√

22 − x2
dx

= 3 · x
3

3
− 4 sinx+ ex − 2 · x

3
4
+1

3
4 + 1

+ 5arcsin
x

2
+ C

= x3 − 4 sinx+ ex − 2 · x
7
4

7
4

+ 5arcsin
x

2
+ C

= x3 − 4 sinx+ ex − 8

7
· 4
√
x7 + 5arcsin

x

2
+ C .

�



∫
x4

x2 + 1
dx .

∫
x4

x2 + 1
dx =

∫
x4 − 1 + 1

x2 + 1
dx =

∫
x4 − 1

x2 + 1
dx+

∫
1

x2 + 1
dx

=

∫
(x2 − 1)(x2 + 1)

x2 + 1
dx+ arctg x =

∫

(x2 − 1) dx + arctg x

=
x3

3
− x+ arctg x+ C .

�

∫
1

sin2 x cos2 x
dx .

sin2 x+cos2 x = 1

∫
1

sin2 x cos2 x
dx =

∫
sin2 x+ cos2 x

sin2 x cos2 x
dx =

∫
sin2 x

sin2 x cos2 x
dx+

∫
cos2 x

sin2 x cos2 x
dx

=

∫
1

cos2 x
dx+

∫
1

sin2 x
dx = tg x− ctg x+ C .

�

F : (a, b) → R f
∫
f(x) dx = F (x) + C φ : (α, β) → (a, b)

(α, β)
∫

f(φ(x))φ′(x) dx = {t = φ(x), dt = φ′(x) dx} =

∫

f(t) dt = F (t) + C = F (φ(x)) + C .

∫
x

x2 + a2
dx a > 0

t = x2 + a2 dt = 2x dx ⇒ dt
2 = x dx

∫
x

x2 + a2
dx =

1

2

∫
dt

t
=

1

2
ln |t|+C =

1

2
ln |x2 + a2|+ C.

�



∫
x

(x2 + a2)2
dx a > 0

t = x2 + a2 dt
2 = x dx

∫
x

(x2 + a2)2
dx =

1

2

∫
dt

t2
=

1

2
· t−2+1

−2 + 1
+ C = −1

2
· 1

x2 + a2
+ C .

�

∫
x√

a2 − x2
dx |x| < a a > 0

t = a2 − x2 dt = −2x dx ⇒ −dt
2 = x dx

∫
x√

a2 − x2
dx = −1

2

∫
dt√
t
= −1

2

∫

t−1/2 dt = −1

2
· t

− 1
2
+1

−1
2 + 1

+C = −
√
t+C = −

√

a2 − x2+C .

�

∫
x√

x2 − a2
dx |x| > a a > 0

t = x2 − a2 dt = 2x dx ⇒ dt
2 = x dx

∫
x√

x2 − a2
dx =

1

2

∫
dt√
t
=

√
t+ C =

√

x2 − a2 + C .

�

∫
1

x
√
a2 − x2

dx |x| < a a > 0

t =
√
a2 − x2 t2 = a2 − x2 x2 = a2 − t2 x =

√
a2 − t2 dx =

−t/
√
a2 − t2 dt

∫
1

x
√
a2 − x2

dx =

∫
1√

a2 − t2 · t
· −t√

a2 − t2
dt = −

∫
1

a2 − t2
dt = − 1

2a
ln

∣
∣
∣
∣

a+ t

a− t

∣
∣
∣
∣
+ C ,

∫
1

x
√
a2 − x2

dx = − 1

2a
ln

∣
∣
∣
∣
∣

a+
√
a2 − x2

a−
√
a2 − x2

∣
∣
∣
∣
∣
+ C .

�

∫

tg x dx

tg x = sinx/ cos x
∫

sinx

cos x
dx = {t = cos x ⇒ dt = − sinx dx} =

∫ −dt

t
= − ln |t|+ C = − ln | cos x|+ C .

�



∫ √
sinx cos x dx

∫ √
sinx cos x dx = {t = sinx ⇒ dt = cos x dx} =

∫ √
t dt =

t
3
2

3
2

+ C =
2

3

√

sin3 x+ C .

�

∫
1

ax+ b
dx a �= 0

∫
1

ax+ b
dx = {t = ax+b ⇒ dt = a dx ⇒ dt

a
= dx} =

1

a

∫
dt

t
=

1

a
ln |t|+C =

1

a
ln |ax+b|+C .

�

∫

eax+b dx a �= 0

∫

eax+b dx = {t = ax+ b ⇒ dt = a dx} =
1

a

∫

et dt =
1

a
et + C =

1

a
eax+b + C .

�

∫

cos(ax+ b) dx a �= 0

∫

cos(ax+b) dx = {t = ax+b ⇒ dt = a dx} =
1

a

∫

cos t dt =
1

a
sin t+C =

1

a
sin(ax+b)+C .

�

u(x) v(x)
(a, b)

(u(x)v(x))′ = u′(x)v(x) + u(x)v′(x) .

∫

(u(x)v(x))′ dx =

∫

u′(x)v(x) dx +

∫

u(x)v′(x) dx ,

u(x)v(x) =

∫

v(x) du(x) +

∫

u(x) dv(x) ,



C = 0

�

u(x) dv(x) = u(x)v(x) −
�

v(x) du(x) .

�

u dv = u v −
�

v du .

u dv
�
u dv

�
v du

�
x

cos2 x
dx

dv dx/ cos2 x
u x v = tg x du = dx

�
x

cos2 x
dx = x tg x−

�

tg x dx = x tg x+ ln | cos x|+ C .

�

�
x2√

a2 − x2
dx a > 0

x2 x · x

I =

�
x · x√
a2 − x2

dx =







u = x, du = dx,

dv = x√
a2−x2

dx, v = −
√
a2 − x2







= −x
�

a2 − x2 +

�
�

a2 − x2 dx

= −x
�

a2 − x2 +

�
a2 − x2√
a2 − x2

dx

= −x
�

a2 − x2 +

�
a2√

a2 − x2
dx−

�
x2√

a2 − x2
dx

= −x
√
a2 − x2 + a2 arcsin x

a − I + 2C

I

2I = −x
�

a2 − x2 + a2 arcsin
x

a
+ 2C ⇒ I =

1

2

�

−x
�

a2 − x2 + a2 arcsin
x

a

�

+ C .

�



�
1

(x2 + a2)2
dx a > 0

(x2 + a2 − x2)/a2

I =
1

a2

�
x2 + a2 − x2

(x2 + a2)2
dx =

1

a2








�
x2 + a2

(x2 + a2)2
dx−

�
x2

(x2 + a2)2
dx

� �� �

I1








=
1

a2

��
1

x2 + a2
dx− I1

�

=
1

a2

�
1

a
arctg

x

a
− I1

�

I1

I1 =

�
x · x

(x2 + a2)2
dx =







u = x, du = dx,

dv = x
(x2+a2)2

dx, v = −1
2 · 1

x2+a2







= −x

2
· 1

x2 + a2
+

1

2

�
1

x2 + a2
dx

= −x

2
· 1

x2 + a2
+

1

2a
arctg

x

a
+ C .

I =
1

a2

�
1

a
arctg

x

a
+

x

2
· 1

x2 + a2
− 1

2a
arctg

x

a

�

+ C =
1

2a2

�
x

x2 + a2
+

1

a
arctg

x

a

�

+ C .

�

�
�

x2 − a2 dx |x| > a

√
x2 − a2 x2−a2√

x2−a2

I =

�
x2 − a2√
x2 − a2

dx =

�
x2√

x2 − a2
dx−

�
a2√

x2 − a2
dx

=

�
x · x√
x2 − a2

dx

� �� �

I1

−a2 ln |x+
�

x2 − a2| .



�
x · x√
x2 − a2

dx =







u = x, du = dx,

dv = x√
x2−a2

dx, v =
√
x2 − a2







= x
�

x2 − a2 −
�

�

x2 − a2 dx

= x
�

x2 − a2 − I .

I = x
�

x2 − a2 − I − a2 ln |x+
�

x2 − a2 | .
I

2I = x
�

x2 − a2 − a2 ln |x+
�

x2 − a2 |+ 2C ,

I =
1

2

�

x
�

x2 − a2 − a2 ln |x+
�

x2 − a2 |
�

+ C .

�

u dv
�

xα lnx dx α �= −1 u = lnx dv = xα dx

�

lnx dx

�

lnx dx =







u = lnx, du = 1
x dx,

dv = dx, v = x






= x lnx−

�

x · 1
x
dx

= x lnx−
�

dx = x lnx− x+ C.

�

�

x2 lnx dx

�

x2 lnx dx =







u = lnx, du = 1
x dx,

dv = x2dx, v = x3

3






=

x3

3
lnx−

�
x3

3
· 1
x
dx

=
x3

3
lnx− 1

3

�

x2 dx =
x3

3
lnx− x3

9
+ C.



�

�

xnex dx n ∈ N u = xn dv = ex dx

�

xex dx

�

xex dx =







u = x, du = dx,

dv = ex dx, v = ex






= xex −

�

ex dx = xex − ex + C .

�

�

x2ex dx

�

x2ex dx =







u = x2, du = 2x dx,

dv = ex dx, v = ex






= x2ex − 2

�

xex dx

= x2ex − 2(xex − ex) + C ,

�

�

xn sinx dx

�

xn cos x dx n ∈ N u = xn dv = sinx dx dv =

cos x dx

�

x sinx dx

�

x sinx dx =







u = x, du = dx,

dv = sinx dx, v = − cos x






= −x cos x+

�

cos x dx

= −x cos x+ sinx+ C .

�



�

x2 cosx dx

�

x2 cos x dx =







u = x2, du = 2x dx,

dv = cosx dx, v = sinx






= x2 sinx− 2

�

x sinx dx

= x2 sinx− 2(−x cos x+ sinx) +C .

�

�

xn arcsin x dx

�

xn arccos x dx

�

xn arctg x dx

�

xn arcctg x dx n ∈ N∪{0}
u dv = xn dx

�

arctg x dx

�

arctg x dx =







u = arctg x, du = 1
1+x2 dx,

dv = dx, v = x






= x arctg x−

�
x

1 + x2
dx .

�
x

1 + x2
dx a = 1

�

arctg x dx = x arctg x− 1

2
ln(1 + x2) + C .

�

�

x arcsinx dx

u = arcsinx dv = x dx du = 1/
√
1− x2 dx v = x2/2

�

x arcsin x dx =
x2

2
arcsinx− 1

2

�
x2√
1− x2

dx .

�
x2√
1− x2

dx

�

x arcsin x dx =
x2

2
arcsinx− 1

4

�

−x
�

1− x2 + arcsinx
�

+ C .

�



�

ex sinx dx

�

ex cos x dx u = ex dv = sinx dx dv = cos x dx

I =

�

ex cos x dx

I =

�

ex cos x dx =







u = ex, du = ex dx,

dv = cos x dx, v = sinx






= ex sinx−

�

ex sinx dx .

�
ex sinx dx

�

ex sinx dx =







u = ex, du = ex dx,

dv = sinx dx, v = − cos x







= −ex cos x+

�

ex cosx dx = −ex cos x+ I .

I = ex sinx− (−ex cos x+ I) + 2C = ex sinx+ ex cos x− I + 2C .

I

2I = ex(sinx+ cos x) + 2C ⇒ I =
1

2
ex(sinx+ cos x) + C .

�

Pn(x) Qm(x) n m m ≥ 2

�
Pn(x)

Qm(x)
dx

n ≥ m
Sn−m(x) Rl(x) l < m

Pn(x)

Qm(x)
= Sn−m(x) +

Rl(x)

Qm(x)

�
Pn(x)

Qm(x)
dx =

�

Sn−m(x) dx+

�
Rl(x)

Qm(x)
dx .

�

Sn−m(x) dx

�
Rl(x)

Qm(x)
dx

n < m l < m



∫
2x2 + 3

x2 + 4
dx .

2x2 + 3

x2 + 4
=

2x2 + 8− 5

x2 + 4
=

2(x2 + 4)− 5

x2 + 4
= 2− 5

x2 + 4
,

∫
2x2 + 3

x2 + 4
dx =

∫

2 dx−
∫

5

x2 + 4
dx = 2x− 5

∫
1

x2 + 22
dx = 2x− 5

2
arctg

x

2
+ C .

�

n < m Pn(x)
Qm(x)

Qm = (ax+ b)m a, b ∈ R a �= 0

Pn(x)

Qm(x)
=

A1

ax+ b
+

A2

(ax+ b)2
+ · · ·+ Am

(ax+ b)m
,

A1 A2 Am
∫

Pn(x)

Qm(x)
dx =

∫
A1

ax+ b
dx+

∫
A2

(ax+ b)2
dx+ · · ·+

∫
Am

(ax+ b)m
dx ,

t = ax+ b

Qm = Q2p = (ax2 + bx+ c)p a, b, c ∈ R a �= 0 ax2 + bx+ c

Pn(x)

Qm(x)
=

A1x+B1

ax2 + bx+ c
+

A2x+B2

(ax2 + bx+ c)2
+ · · · + Apx+Bp

(ax2 + bx+ c)p
,

A1 A2 Ap B1 B2 Bp

∫
Pn(x)

Qm(x)
dx =

∫
A1x+B1

ax2 + bx+ c
dx+

∫
A2x+B2

(ax2 + bx+ c)2
dx+ · · ·+

∫
Apx+Bp

(ax2 + bx+ c)p
dx ,

Qm = (a1x + b1)
s1(a2x+ b2)

s2 · · · (alx + bl)
sl ai, bi ∈ R si ∈ N ai �= 0

i = 1, 2, . . . , l s1 + s2 + · · ·+ sl = m

Pn(x)
Qm(x) =

A1,1

a1x+b1
+

A1,2

(a1x+b1)2
+ · · ·+ A1,s1

(a1x+b1)s1

+
A2,1

a2x+b2
+

A2,2

(a2x+b2)2
+ · · ·+ A2,s2

(a2x+b2)s2

+ · · ·

+
Al,1

alx+bl
+

Al,2

(alx+bl)2
+ · · ·+ Al,sl

(alx+bl)
sl

Ai,j i = 1, 2, . . . , l j = 1, 2, . . . , si



Qm = Q2p = (a1x
2 + b1x + c1)

s1(a2x
2 + b2x + c2)

s2 · · · (alx2 + blx + cl)
sl

ai, bi, ci ∈ R si ∈ N ai �= 0 i = 1, 2, . . . , l s1 + s2 + · · · + sl = p
R

Pn(x)
Qm(x) =

A1,1x+B1,1

a1x2+b1x+c1
+

A1,2x+B1,2

(a1x2+b1x+c1)2
+ · · · + A1,s1x+B1,s1

(a1x2+b1x+c1)s1

+
A2,1x+B2,1

a2x2+b2x+c2
+

A2,2x+B2,2

(a2x2+b2x+c2)2
+ · · ·+ A2,s2x+B2,s2

(a2x2+b2x+c2)s2

+ · · ·

+
Al,1x+Bl,1

alx2+blx+cl
+

Al,2x+Bl,2

(alx2+blx+cl)2
+ · · · + Al,sl

x+Bl,sl

(alx2+blx+cl)
sl

Ai,j Bi,j i = 1, 2, . . . , l j = 1, 2, . . . , si

Qm = (ax + b)s1(cx2 + ex + f)s2 a, b, c, e, f ∈ R a, c �= 0
cx2 + ex+ f R s1 + 2s2 = m

Pn(x)
Qm(x) = A1

ax+b +
A2

(ax+b)2
+ · · · + As1

(ax+b)s1

+ B1x+C1
cx2+ex+f

+ B2x+C2
(cx2+ex+f)2

+ · · ·+ Bs2x+Cs2
(cx2+ex+f)s2

Ai Bj Cj i = 1, 2, . . . , s1 j = 1, 2, . . . , s2

∫
1

ax2 + b
dx a · b > 0

∫
1

2x2 + 8
dx

∫
1

2x2 + 8
dx =

1

2

∫
1

x2 + 4
dx =

1

2

∫
1

x2 + 22
dx =

1

2
· 1
2
arctg

x

2
+C =

1

4
arctg

x

2
+C .

�

∫
ex+ f

ax2 + b
dx e �= 0 a · b > 0

∫
5x− 9

2x2 + 8
dx

∫
5x− 9

2x2 + 8
dx =

∫
5x

2x2 + 8
dx−

∫
9

2x2 + 8
dx = I1 − I2 .

I1 t = 2x2+8 dt = 4xdx I2

I1 =

∫
5dt

4

t
=

5

4

∫
1

t
dt =

5

4
ln |t|+ C =

5

4
ln(2x2 + 8) + C



I2 = 9

∫
1

2x2 + 8
dx =

9

4
arctg

x

2
+C .

∫
5x− 9

2x2 + 8
dx =

5

4
ln |2x2 + 8| − 9

4
arctg

x

2
+ C .

�

∫
1

ax2 + bx+ c
dx b2 − 4ac < 0

ax2 + bx+ c = a

(

x+
b

2a

)2

+
4ac− b2

4a

t = x+ b/2a

∫
1

x2 + 4x+ 13
dx

∫
1

x2 + 4x+ 13
dx =

∫
1

(x+ 2)2 + 9
dx = {t = x+ 2 ⇒ dt = dx} =

∫
1

t2 + 9
dt

=

∫
1

t2 + 32
dt =

1

3
arctg

t

3
+ C =

1

3
arctg

x+ 2

3
+ C .

�

∫
ex+ f

ax2 + bx+ c
dx e �= 0 b2 − 4ac < 0

t = x+ b/2a

∫
3x+ 15

x2 + 4x+ 13
dx

∫
3x+ 15

x2 + 4x+ 13
dx =

∫
3x+ 15

(x+ 2)2 + 9
dx = {t = x+ 2 ⇒ dt = dx}

=

∫
3(t− 2) + 15

t2 + 9
dt =

∫
3t+ 9

t2 + 9
dt

= 3

∫
t

t2 + 9
dt+ 9

∫
1

t2 + 9
dt = 3I1 + 9I2 .

I1 s = t2 + 9 ds
2 = t dt

I1 =
1

2

∫
1

s
ds =

1

2
ln |s|+ C =

1

2
ln |t2 + 9|+ C .



I2

I2 =
1

3
arctg

t

3
+ C .

∫
3x+ 15

x2 + 4x+ 13
dx =

3

2
ln |t2+9|+9

3
arctg

t

3
+C =

3

2
ln((x+2)2+9)+3arctg

x+ 2

3
+C .

�

∫
2x+ 8

x2 − x− 2
dx

2x+ 8

x2 − x− 2
=

2x+ 8

(x+ 1)(x − 2)
=

A

x+ 1
+

B

x− 2
=

A(x− 2) +B(x+ 1)

(x+ 1)(x− 2)

=
(A+B)x+ (−2A+B)

(x+ 1)(x − 2)
,

A + B = 2
−2A + B = 8

(A,B) = (−2, 4)

∫
2x+ 8

x2 − x− 2
dx =

∫ −2

x+ 1
dx+

∫
4

x− 2
dx = −2 ln |x+ 1|+ 4 ln |x− 2|+ C .

�

∫
4x− 8

x4 + 4x2
dx

4x− 8

x4 + 4x2
=

4x− 8

x2(x2 + 4)
=

A

x
+

B

x2
+

Cx+D

x2 + 4

x2 + 4 R

A

x
+

B

x2
+

Cx+D

x2 + 4
=

Ax(x2 + 4) +B(x2 + 4) + (Cx+D)x2

x2(x2 + 4)

=
(A+ C)x3 + (B +D)x2 + 4Ax+ 4B

x2(x2 + 4)



A + C = 0
B + D = 0

4A = 4
4B = −8

(A,B,C,D) = (1,−2,−1, 2)
∫

4x− 8

x4 + 4x2
dx =

∫
1

x
dx−

∫
2

x2
dx+

∫ −x+ 2

x2 + 4
dx

= ln |x| − 2

∫

x−2 dx−
∫

x

x2 + 4
dx+ 2

∫
1

x2 + 22
dx

= ln |x|+ 2

x
− 1

2

∫
dt

t
+ arctg

x

2

t = x2 + 4 ⇒ dt = 2x dx
∫

4x− 8

x4 + 4x2
dx = ln |x|+ 2

x
− 1

2
ln(x2 + 4) + arctg

x

2
+ C .

�

I =

∫
2x2 − 274x− 700

(x− 1)(x2 + 4x+ 13)2
dx

2x2 − 274x− 700

(x− 1)(x2 + 4x+ 13)2
=

A

x− 1
+

Bx+C

x2 + 4x+ 13
+

Dx+ E

(x2 + 4x+ 13)2

A(x2 + 4x+ 13)2 + (Bx+C)(x− 1)(x2 + 4x+ 13) + (Dx+E)(x − 1)

(x− 1)(x2 + 4x+ 13)2
,

(A+B)x4+(8A+3B+C)x3+(42A+9B+3C+D)x2+(104A−13B+9C−D+E)x+(169A−13C−E)
(x−1)(x2+4x+13)2

.

A + B = 0
8A + 3B + C = 0
42A + 9B + 3C + D = 2

104A − 13B + 9C − D + E = −274
169A − 13C − E = −700

(A,B,C,D,E) = (−3, 3, 15, 56,−2)

I =

∫ −3

x− 1
dx+

∫
3x+ 15

x2 + 4x+ 13
dx+

∫
56x− 2

(x2 + 4x+ 13)2
dx

= I1 + I2 + I3



I1 =

∫ −3

x− 1
dx = −3 ln |x− 1|+ C .

I2 =

∫
3x+ 15

x2 + 4x+ 13
dx =

3

2
ln((x+ 2)2 + 9) + 3arctg

x+ 2

3
+ C .

I3 t = x+ 2 ⇒ dt = dx

I3 =

∫
56x− 2

((x+ 2)2 + 9)2
dx =

∫
56(t− 2)− 2

(t2 + 9)2
dt =

∫
56t− 114

(t2 + 9)2
dt

= 56

∫
t dt

(t2 + 9)2
︸ ︷︷ ︸

I4

−114

∫
dt

(t2 + 9)2
︸ ︷︷ ︸

I5

.

I4 a = 3

I4 = −1

2
· 1

t2 + 32
+ C = −1

2
· 1

t2 + 9
+ C ,

I5 a = 3

I5 =

∫
dt

(t2 + 9)2
=

1

2 · 32
(

t

t2 + 32
+

1

3
arctg

t

3

)

+ C =
1

18

(
t

t2 + 9
+

1

3
arctg

t

3

)

+ C .

I3 = −28 · 1

t2 + 9
− 19

3

(
t

t2 + 9
+

1

3
arctg

t

3

)

+ C ,

I3 = −28 · 1

(x+ 2)2 + 9
− 19

3

(
x+ 2

(x+ 2)2 + 9
+

1

3
arctg

x+ 2

3

)

+ C .

I1 I2 I3 I

I = −3 ln |x− 1|+ 3

2
ln((x+ 2)2 + 9)− 19x+ 122

3((x+ 2)2 + 9)
+

(

−19

9
+ 3

)

arctg
x+ 2

3
+C ,

I = −3 ln |x− 1|+ 3

2
ln(x2 + 4x+ 13)− 19x+ 122

3(x2 + 4x+ 13)
+

8

9
arctg

x+ 2

3
+ C .

�



∫

(sin(ax))m(cos(ax))n dx,

m2 + n2 ≥ 0 m,n ∈ N0 a

n = 0 m m = 2k + 1 k ∈ N0

∫

(sin(ax))2k+1 dx =

∫

sin2k+1(ax) dx =

∫

sin2k(ax) sin(ax) dx .

sin(ax) dx t =
cos(ax) cos(ax)

sin2(ax) = 1− cos2(ax)

∫

sin2k(ax) sin(ax) dx =

∫

(sin2(ax))k sin(ax) dx =

∫

(1− cos2(ax))k sin(ax) dx

t = cos(ax) ⇒ dt = −a sin(ax) dx

∫

sin2k(ax) sin(ax) dx = −1

a

∫

(1− t2)k dt .

(x+ y)q q ∈ N0

(x+ y)q =

q
∑

p=0

(
q

p

)

xq−pyp ,

(
q

p

)

=
q!

p! (q − p)!
.

x = 1 y = −t2 q = k

(1− t2)k =

k∑

p=0

(
k

p

)

1k−p(−t2)p =

k∑

p=0

(−1)p
(
k

p

)

t2p .

∫

(sin(ax))2k+1 dx = −1

a

k∑

p=0

(−1)p
(
k

p

)
t2p+1

2p + 1

= −1

a

k∑

p=0

(−1)p
(
k

p

)
cos2p+1(ax)

2p + 1
+ C .

m = 0 n

∫

(cos(ax))2k+1 dx =
1

a

k∑

p=0

(−1)p
(
k

p

)
sin2p+1(ax)

2p + 1
+ C .

k ∈ N0



�

sin3 x dx

�

sin3 x dx =

�

sin2 x sinx dx =

�

(1− cos2 x) sin x dx

= {t = cos x ⇒ dt = − sinx dx} = −
�

(1− t2) dt

= −
�

dt+

�

t2 dt = −t+
t3

3
+ C = − cos x+

cos3 x

3
+ C .

a = 1 k = 1

�

sin3 x dx = −1

1

1�

p=0

(−1)p
�
1

p

�
cos2p+1 x

2p+ 1
+ C

= −







(−1)0

�
1

0

�
cos2·0+1 x

2 · 0 + 1
� �� �

p=0

+(−1)1
�
1

1

�
cos2·1+1 x

2 · 1 + 1
� �� �

p=1








+ C

= −
�

1 · 1 · cos x
1

− 1 · 1 · cos
3 x

3

�

+ C = − cos x+
cos3 x

3
+C .

�

�

cos5(2x) dx

t = 2x ⇒ dt = 2 dx
�

cos5(2x) dx =
1

2

�

cos5 t dt =
1

2

�

cos4 t cos t dt

=
1

2

�

(cos2 t)2 cos t dt =
1

2

�

(1− sin2 t)2 cos t dt .

s = sin t ⇒ ds = cos t dt
�

cos5(2x) dx =
1

2

�

(1− s2)2 ds =
1

2

�

(1− 2s2 + s4) ds

=
1

2

�

ds−
�

s2 ds+
1

2

�

s4 ds =
s

2
− s3

3
+

s5

10
+ C

=
sin t

2
− sin3 t

3
+

sin5 t

10
+ C =

sin(2x)

2
− sin3(2x)

3
+

sin5(2x)

10
+ C .



a = 2 k = 2

�

cos5(2x) dx =
1

2

2�

p=0

(−1)p
�
2

p

�
sin2p+1(2x)

2p+ 1
+C

=
1

2







(−1)0

�
2

0

�
sin2·0+1(2x)

2 · 0 + 1
� �� �

p=0

+(−1)1
�
2

1

�
sin2·1+1(2x)

2 · 1 + 1
� �� �

p=1

+(−1)2
�
2

2

�
sin2·2+1(2x)

2 · 2 + 1
� �� �

p=2








+ C

=
1

2

�

1 · 1 · sin(2x)
1

− 1 · 2 · sin
3(2x)

3
+ 1 · 1 · sin

5(2x)

5

�

+ C

=
1

2

�
sin(2x)

1
− 2 · sin

3(2x)

3
+

sin5(2x)

5

�

+ C

=
sin(2x)

2
− sin3(2x)

3
+

sin5(2x)

10
+ C .

�

n = 0 m m = 2k k ∈ N

sin2 α =
1− cos(2α)

2

�

(sin(ax))2k dx =

�

(sin2(ax))k dx =

� �
1− cos(2ax)

2

�k

dx .

m = 0 n = 2k k ∈ N

�

(cos(ax))2k dx =

�

(cos2(ax))k dx =

� �
1 + cos(2ax)

2

�k

dx .

�

cos2 x dx

cos2 α =
1 + cos(2α)

2
.



a = 2 b = 0
∫

cos2 x dx =

∫
1 + cos(2x)

2
dx =

1

2

∫

dx+
1

2

∫

cos(2x) dx =
1

2
x+

1

4
sin(2x) + C .

�

∫

cos2(2x) dx

t = 2x ⇒ dt =
2 dx

∫

cos2(2x) dx =
1

2

∫

cos2 t dt =
1

4
t+

1

8
sin(2t) + C =

x

2
+

1

8
sin(4x) + C .

�

∫

cos4 x dx

∫

cos4 x dx =

∫

(cos2 x)2 dx =

∫ (
1 + cos(2x)

2

)2

dx

=

∫
1 + 2 cos(2x) + cos2(2x)

4
dx

=
1

4

∫

dx+
1

2

∫

cos(2x) dx +
1

4

∫

cos2(2x) dx

=
1

4
x+

1

4
sin(2x) +

1

8
x+

1

32
sin(4x) + C

=
3

8
x+

1

4
sin(2x) +

1

32
sin(4x) + C .

�

m n

∫

sin2 x cos x dx

t = sinx ⇒ dt = cos x dx
∫

sin2 x cos x dx =

∫

t2 dt =
1

3
t3 + C =

1

3
sin3 x+ C .

�



∫

sin2 x cos3 x dx

cos3 x cos2 x cos x

∫

sin2 x cos3 x dx =

∫

sin2 x cos2 x cos x dx =

∫

sin2 x (1− sin2 x) cos x dx

= {t = sinx ⇒ dt = cosx dx} =

∫

t2(1− t2) dt

=

∫

t2 dt−
∫

t4 dt =
t3

3
− t5

5
+ C =

sin3 x

3
− sin5 x

5
+ C .

�

∫

sin2(2x) cos3(2x) dx

t = 2x ⇒ dt = 2 dx

∫

sin2(2x) cos3(2x) dx =
1

2

∫

sin2 t cos3 t dt =
1

2

(
sin3 t

3
− sin5 t

5

)

+C

=
sin3(2x)

6
− sin5(2x)

10
+ C .

�

m n

∫

sin2 x cos2 x dx

sin2 x sin2 x = 1 − cos2 x

∫

sin2 x cos2 x dx =

∫

(1− cos2 x) cos2 x dx =

∫

cos2 x dx−
∫

cos4 x dx

=
1

2
x+

1

4
sin(2x) − 3

8
x− 1

4
sin(2x) − 1

32
sin(4x) + C

=
1

8
x− 1

32
sin(4x) + C .

�



∫
Pn(x)√

ax2 + bx+ c
dx ,

Pn(x) n n > 1

∫
Pn(x)√

ax2 + bx+ c
dx = Qn−1(x)

√

ax2 + bx+ c+ λ

∫
1√

ax2 + bx+ c
dx ,

Qn−1(x) (n − 1)
λ

∫
x2 − x+ 1√
1 + x− x2

dx .

∫
x2 − x+ 1√
1 + x− x2

dx = (Ax+B)
√

1 + x− x2 + λ

∫
1√

1 + x− x2
dx ,

(∫
f(x) dx

)′
= f(x)

x2 − x+ 1√
1 + x− x2

= A
√

1 + x− x2 + (Ax+B)
1− 2x

2
√
1 + x− x2

+
λ√

1 + x− x2
.

√
1 + x− x2

x2 − x+ 1 = A(1 + x− x2) +
1

2
(Ax+B)(1− 2x) + λ ,

x2 − x+ 1 = (−2A)x2 +

(
3

2
A−B

)

x+

(

A+
1

2
B + λ

)

.

−2A = 1
3

2
A − B = −1 A +

1

2
B + λ = 1

(A,B, λ) =

(

−1

2
,
1

4
,
11

8

)

∫
x2 − x+ 1√
1 + x− x2

dx =

(

−1

2
x+

1

4

)
√

1 + x− x2 +
11

8

∫
1√

1 + x− x2
dx

︸ ︷︷ ︸

I1

.



I1

I1 =

∫
1

√
5
4 −

(
1
4 − x+ x2

) dx =

∫
1

√

5
4 −

(
1
2 − x

)2
dx

= {t = 1/2− x ⇒ dt = −dx} =

∫ −1
√
(√

5
2

)2
− t2

dt

= − arcsin
t
√
5
2

+ C = − arcsin
2
(
1
2 − x

)

√
5

+ C = − arcsin
1− 2x√

5
+ C .

∫
x2 − x+ 1√
1 + x− x2

dx =

(

−1

2
x+

1

4

)
√

1 + x− x2 − 11

8
arcsin

1− 2x√
5

+ C .

�

I =

∫ (

3
√
x+

1
5
√
x4

− 2020
√
x2019

)

dx I =
3

4

3
√
x4 + 5 5

√
x− 2020

4039

2020
√
x4039 + C

I =

∫
sinx− cos x

sinx+ cos x
dx I = − ln | sinx+ cos x|+ C

I =

∫ √
x

√

2
√
x+ 5 dx I =

(2
√
x+ 5)7/2

14
− (2

√
x+ 5)5/2 +

25(2
√
x+ 5)3/2

6
+ C

I =

∫
dx

x lnx ln(ln x)
I = ln | ln(lnx)|+ C

I =

∫
1

x
√
a2 + x2

dx a > 0 I =
1

2a
ln

∣
∣
∣
∣
∣

√
a2 + x2 − a√
a2 + x2 + a

∣
∣
∣
∣
∣
+ C

I =

∫

e3x sin 4x dx I =
1

25
e3x(3 sin 4t− 4 cos 4t) +C

I =

∫

(3x2 − 5x+ 6)e4x−1 dx I =

(
3x2

4
− 13x

8
+

61

32

)

e4x−1 + C

I =

∫

x3 arctg x dx I =
x

4
− x3

12
− arctg x

4
+

x4 arctg x

4
+ C

I =

∫
1

(x2 − 4x+ 4)(x2 − 4x+ 5)
dx I = − 1

x− 2
arctg(x− 2) + C



I =

∫
x3 + 1

x(x3 − 8)
dx I =

3

8
ln |x2 − 8| − 1

8
ln |x|+C

I =

∫
9x+ 19

x3 + 9x2 + 28x+ 40
dx

I = −2 ln |x+ 5|+ ln(x2 + 4x+ 8) +
3

2
arctg

(
x+ 2

2

)

+ C

I =

∫
x5 + 4x4 + 9x3 + 8x2 + 3x− 1

x4 + 3x3 + 4x2 + 3x+ 1
dx

I =
x2

2
+ x+ ln |x+ 1|+ 2

x+ 1
+

1

2
ln(x2 + x+ 1)−

√
3 arctg

(
2x+ 1√

3

)

+ C

I =

∫
√

x2 + a2 dx I =
1

2

(

x
√

x2 + a2 + a2 ln |x+
√

x2 + a2|
)

+ C

I =

∫
1

x
√
a2 + x2

dx I =
1

a
ln

∣
∣

x

x+
√
a2 + x2

∣
∣+ C

I =

∫
sin3 x

cos4 x
dx I =

1

3 cos3 x
− 1

cos x
+ C

I =

∫
1√

sin3 x cos5 x
dx I = −2

√
ctg x+ 2

3

√

tg3 x+ C

I =

∫

sin6 x dx I =
5

16
x− 15

64
sin(2x) +

3

64
sin(4x)− 1

192
sin(6x) + C

I =

∫
x2√

x2 + x+ 1
dx I =

2x− 3

4

√

x2 + x+ 1− 1

8
ln

(
1

2
+ x+

√

x2 + x+ 1

)

I =

∫
x3√
x2 + 2

dx I =
(x2 − 4)

√
x2 + 2

3

I =

∫
x3√

1 + 2x− x2
dx I =

2x2 + 5x+ 19

6

√

1 + 2x− x2 − 4 arcsin
1− x√

2



y = f(x) [a, b]

f(x) x x = a x = b

x

y

0 a b

)(xfy �

P

P

P n ∈ N



n

f(x) = 4
3x− 1

3 P
x x = 1 x = 4

P = a+b
2 h a b h

x

y

� �1,1

� �5,4

1 2 3 4

1

2

3

4

5

3

1

3

4
�� xy

P

f(x) = 4
3x− 1

3 x = 1 x = 4
y = 0

P =
f(4) + f(1)

2
(4− 1) =

5 + 1

2
· 3 = 9 .

�

[1, 4] n = 3
∆x = (b− a)/n = (4− 1)/3 = 1

x0 = 1 x1 = x0 +∆x = 2 x2 = x1 +∆x = 3 x3 = x2 +∆x = b = 4
[1, 4]

x0 = 1, xi = xi−1 +∆x, i = 1, 2, 3 .

Pm,i

[xi−1, xi]
f(x) [xi−1, xi] mi i = 1, 2, 3

Pm

Pm = Pm,1 + Pm,2 + Pm,3 = m1∆x+m2∆x+m3∆x

= f(x0)∆x+ f(x1)∆x+ f(x2)∆x

= f(1)∆x+ f(2)∆x+ f(3)∆x

= 1 · 1 + 7

3
· 1 + 11

3
· 1 = 7 .



y

� �1,1

� �5,4

1

2

3

4

5

3

1

3

4
�� xy

x
1 2 3 4

1,mP
2,mP

3,mP

n = 3

Pm

Pm =

3∑

i=1

Pm,i =

3∑

i=1

mi∆x .

PM,i [xi−1, xi]
f(x) [xi−1, xi] Mi i = 1, 2, 3

y

� �1,1

� �5,4

1

2

3

4

5
3

1

3

4
�� xy

x
1 2 3 4

2,MP

1,MP

3,MP

n = 3



PM

PM = PM,1 + PM,2 + PM,3 = M1∆x+M2∆x+M3∆x

= f(x1)∆x+ f(x2)∆x+ f(x3)∆x

=
7

3
· 1 + 11

3
·+5 · 1 = 11 .

PM

PM =

3∑

i=1

PM,i =

3∑

i=1

Mi∆x .

[1, 4] n = 30
∆x = (4 − 1)/30 = 0.1 xi = xi−1 + ∆x

i = 1, 2, . . . , 30

Pm =

30∑

i=1

Pm,i =

30∑

i=1

mi∆x =

30∑

i=1

f(xi−1)∆x = 8.8 ,

y

� �1,1

� �5,4

1

2

3

4

5
3

1

3

4
�� xy

x
1 2 3 4

n = 30

PM =
30∑

i=1

PM,i =
30∑

i=1

Mi∆x =
30∑

i=1

f(xi)∆x = 9.2 .

n = 300 ∆x = 0.01 Pm = 8.98 PM = 9.02 n = 3000 ∆x = 0.001
Pm = 8.998 PM = 9.002 n Pm PM

P = 9 �



y

� �1,1

� �5,4

1

2

3

4

5
3

1

3

4
�� xy

x
1 2 3 4

n = 30

[a, b] n ∆x = (b−
a)/n x0 = a xi = xi−1+∆x i = 1, 2, . . . , n−1 xn = b mi

Mi f(x) [xi−1, xi] i = 1, 2, . . . , n

x

y

0

)(af

)(bf
)(xfy �

nxb �ax �0 1x
1�nx2�nx1�ix ix

im
iM

2x � �
i�

1� 2� 1�n�
n�

f(x) x ∈
[a, b]

Pm =

n∑

i=1

Pm,i =

n∑

i=1

mi∆x, PM =

n∑

i=1

PM,i =

n∑

i=1

Mi∆x .



ξi [xi−1, xi]

mi∆x ≤ f(ξi)∆x ≤ Mi∆x ,

n∑

i=1

mi∆x ≤
n∑

i=1

f(ξi)∆x ≤
n∑

i=1

Mi∆x ,

Pm ≤
n∑

i=1

f(ξi)∆x ≤ PM .

f [a, b]

lim
n→+∞

Pm = lim
n→+∞

PM = P,

lim
n→+∞

n∑

i=1

f(ξi)∆x = P .

ξ ∈ [xi−1, xi] i = 1, 2, . . . , n
f [a, b]

∫ b

a
f(x) dx = lim

n→+∞

n∑

i=1

f(ξi)∆x ,

n∑

i=1

f(ξi)∆x f

[a, b]

y = f(x)
[a, b] a < b (f(a)+f(b))/2 x = (a+b)/2

y = f(x) [a, b]
m M m ≤ f(x) ≤ M x ∈ [a, b]

∫ b

a
mdx ≤

∫ b

a
f(x) dx ≤

∫ b

a
M dx ⇒ m(b− a) ≤

∫ b

a
f(x) dx ≤ M(b− a) ,

m ≤ 1

b− a

∫ b

a
f(x) dx ≤ M .

xm ∈ (a, b)

f(xm) =
1

b− a

∫ b

a
f(x) dx



f(x) x ∈ [a, b] f(x) ≥ 0 [a, b]
x = a x = b x y = f(x)

∫ b

a
f(x) dx = (b− a)f(xm) .

∫ b

a
f(x) dx b−a f(xm)

y = x2/2 [0, 1]

x

y

1

2

2

1
xy �

0

2/1

1

3/3

6/1

1P 2P

3P

3P

321321 PPPPPP �����

y =
1

2
x2 x ∈ [0, 1] y =

1

6

f(xm) =

∫ 1

0

x2

2
dx

1− 0
=

1
6

1− 0
=

1

6
.

x2/2 = 1/6 x > 0 x = xm =
√
3/3

P3 = P 3

�



y = f(x) y = g(x) [a, b]

∫ b

a
f(x) dx = −

∫ a

b
f(x) dx .

xm ∈ (a, b)

∫ b

a
f(x) dx = (b− a)f(xm) = −(a− b)f(xm) = −

∫ a

b
f(x) dx ,

∫ a

a
f(x) dx = 0 .

a = b

∫ b

a
f(x) dx =

∫ a

a
f(x) dx = 0 ,

∆x = (a− a)/n = 0

∫ b

a
(αf(x)) dx = α

∫ b

a
f(x) dx , α ∈ R .

ξi ∈ [xi−1, xi] i ∈ {1, 2, . . . , n}
∫ b

a
(αf(x)) dx = lim

n→+∞

n∑

i=1

(αf(ξi))∆x = α lim
n→+∞

n∑

i=1

f(ξi)∆x = α

∫ b

a
f(x) dx .

∫ b

a
(f(x)± g(x)) dx =

∫ b

a
f(x) dx±

∫ b

a
g(x) dx .

ξi ∈ [xi−1, xi] i ∈ {1, 2, . . . , n}
∫ b

a
(f(x)± g(x)) dx = lim

n→+∞

n∑

i=1

(f(ξi)± g(ξi))∆x

= lim
n→+∞

n∑

i=1

f(ξi)∆x± lim
n→+∞

n∑

i=1

g(ξi)∆x

=

∫ b

a
f(x) dx±

∫ b

a
g(x) dx .



f(x) ≥ 0 x ∈ [a, b]

∫ b

a
f(x) dx ≥ 0 .

∫ b

a
f(x) dx = lim

n→+∞

n∑

i=1

f(ξi)∆x ≥ 0 ,

f(x) ≥ g(x) x ∈ [a, b]

∫ b

a
f(x) dx ≥

∫ b

a
g(x) dx .

f(x) ≥ g(x) f(x)− g(x) ≥ 0

∫ b

a
(f(x)− g(x)) dx ≥ 0 ⇒

∫ b

a
f(x) dx−

∫ b

a
g(x) dx ≥ 0 ⇒

∫ b

a
f(x) dx ≥

∫ b

a
g(x) dx .

∣
∣
∣
∣

∫ b

a
f(x) dx

∣
∣
∣
∣
≤

∫ b

a
|f(x)| dx

∣
∣
∣
∣

∫ b

a
f(x) dx

∣
∣
∣
∣
=

∣
∣
∣
∣
∣
lim

n→+∞

n∑

i=1

f(ξi)∆x

∣
∣
∣
∣
∣
≤ lim

n→+∞

n∑

i=1

|f(ξi)|∆x =

∫ b

a
|f(x)| dx .

c ∈ (a, b)

∫ b

a
f(x) dx =

∫ c

a
f(x) dx+

∫ b

c
f(x) dx .

[a, b] n [a, c] n1

[c, b] n2 n1 + n2 = n ξi ∈ [xi−1, xi] i ∈ {1, 2, . . . , n1}
ξi ∈ [xi−1, xi] i ∈ {n1 + 1, n1 + 2, . . . , n1 + n2}

∫ b

a
f(x) dx = lim

n→+∞

n∑

i=1

f(ξi)∆x = lim
n1,n2→+∞

n1+n2∑

i=1

f(ξi)∆x

= lim
n1→+∞

n1∑

i=1

f(ξi)∆x+ lim
n2→+∞

n1+n2∑

i=n1+1

f(ξi)∆x

=

∫ c

a
f(x) dx+

∫ b

c
f(x) dx .



f(x) x ∈ [a, b]

G(x) =

∫ x

a
f(t) dt, x ∈ [a, b] ,

f(x) x ∈ (a, b) G′(x) = f(x)

G′(x) = lim
h→0

G(x+ h)−G(x)

h
= lim

h→0

∫ x+h
a f(t) dt−

∫ x
a f(t) dt

h
= lim

h→0

∫ x+h
x f(t) dt

h
,

x x+ h (a, b) f(x) ≥ 0 h > 0

x

y

0

)(xfy �

a x hx �
A B C

DE

F

b

∫ x

a
f(t) dt ABEF

∫ x+h

a
f(t) dt ACDF

ξ ∈ (x, x+ h)

∫ x+h

x
f(t) dt = f(ξ)(x+ h− x) = f(ξ)h .

h → 0 ξ ∈ (x, x+ h) x

G′(x) = lim
h→0

f(ξ)h

h
= lim

h→0
f(ξ) = f( lim

h→0
ξ) = f(x) ,

f x
G(x) = F (x) + C

F (x) f(x) [a, b] F ′(x) = f(x)
x ∈ (a, b)

∫ b

a
f(x) dx = F (b)− F (a) =: F (x)

∣
∣b

a
.



G(a) = F (a) + C = 0 ⇒ C = −F (a)

G(b) = F (b) + C = F (b)− F (a) .

G(b) =

∫ b

a
f(x) dx ,

•
∫ 3

1
x2 dx =

x3

3

∣
∣3

1
=

33

3
− 13

3
=

26

3
.

•
∫ π

0
sinx dx = − cos x

∣
∣π

0
= −(cos π − cos 0) = −(−1− 1) = 2 .

•
∫ π

0
cos x dx = sinx

∣
∣π

0
= sinπ − sin 0 = 0− 0 = 0 .

•
∫ 1

0
(ex −√

x) dx =

(

ex − 2

3

√
x3

)
∣
∣1

0
=

(

e− 2

3

)

− (1− 0) = e− 5

3
.

�

P3 = P 3

P1 =

∫
√

3
3

0

x2

2
dx =

√
3

54
, P2 =

(

1−
√
3

3

)

· 1
6
,

P3 =

∫ 1

0

x2

2
dx− P2 − P1 =

1

6
−

(

1−
√
3

3

)

· 1
6
−

√
3

54
=

√
3

27
.

P 3 =

√
3

3
· 1
6
− P1 =

√
3

3
· 1
6
−

√
3

54
=

√
3

27
.

�



F (x) f(x) [a, b]

∫ b

a
f(x) dx = F (b)− F (a) .

t = φ(x) dt = φ′(x) dx

∫

f(φ(x))φ′(x) dx =

∫

f(t) dt = F (t) +C = F (φ(x)) + C

x = a t = φ(a) x = b t = φ(b)

∫ b

a
f(φ(x))φ′(x) dx =

∫ φ(b)

φ(a)
f(t) dt = F (t)

∣
∣φ(b)

φ(a)
= F (φ(b)) − F (φ(a)) .

∫ 4

1
(x+ 2)2019 dx .

t = x+2 dt = dx x = 1 ⇒ t = 3
x = 4 ⇒ t = 6

∫ 4

1
(x+ 2)2019 dx =

∫ 6

3
t2019 dt =

1

2020
t2020

∣
∣6

3
=

62020 − 32020

2020
=

32020(22020 − 1)

2020
.

�

∫ 1

0

x

1 + x2
dx .

t = 1 + x2 dt = 2xdx dt
2 = xdx

x = 0 ⇒ t = 1 x = 1 ⇒ t = 2

∫ 1

0

x

1 + x2
dx =

1

2

∫ 2

1

dt

t
=

1

2
ln |t|

∣
∣2

1
=

1

2
(ln 2− ln 1) =

1

2
ln 2 .

�



∫ 1

−1

1

(1 + x2)(1 + ex)
dx .

∫ 1

−1

1

(1 + x2)(1 + ex)
dx =

∫ 0

−1

1

(1 + x2)(1 + ex)
dx+

∫ 1

0

1

(1 + x2)(1 + ex)
dx .

t = −x dt = −dx
x = −1 ⇒ t = 1 x = 0 ⇒ t = 0

∫ 0

−1

1

(1 + x2)(1 + ex)
dx = −

∫ 0

1

1

(1 + t2)(1 + e−t)
dt = −

∫ 0

1

1

(1 + t2)(1 + 1
et )

dt

= −
∫ 0

1

et

(1 + t2)(et + 1)
dt =

∫ 1

0

et

(1 + t2)(1 + et)
dt .

x t
x = t

∫ 1

−1

1

(1 + x2)(1 + ex)
dx =

∫ 1

0

et

(1 + t2)(1 + et)
dt+

∫ 1

0

1

(1 + t2)(1 + et)
dt

=

∫ 1

0

et + 1

(1 + t2)(1 + et)
dt =

∫ 1

0

1

1 + t2
dt

= arctg t
∣
∣1

0
= arctg 1− arctg 0 =

π

4
− 0 =

π

4
.

�

∫ 1

0

ln(1 + x)

1 + x2
dx .

x = tg t

dx =
dt

cos2 t
=

sin2 t+ cos2 t

cos2 t
dt =

(
tg2 t+ 1

)
dt .

x = 0 ⇒ t = 0 x = 1 ⇒ t = π/4

∫ 1

0

ln(1 + x)

1 + x2
dx =

∫ π/4

0

ln(1 + tg t)

1 + tg2 t

(
tg2 t+ 1

)
dt =

∫ π/4

0
ln(1 + tg t) dt =: I .



s = π/4−t ds = −dt t = 0 ⇒ s = π/4 t = π/4 ⇒ s = 0

I = −
∫ 0

π/4
ln

(

1 + tg
(π

4
− s

))

ds =

∫ π/4

0
ln

(

1 + tg
(π

4
− s

))

ds .

tg(α− β)

I =

∫ π/4

0
ln

(

1 +
tg π

4 − tg s

1 + tg π
4 tg s

)

ds =

∫ π/4

0
ln

(

1 +
1− tg s

1 + tg s

)

ds.

I =

∫ π/4

0
ln

(
1 + tg s+ 1− tg s

1 + tg s

)

ds =

∫ π/4

0
ln

(
2

1 + tg s

)

ds .

I =

∫ π/4

0
ln 2 ds−

∫ π/4

0
ln (1 + tg s) ds =

π

4
ln 2− I

I =
π

8
ln 2 .

�

∫ 8

0

1

x− 2 3
√
x+ 4

dx .

t = 3
√
x t3 = x ⇒ 3t2 dt = dx x = 0 ⇒ t = 0 x = 8 ⇒ t =

2
∫ 2

0

3t2

t3 − 2t+ 4
dt

±1 ±2 ±4
t = −1

1 0 −2 4 r t = −1

1 −1 −1 5 t = −2 t = −1
1 −2 2 0 P (z) = (t+ 2)(t2 − 2t+ 2)

t2 − 2t + 2 = (t − 1)2 + 1 > 0
R

∫
3t2

(t+ 2)(t2 − 2t+ 2)
dt =

∫ (
A

t+ 2
+

Bt+ C

t2 − 2t+ 2

)

dt

=

∫
t2(A+B) + t(−2A+ 2B + C) + 2A+ 2C

(t+ 2)(t2 − 2t+ 2)
dt ,



A + B = 3 −2A + 2B + C = 0 2A + 2C = 0
(A,B,C) = (6/5, 9/5,−6/5)

∫
3t2

(t+ 2)(t2 − 2t+ 2)
dt =

6

5

∫
1

t+ 2
dt+

3

5

∫
3t− 2

t2 − 2t+ 2
dt

=
6

5
ln |t+ 2|+ 3

5
I1

I1

I1 =

∫
3t− 2

(t− 1)2 + 1
dt = {s = t− 1 ⇒ ds = dt} =

∫
3s+ 1

s2 + 1
ds

=

∫
3s

s2 + 1
ds+

∫
1

s2 + 1
ds =

3

2
ln |s2 + 1|+ arctg s+ C

=
3

2
ln |t2 − 2t+ 2|+ arctg(t− 1) +C .

∫
3t2

(t+ 2)(t2 − 2t+ 2)
dt =

6

5
ln |t+ 2|+ 3

5

(
3

2
ln |t2 − 2t+ 2|+ arctg(t− 1)
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+ C = F (t) ,

∫ 2

0

3t2

(t+ 2)(t2 − 2t+ 2)
dt = F (2)− F (0) =

3

10
(π + ln 16) .
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∫ b

a
u(x)dv(x) dx = u(x)v(x)

∣
∣b

a
−

∫ b

a
v(x) du(x) dx .
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∫ 1

0
x2 arctg x dx .

u = arctg x dv = x2 dx du = 1
1+x2 dx v = x3

3

3

∫ 1

0
x2 arctg x dx = 3
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x3

3
arctg x

∣
∣1

0
− 1

3

∫ 1

0

x3

1 + x2
dx

)

=
π

4
−

∫ 1

0

x3

1 + x2
dx .

arctg 1 = π/4
∫ 1

0

x3

1 + x2
dx =

∫ 1
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x3 + x− x

1 + x2
dx =

∫ 1

0

x(x2 + 1)
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dx−

∫ 1

0

x

1 + x2
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∫ 1
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x dx− 1

2
ln 2

=
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2

∣
∣1
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− 1

2
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2
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∫ 1

0
x2 arctg x dx =

π

4
−

(
1

2
− 1

2
ln 2

)

=
π

4
− 1

2
+

1

2
ln 2 .
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∫ e

1/e
| ln x| dx .

lnx < 0 0 < x < 1 lnx > 0 x > 1

∫ e

1/e
| ln x| dx = −

∫ 1

1/e
lnx dx+

∫ e

1
lnx dx = −(x lnx− x)

∣
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1/e
+ (x ln x− x)

∣
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1
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(0− 1)− (
1

e
ln

1

e
− 1

e
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e
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√
3
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x3
√
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t =
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x2 − 1 ⇒ dt = x/
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x2 − 1 dx

∫
1

x3
√
x2 − 1
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∫
x

x4
√
x2 − 1
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∫
dt

(t2 + 1)2
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a = 1
∫

dt

(t2 + 1)2
=

1

2

(
t

t2 + 1
+ arctg t

)
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∫
1

x3
√
x2 − 1

dx =
1

2

(√
x2 − 1

x2
+ arctg

√

x2 − 1

)

+ C = F (x) .
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√
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√
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√
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√
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√
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√
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√
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f(x) ≥ 0 x x = a x = b
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=
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f(x) = x2/2
x = 1 x

x

y

1

2

2

1
xy �

0

5.0

1

5.0

P

f(x) = x2/2 x = 1 x

P =

∫ 1

0

x2

2
dx =

1

6
x3

∣
∣1

0
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1

6
(1− 0) =

1

6
.
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f(x) ≤ 0
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P

x
a b

)(xfy �
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∣
∣
∣
∣
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a
f(x) dx

∣
∣
∣
∣
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f(x) = sinx x
x ∈ [π, 2π]

x

y

1
xy sin�

P

1�

0 � �2

f(x) = sinx x ∈ [π, 2π] x

P =

∣
∣
∣
∣

∫ 2π

π
sinx dx

∣
∣
∣
∣
=

∣
∣
∣− cos x

∣
∣2π

π

∣
∣
∣ = |−(cos 2π − cos π)| = | − (1− (−1))| = | − 2| = 2.
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∣
∣
∣
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f(x) = cos x
x ∈ [−π/4, π] x

x

y

1

xy cos�
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�

f(x) = cosx x x ∈
[−π/4, π]

P = P1 + P2

P =

∫ π/2

−π/4
cos x dx+

∣
∣
∣
∣
∣
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π/2
cos x dx

∣
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∣
∣
= sinx
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∣π/2
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∣sinx|ππ/2

∣
∣
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√
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y
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P
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a
(f(x)− g(x)) dx .



x = 2 x = 4
y = lnx y = −x2 + 8x− 15

x

y

1582 ���� xxy

xy ln�

1 2 3 4 5 6

2

2�

4�

6�

8�

0 P

y = lnx y = −x2 + 8x − 15
x ∈ [2, 4]

∫
lnx dx = x lnx− x+ C

P =

∫ 4

2
(ln x− (−x2 + 8x− 15)) dx =

(

x lnx− x+
x3

3
− 4x2 + 15x

)
∣
∣4

2
= 6 ln 2− 4

3
.
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y

0 a b

)(xfy �
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P =

∫ b

a
(f(x)− g(x)) dx ,

a b f(x) = g(x) x



y = −x2+1 y = x2+x

x

y

0 11�

1

xxy �� 2

12 ��� xy

P

5.0

y = −x2 + 1 y = x2 + x

−x2 + 1 = x2 + x

2x2 + x− 1 = 0 ⇒ x1,2 =
−1±

√
1 + 8

4
=

−1± 3

4
⇒ x1 = −1, x2 =

1

2
.

P =

∫ 1/2

−1
((−x2+1)− (x2 +x)) dx =

∫ 1/2

−1
(−2x2 −x+1) dx =
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−2

3
x3 − 1

2
x2 + x

)
∣
∣1/2

−1
=

9

8
.
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)(xfy �
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∫ c
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c f(x) = g(x) x



x y = x2 − x
y = 2x+ 7/4 x ≤ 0

x

y

0 11�

1

xxy �� 2

21 PPP ��
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4

7

8
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�

4

7
2 �� xy

2

1
�

1P
2P

y = x2 − x y = 2x+7/4 x

P1

P2 x2 − x = 2x+ 7/4 x ≤ 0
x = −1/2

P1 =

∫ −1/2

−7/8

(

2x+
7

4

)

dx =

(

x2 +
7

4
x

)
∣
∣−1/2

−7/8
=

9

64
,

P2 =

∫ 0

−1/2

(
x2 − x

)
dx =

(
x3

3
− x2

2

)
∣
∣0

−1/2
=

1

6
,

P = P1 + P2 =
59
192 �



r P =
r2π

y

0
xr

22 xry ��

22 xry ���

1P

14PP �

y =
√
r2 − x2 x ∈ [0, r] x

x2 + y2 = r2

f(x) = y =
√
r2 − x2 P = 4P1

P1 =

∫ r

0

√

r2 − x2 dx =

{
x = r sin t,
dx = r cos t dt

}

=

∫ π
2

0

√

r2 − r2 sin2 t · r cos t dt

=

∫ π
2

0

√

r2(1− sin2 t) · r cos t dt =
∫ π

2

0

√
r2 cos2 t · r cos t dt =

∫ π
2

0
r2 cos2 t dt

= r2
∫ π

2

0

1 + cos 2t

2
dt =

r2

2

(
∫ π

2

0
dt+

∫ π
2

0
cos 2t

)

dt =
r2

2

(

t+
1

2
sin 2t

)
∣
∣
π
2
0

=
r2

2

((
π

2
+

1

2
sinπ

)

−
(

0 +
1

2
sin 0

))

=
r2

2
· π
2
=

r2

4
π .

t = arcsin x
r x = 0 t = arcsin 0 = 0

x = r t = arcsin 1 = π
2 �



(a, f(a)) (b, f(b))
l =

√

(b− a)2 + (f(b)− f(a))2
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y

0 a b
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l

)(xfy �
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)a )b
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f(x) x ∈ [a, b] (a, f(a))
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nxb �ax �0 1x 1�nx2�nx1�ix
ix

)( 1�ixf

)( ixf

2x � �

icil

1l
2l

nl
1�nl

nc

1�nc

1c 2c

i�

f(x) x ∈ [a, b]



∆xi = ∆x = xi − xi−1 ∆yi = f(xi)− f(xi−1)

l ≈ c1 + c2 + · · ·+ cn, ci =
√

(∆x)2 + (∆yi)2 = ∆x

√

1 +

(
∆yi
∆x

)2

,

i = 1, 2, . . . , n

ξi ∈ (xi−1, xi) f ′(ξi) =
∆yi
∆x

n∑

i=1

ci =

n∑

i=1

∆x

√

1 +

(
∆yi
∆x

)2

=

n∑

i=1

∆x

√

1 + (f ′(ξi))
2 ≈ l .

l = lim
n→+∞

n∑

i=1

ci = lim
n→+∞

n∑

i=1

∆x

√

1 + (f ′(ξi))
2

l =

∫ b

a

√

1 + (f ′(x))2 dx ,

dx = ∆x
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y
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l = 5 l
(1, 1) (4, 1) (4, 5)

y =
4

3
x− 1

3
f ′(x) = 4/3

√

1 + (f ′(x))2 = 5/3

l =

∫ 4

1

5

3
dx =

5

3
x
∣
∣4

1
=

5

3
(4− 1) = 5.
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y = x2/2 x ∈ [0, 1]

x

y

1

l

2

2

1
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0
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1

5.0

y = x2/2 x ∈ [0, 1]

f ′(x) = x
√

1 + (f ′(x))2 =
√
1 + x2

∫ √
1 + x2 dx

I =

∫
√

1 + x2 dx =

∫
1 + x2√
1 + x2

dx =

∫
1√

1 + x2
dx+

∫
x2√
1 + x2

dx = I1 + I2.

I1 = ln |x+
√
1 + x2|

I2 =

∫
x · x√
1 + x2

dx =

{
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dv = x√
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√
1 + x2

}

= x
√
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∫

√

1 + x2 dx

= x
√

1 + x2 − I .

I = ln |x+
√

1 + x2|+ x
√
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I =
1

2

(

ln |x+
√

1 + x2|+ x
√
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)

+C .

l =

∫ 1

0

√
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1

2

(
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√
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√
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∣1

0
=

1

2

(
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√
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√
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O r
O = 2rπ

y

0
xr

l

22 xry ��

22 xry ���

r x ∈ [0, r]

x2 + y2 = r2

y = f(x) =
√
r2 − x2 l

x ∈ [0, r] f(x) ≥ 0 O = 4l f ′(x) = −x√
r2−x2

(f ′(x))2 = x2

r2−x2

1 + (f ′(x))2 = r2

r2−x2

√
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x

r
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π

2
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y = f(x) x = x(t) y = y(t) t ∈ [α, β] x y
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∫ β

α

√

(x′(t))2 + (y′(t))2 dt .
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√
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∣
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x(t) = 2(t − sin t) y(t) = 2(1 − cos t) t ∈
[π/2, 3π/2]

x′(t) = 2(1 − cos t) y′(t) = 2 sin t (x′(t))2 = 4(1 − cos t)2
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√
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√
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√
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√
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√
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∣
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x
M

M = (r1 + r2)π s,

r1 r2 s

Mi = (f(xi−1) + f(xi))π ci, i = 1, 2, . . . , n.

ξi ∈ [xi−1, xi] ci =
√
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M = (f(1) + f(4))π · 5 = (1 + 5)π · 5 = 30π .
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√
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√
1 + x2 dx

I =

∫
x2(1 + x2)√
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√

1 + x2|+ 1

2
x
√

1 + x2 − ln |x+
√

1 + x2|+ C

=
1

2
x
√

1 + x2 − 1

2
ln |x+

√

1 + x2|+ C .

I2

I2 =

∫
x3 · x√
1 + x2

dx =

{

u = x3, du = 3x2dx

dv = x√
1+x2

dx, v =
√
1 + x2

}

= x3
√

1 + x2−3

∫

x2
√

1 + x2 dx,

I2 = x3
√
1 + x2 − 3I

I = I1 + I2 =
1

2
x
√

1 + x2 − 1

2
ln |x+

√

1 + x2|+ x3
√

1 + x2 − 3I + 4C .

4I =
1

2
x
√

1 + x2 − 1

2
ln |x+

√

1 + x2|+ x3
√

1 + x2 + 4C,

I =
1

8
x
√

1 + x2 − 1

8
ln |x+

√

1 + x2|+ 1

4
x3

√

1 + x2 + C .

M = π

(
1

8
x
√

1 + x2 − 1

8
ln |x+

√

1 + x2|+ 1

4
x3

√

1 + x2
)
∣
∣1

0

=

(

3
√
2

8
− 1

8
ln(1 +

√
2)

)

π .

�

M r
M = 4r2π

y

0
xr

22 xry ��

r�

y =
√
r2 − x2 x ∈ [−r, r] x



f(x) =
√
r2 − x2

√

1 + (f ′(x))2 = r√
r2−x2

M = 2M1

M1 = 2π

∫ r

0

√

r2 − x2 · r√
r2 − x2

dx = 2π

∫ r

0
r dx = 2πrx

∣
∣r

0
= 2πr(r − 0) = 2πr2 .

�

f(x) ≥ 0 x x ∈ [a, b]

V = πH(r21 + r1r2 + r22)/3 H r1 r2
∆x = xi − xi−1

f(xi) f(xi−1)

Vi = π∆x((f(xi−1))
2 + f(xi−1)f(xi) + (f(xi))

2)/3, i = 1, 2, . . . , n .

n∑

i=1

Vi =
π

3

n∑

i=1

((f(xi−1))
2 + f(xi−1)f(xi) + (f(xi))

2)∆x ,

V = lim
n→+∞

n∑

i=1

Vi = lim
n→+∞

π

3

n∑

i=1

((f(xi−1))
2 + f(xi−1)f(xi) + (f(xi))

2)∆x .

f2(x)π

V = π

∫ b

a
f2(x) dx .

V =
π

3
· (4− 1)(f(4)2 + f(4)f(1) + f(1)2) = π(52 + 5 · 1 + 12) = 31π ,

V =
π

3

(
r21 + r1 r2 + r22

)
H ,

r1 r2 H



V = π

∫ 4

1

(
4

3
x− 1

3

)2

dx =
π

9

∫ 4

1
(4x− 1)2 dx =

π

9

∫ 4

1
(16x2 − 8x+ 1) dx

=
π

9

(
16

3
x3 − 4x2 + x

)
∣
∣4

1
=

π

9

(
844

3
− 7

3

)

= 31π .

�

V = π

∫ 1

0

(
x2

2

)2

dx =
π

4

∫ 1

0
x4 dx =

π

4
· x

5

5

∣
∣1

0
=

π

20
.

�

V = 4r3π/3

V = π

∫ r

−r

(√

r2 − x2
)2

dx = 2π

∫ r

0
(r2 − x2) dx = 2π

(

r2x− x3

3

)
∣
∣r

0
=

4

3
r3π .

�

P0

R(t) t
R t

S
S(5) = 0.8 80%

T S(t)P0

t ∈ [0, T ]
[0, T ] n [ti−1, ti] i = 1, 2, . . . , n ∆t = T/n i

[ti−1, ti] R(ti)∆t T
T − ti S(T − ti)

S(T − ti)R(ti)∆t.

T

n∑

i=1

S(T − ti)R(ti)∆t.



n → +∞
∫ T

0
S(T − t)R(t) dt.

P0

R(t) t t
S(t) T

P (T ) = S(T )P0 +

∫ T

0
S(T − t)R(t) dt .

R(t) = 720e0.1t

t S(t) = e−0.2t

∫ T

0
S(T − t)R(t) dt = 720

∫ T

0
e−0.2(T−t)e0.1t dt = 720e−0.2 T

∫ T

0
e0.3 t dt =

720

0.3
e−0.2T e0.3 t

∣
∣T

0

∫ T

0
S(T − t)R(t) dt = 2400e−0.2 T

(
e0.3T − 1

)
= 2400

(
e0.1 T − e−0.2T

)
.

P (T ) = 5600e−0.2T + 2400
(
e0.1T − e−0.2T

)
= 3200e−0.2T + 2400e0.1 T ,

P (10) = 3200e−2 + 2400e ≈ 6956.95.

�

R(t) = 1225e0.14 t S(t) =
e−0.2 t t

∫ T

0
S(T−t)R(t) dt = 1225

∫ T

0
e−0.2(T−t)e0.14t dt = 1225e−0.2 T

∫ T

0
e0.34 t dt =

1225

0.34
e−0.2T e0.34 t

∣
∣T

0

∫ T

0
S(T − t)R(t) dt =

1225

0.34
e−0.2T

(
e0.34T − 1

)
=

1225

0.34

(
e0.14 T − e−0.2T

)
.



P (T ) = 22500e−0.2T +
1225

0.34

(
e0.14T − e−0.2T

)
=

6425

0.34
e−0.2T +

1225

0.34
e0.14 T ,

P (12) =
6425

0.34
e−0.2·12 +

1225

0.34
e0.14·12 ≈ 21046.09.

�

/ t
e−0.25 t

R(t) = 12 / S(t) = e−0.25 t P0 = 50

P (T ) = 50e−0.25 T +

∫ T

0
e−0.25 (T−t) · 12 dt = 50e−0.25 T + 12e−0.25 T

∫ T

0
e0.25 t dt .

P (T ) = 50e−0.25 T +
12

0.25
e−0.25 T e0.25 t

∣
∣T

0
= 50e−0.25 T + 48e−0.25 T (e0.25 T − 1),

P (8) = 50e−0.25·8 + 48e−0.25·8 (e0.25·8 − 1) = 50e−2 + 48(1 − e−2) ≈ 48.27 .

�

b(t) = 1240e0.0197 t

d(t) = 682e0.008 t

0 ≤ t ≤ 20

∫ 20

0
(b(t)− d(t)) dt =

∫ 20

0

(
1240e0.0197 t − 682e0.008 t

)
dt

=
1240

0.0197
e0.0197 t

∣
∣20

0
− 682

0.008
e0.008 t

∣
∣20

0

=
1240

0.0197

(
e0.394 − 1

)
− 682

0.008

(
e0.16 − 1

)

≈ 15604 .

�



C(t) = 8
(
e−0.4 t − e−0.6 t

)
,

t C µ /

∫ 2

0
C(t) dt

2− 0
=

1

2

(
8

−0.4
e−0.4 t

∣
∣2

0
− 8

−0.6
e−0.6 t

∣
∣2

0

)

=
1

2

(
8

−0.4

(
e−0.8 − 1

)
+

8

0.6

(
e−1.2 − 1

)
)

= −10
(
e−0.8 − 1

)
+

20

3

(
e−1.2 − 1

)

≈ 0.848 µ .

�

f1 f2

(0, 2) (0.5, 2.5) (1, 2.9) (1.5, 3.1) (2, 3.3)
(2.5, 3.4) (3, 3.4) (3.5, 3.3) (4, 3.1) (4.5, 2.8) (5, 2.3) (5.5, 2)

f1(x) = 0.0027972x3 − 0.211988x2 + 1.07013x + 2.00659,

(0, 2) (0.5, 1.3) (1, 0.9) (1.5, 0.7) (2, 0.4) (2.5, 0.3)
(3, 0.4) (3.5, 0.6) (4, 0.7) (4.5, 0.9) (5, 1.3) (5.5, 2)

f2(x) = −0.00466201x3 + 0.247752x2 − 1.22721x + 1.93297 .



f1 f2
P

P =

∫ 5.5

0

(f1(x) − f2(x)) dx =

∫ 5.5

0

(0.00745921x3 − 0.45974x2 + 2.29734x+ 0.07362) dx

=

(

0.00745921 · x
4

4
− 0.45974 · x

3

3
+ 2.29734 · x

2

2
+ 0.07362x

)
∣
∣
5.5

0

≈ 11.36 2.

�

l

T1 T6

P (x) = −8.59684 · 10−9x6+2.08296 · 10−6x5− 0.00019599x4+0.00929318x3− 0.253106x2+4.11348x .

P (x)



P (x) x [0, 84.3]

V = π

∫ 84.3

0
P 2(x) dx ≈ 50762.1π 3.

S = 2π

∫ 84.3

0
P (x)

√

1 + (P ′(x))2 dx ≈ 4694.05π 2.

�

I =

∫ 1

0
(ex − 1)4ex dx I = (e− 1)5/5

I =

∫ 2

1
x(ln x+ 1) dx I = 3/4 + ln 4

I =

∫ e

1

sin(ln x)

x
dx I = 1− cos 1

I =

∫ 1

0

x3

x6 + 2x3 + 1
dx I = (−9 + 2

√
3 π + ln 64)/54

I =

∫ 1

0

1

x+
√
1 + x2

dx I =
(
ln(1 +

√
2) +

√
2− 1

)
/2

y = x y = −4x+ 20 x = 2 y = 0 P = 8

ABCD A(1, 1) B(6, 2) C(8, 6) D(2, 6)
P = 24

y = −x2 + 4x − 3
(0, 3) (3, 0) P = 9/4

y = −x2 + 9 y = x2 − 10x + 9
P = 125/3

y = x2 − 12x+ 36 y = x2 y = 4
y = 0 P = 40/3

y = x2 y =
√
x P = 1/3

y2+8x = 16 y2−24x = 48 P = 32
√
6/3

y2 = 2x+ 1 y = x− 1 P = 16/3

y = ex y = e−x x = 1 P = e+ 1/e− 2



y = e3x y = e2x y = e3 y = e2

P = e3/3 − e2/6

y = lnx y = ln2 x P = 3− e

y = cos x y = 1/2
y = 0 x ∈ [0, π/2] P = π/6 + 1−

√
3/2

y = tg x x = 0 y =
√
3

y = 1 x ∈ [0, π/2] P =
√
3π/3− π/4 + ln(1/2) − ln(

√
2/2)

y = xe−x2/2 x ∈ [0, 2]
P = 1− 1/e2

x y = arcsinx y = arccos x P =√
2− 1

y = x x ∈ [0, 6] l = 6
√
2

y = x2 x ∈ [0, 1] l = ln(2 +
√
5/4) +

√
5/2

y =
√
x3 x ∈ [0, 5] l = 335/27

y = (1− x/3)
√
x l = 2

√
3

y = ln x x ∈ [
√
3,
√
8] l = 1 + 0.5 ln(3/2)

y =
√
x− x2 + arcsin

√
x l = 2

y = ln
ex + 1

ex − 1
ln 2 ≤ x ≤ ln 3 l = ln(16/9)

x(t) = (1 + sin t) cos t y(t) = (1 + sin t) sin t + 1/4
t ∈ [0, 2π] l = 8

x(t) = (t2 − 2) sin t+ 2t cos t y(t) = (2− t2) cos t+ 2t sin t
t ∈ [0, π] l = π3/3

x(t) = t2 y(t) = t− t3/3 l = 4
√
3

y = x x x ∈ [1, 3] M = 8
√
2π

y = cos x x x ∈ [0, π/2]
M = π(

√
2 + ln(1 +

√
2))

y = x3/3 x x ∈ [−2, 2]
M = (34

√
17− 2)π/9

y = e−x x = 0 x = ln 2 x
M = π

(
4
√
2−

√
5 + ln

(
68 + 48

√
2
)
− 2 ln

(
3 +

√
5
))

/4

x2 + y2 = 2y x M = 4π2

y = x2 y2 = x x
V = 3π/10



x y = ex [ln 2, ln 7]
V = 45π/2

x
y = x2 + 4 x = −1 x = 1 y = (x+ 5)/2 V = 376π/15

x y = ctg x
[π/4, π/2] V = (4π − π2)/4

y = 0
y = x2(1− x2) x V = 16π/135

R(t) = 2240+60t
S(t) = 1/(t+1)

R(t) = 525 e0.05 t

S(t) = e−0.1 t

S(t) = e−0.15 t t

C(t) =
11.4 t e−t t C µg/ml

R(t) = 3200 e0.05 t S(t) = e−0.1 t

R(t) = 1600 e0.06 t

t
S(t) = e−0.32 t



y = y(x)

xy′′(x) + 2(x− 1)y′(x)− 2y(x) = 0 ,

xy′′ + 2(x− 1)y′ − 2y = 0 .

n y = y(x)

F (x, y, y′, y′′, . . . , y(n)) = 0,

F n + 2 y′ y′′ y(n)

y = y(x)

F (x, y, y′, y′′) = 0 .

(a, b) y = y(x) n
n (a, b)

y′ = 6 y′ = 6x y′′ = 6x2

y′ dy/dx dy
dx = 6 dy = 6 dx

∫

dy = 6

∫

dx ⇒ y = 6x+ C,



y

x

)0(,6 �� Cxy

1

6

y′ = 6

C
dy
dx = 6x dy = 6x dx

∫

dy = 6

∫

xdx ⇒ y = 6 · x
2

2
+ C ⇒ y = 3x2 + C,

C
y′′ dy′/dx dy′

dx = 6x2 dy′ = 6x2 dx

∫

dy′ = 6

∫

x2dx ⇒ y′ = 6 · x
3

3
+ C1 ⇒ y′ = 2x3 + C1,

C1
dy
dx = 2x3 + C1

∫

dy =

∫

(2x3 + C1)dx ⇒ y = 2 · x
4

4
+ C1x+ C2 ⇒ y =

x4

2
+ C1x+ C2,

C2 �

C

C1 C2

y = 6x+C
C

y = ϕ(x,C1, C2, . . . , Cn),

φ(x, y, C1, C2, . . . , Cn) = 0,

y = y(x) C1 C2 Cn

y(x)



C1 C2 Cn

C1 C2 Cn

n

y(n) = f(x, y, y′, y′′, . . . , y(n−1)),

y(x0) = y0, y′(x0) = y1, . . . , y(n−1)(x0) = yn−1

x0 y0 y1 yn−1

y′ = f(x, y)
y(x0) = y0,

y′′ = f(x, y, y′)
y(a) = A, y(b) = B,

a b A B

y′ = 6 y(1) = 2 y′ = 6x y(0) = 1

y(x) = 6x + C
y(1) = 2 C y(1) = 6 · 1 + C = 2

C = −4
C y(x) = 6x− 4
y(x) = 3x2 + C y(0) = 1 y(0) = 3 · 02 + C = 1

C = 1 y(x) = 3x2 + 1 �

y′ = ky,

y′′ − 2xy′ + 2py = 0,



f

D = {(x, y) : |x− x0| ≤ a, |y − y0| ≤ b},

(x0 − h, x0 + h)

h = min

{

a,
b

M

}

M = max
(x,y)∈D

|f(x, y)|.

f

D = {(x, y) : |x− x0| ≤ a, |y − y0| ≤ b},

y L > 0

|f(x, y1)− f(x, y2)| ≤ L|y1 − y2|

(x, y1), (x, y2) ∈ D
(x0 − h, x0 + h)

h = min

{

a,
b

M

}

M = max
(x,y)∈D

|f(x, y)|.

y′ = f(x) · g(y),

f x [a, b] g y [c, d]
g(y) �= 0

dy

dx
= f(x) · g(y) ⇒ dy

g(y)
= f(x)dx ⇒

∫
dy

g(y)
=

∫

f(x)dx .

y0 ∈ [c, d] g(y0) = 0 y = y0 y′0 = f(x) · g(y0)
0 = f(x) · 0 y = y0



(x2 + 1)y′ = y2 + 1 .

(x2 + 1)
dy

dx
= y2 + 1 ⇒ dy

y2 + 1
=

dx

x2 + 1
.

∫
dy

y2 + 1
=

∫
dx

x2 + 1
⇒ arctg y = arctg x+C .

arctg y − arctg x = C ⇒ tg(arctg y − arctg x) = tgC .

tgC = C1

tg(α− β) =
tgα− tg β

1 + tgα tg β

tg(arctg y)− tg(arctg x)

1 + tg(arctg y) tg(arctg x)
= C1 ⇒

y − x

1 + y · x = C1 .

y − x− C1(1 + x y) = 0 .

�

yy′ = xex
2−y2 .

y
dy

dx
= x

ex
2

ey2
⇒ yey

2
dy = xex

2
dx .

∫

yey
2
dy =

∫

xex
2
dx.

t = x2 dt = 2x dx dt
2 = x dx

∫

xex
2
dx =

∫

et
dt

2
=

1

2
et +

C

2
=

1

2
ex

2
+

C

2
.

1

2
ey

2
=

1

2
ex

2
+

C

2
.

ey
2
= ex

2
+ C ⇒ ln(ey

2
) = ln(ex

2
+ C) ⇒ y2 = ln(ex

2
+C) .

�



(3 + 2y)dx− (3− x)dy = 0 , y(0) = 1 .

(3 + 2y)dx = (3− x)dy ⇒ dx

3− x
=

dy

3 + 2y
.

∫
dx

3− x
=

∫
dy

3 + 2y
⇒ − ln |3− x|+ C =

1

2
ln |3 + 2y| .

C = ln(
√

3 + 2y(3− x)) ⇒ eC =
√

3 + 2y(3− x) ⇒ C1 =
√

3 + 2y(3− x) .

y(0) = 1

C1 =
√
3 + 2 · 1(3− 0) ⇒ C1 = 3

√
5 .

(3− x)
√

3 + 2y = 3
√
5 .

�

y′ = (2x+ y)2 .

u(x) = 2x+ y(x) u = 2x+ y u′ = 2 + y′

u′ − 2 = u2 ⇒ du

dx
= u2 + 2 ⇒ du

u2 + (
√
2)2

= dx .

∫
du

u2 + (
√
2)2

=

∫

dx ⇒ 1√
2
arctg

u√
2
= x+

C√
2
.

√
2

arctg
u√
2
=

√
2x+ C ⇒ tg(arctg

u√
2
) = tg(

√
2x+ C),

u√
2
= tg(

√
2x+ C) ⇒ 2x+ y√

2
= tg(

√
2x+ C) ⇒ y =

√
2 tg(

√
2x+ C)− 2x .

�



P (x, y)dx+Q(x, y)dy = 0

D λ > 0 (x, y) ∈ D

P (λx, λy) = λnP (x, y), Q(λx, λy) = λnQ(x, y)

n

y′ = f
(y

x

)

,

f (a, b)

u(x) =
y(x)

x
( u =

y

x
),

y = ux y′ = u′x+ ux′ = u′x+ u

u′x+ u = f(u) ⇒ u′x = f(u)− u ⇒ du

dx
x = f(u)− u .

f(u)− u = 0 u ∈ (a, b)

f(u) = u ⇒ f
(y

x

)

=
y

x
⇒ y′ =

y

x

f(u) − u = 0 u0 ∈ (a, b) f(u0) = u0
y′ = f(u0) = u0 y = u0x+ C

f(u)− u �= 0 u ∈ (a, b)

du

dx
x = f(u)− u ⇒ du

f(u)− u
=

dx

x

∫
du

f(u)− u
=

∫
dx

x
⇒ ln

∣
∣
∣
x

C

∣
∣
∣ =

∫
du

f(u)− u
⇒ x = Ce

∫

du
f(u)−u .

u = y/x

y′ = e
y
x +

y

x
.

u = y/x y′ = u′x+ u

y′ = e
y
x +

y

x
⇒ u′x+ u = eu + u ⇒ u′x = eu .



du

dx
x = eu ⇒ e−udu =

dx

x
⇒

∫

e−udu =

∫
dx

x

−e−u = ln |xC| ⇒ −e−
y
x = ln |xC| ⇒ e−

y
x = − ln |xC| ⇒ e−

y
x = ln

∣
∣
∣
∣

1

xC

∣
∣
∣
∣
.

−y

x
= ln

∣
∣
∣
∣
ln

∣
∣
∣
∣

1

xC

∣
∣
∣
∣

∣
∣
∣
∣
⇒ y = −x ln

∣
∣
∣
∣
ln

∣
∣
∣
∣

1

xC

∣
∣
∣
∣

∣
∣
∣
∣
.

�

y′ =
x+ y

x− y
.

x

y′ =
x+y
x

x−y
x

⇒ y′ =
1 + y

x

1− y
x

,

u = y/x y′ = u′x+ u

u′x+ u =
1 + u

1− u
⇒ u′x =

1 + u2

1− u
.

du

dx
x =

1 + u2

1− u
⇒ 1− u

1 + u2
du =

dx

x
⇒

∫
1− u

1 + u2
du =

∫
dx

x
.

∫
dx

x
= ln |xC| .

∫
1− u

1 + u2
du =

∫
1

1 + u2
du−

∫
u

1 + u2
du

= arctg u−
{
t = 1 + u2, dt = 2udu

}

= arctg u− 1

2

∫
1

t
dt

= arctg u− 1

2
ln |1 + u2|+ C

arctg u− 1

2
ln |1 + u2| = ln |xC| ,



arctg
y

x
− 1

2
ln

(

1 +
y2

x2

)

= ln |xC|.

�

(3y2 + 3xy + x2)dx = (x2 + 2xy)dy .

x = λx
y = λy λ

(3(λy)2 + 3λxλy + (λx)2)dx = ((λx)2 + 2λxλy)dy .

λ2(3y2 + 3xy + x2)dx = λ2(x2 + 2xy)dy

λ2

y/x

(3y2 + 3xy + x2)dx = (x2 + 2xy)dy ⇒ dy

dx
=

3y2 + 3xy + x2

x2 + 2xy

⇒ y′ =
3y2+3xy+x2

x2

x2+2xy
x2

⇒ y′ =
3 y2

x2 + 3 y
x + 1

1 + 2 y
x

u = y/x y′ = u′x+ u

u′x+ u =
3u2 + 3u+ 1

1 + 2u
⇒ u′x =

3u2 + 3u+ 1

1 + 2u
− u

⇒ du

dx
x =

u2 + 2u+ 1

1 + 2u

⇒ 1 + 2u

u2 + 2u+ 1
du =

1

x
dx

⇒
∫

1 + 2u

u2 + 2u+ 1
du =

∫
1

x
dx



∫
1 + 2u

u2 + 2u+ 1
du =

∫
1 + 2u

(u+ 1)2
du

= {t = u+ 1, dt = du, u = t− 1}

=

∫
1 + 2(t− 1)

t2
dt

=

∫
2t− 1

t2
dt

=

∫
2

t
dt−

∫
1

t2
dt

= 2 ln |t|+ 1

t
+ C

= 2 ln |u+ 1|+ 1

u+ 1
+ C

2 ln |u+ 1|+ 1

u+ 1
= ln |xC| ⇒ 2 ln

∣
∣
∣
y

x
+ 1

∣
∣
∣+

1
y
x + 1

= ln |xC| .

�

xy′ − y =
√

x2 + y2 .

x

y′ =
y

x
+

√

x2 + y2

x
⇒ y′ =

y

x
+

√

x2 + y2

x2
⇒ y′ =

y

x
+

√

x2 + y2

x2
.

y′ =
y

x
+

√

1 +
y2

x2
⇒ y′ =

y

x
+

√

1 +
(y

x

)2
.

u = y/x y′ = u′x+ u

u′x+ u = u+
√

1 + u2 ⇒ u′x =
√

1 + u2 ⇒ x
du

dx
=

√

1 + u2 .

du√
1 + u2

=
dx

x
⇒

∫
du√
1 + u2

=

∫
dx

x
.



ln |u+
√

1 + u2| = ln |x|+ lnC ⇒ ln |u+
√

1 + u2| = ln |Cx| ⇒ u+
√

1 + u2 = Cx .

u = y/x

y

x
+

√

1 +
y2

x2
= Cx ,

x

y +
√

x2 + y2 = Cx2.

�

y′ = f

(
A1x+B1y + C1

A2x+B2y + C2

)

f (a, b) A1 ·B1 ·A2 ·B2 �= 0

∣
∣
∣
∣

A1 B1

A2 B2

∣
∣
∣
∣
= 0

k ∈ R A1 = kA2 B1 = kB2

y′ = f

(
kA2x+ kB2y + C1

A2x+B2y + C2

)

⇒ y′ = f

(
k(A2x+B2y) + C1

A2x+B2y + C2

)

u = A2x+B2y u′ = A2 +B2y
′

1

B2
u′ − A2

B2
= f

(
ku+C1

u+ C2

)

∣
∣
∣
∣

A1 B1

A2 B2

∣
∣
∣
∣
�= 0 .

x = X + x0 y = Y + y0 Y = Y (X) x0 y0

y′ =
dy

dx
=

d(Y + y0)

dx
=

dY

dx
=

dY

dX
· dX
dx

=
dY

dX
· 1 =

dY

dX
= Y ′

Y ′ = f

(
A1(X + x0) +B1(Y + y0) + C1

A2(X + x0) +B2(Y + y0) + C2

)



Y ′ = f

(
A1X +B1Y +A1x0 +B1y0 + C1

A2X +B2Y +A2x0 +B2y0 + C2

)

x0 y0

A1x0 +B1y0 +C1 = 0
A2x0 +B2y0 + C2 = 0 .

Y ′ = f

(
A1X +B1Y

A2X +B2Y

)

⇒ Y ′ = f

(

A1 +B1
Y
X

A2 +B2
Y
X

)

Y = Y (X,C)
y − y0 = Y (x− x0, C)

y′ =
x− 3y + 2

−2x+ 6y + 8
.

∣
∣
∣
∣

1 −3
−2 6

∣
∣
∣
∣
= 0

y′ =
x− 3y + 2

−2(x− 3y) + 8

u = x− 3y u′ = 1 − 3y′ y′ = (1 − u′)/3

1− u′

3
=

u+ 2

−2u+ 8
⇒ u′ =

−5u+ 2

−2u+ 8

⇒ −2u+ 8

−5u+ 2
du = dx

⇒
∫ −2u+ 8

−5u+ 2
du =

∫

dx .

∫ −2u+ 8

−5u+ 2
du = {t = −5u+ 2, dt = −5du} =

∫ −2 · 2−t
5 + 8

t
· dt

−5
.

2

25

∫ −t− 18

t
dt = − 2

25

(∫

dt+ 18

∫
dt

t

)

= − 2

25
(t+ 18 ln |t|) + C .

− 2

25
(t+ 18 ln |t|) + C = − 2

25
(−5u+ 2 + 18 ln | − 5u+ 2|) + C .



∫ −2u+ 8

−5u+ 2
du =

∫

dx ⇒ − 2

25
(−5u+ 2 + 18 ln | − 5u+ 2|) = x+ C .

u = x− 3y

− 2

25
(−5(x− 3y) + 2 + 18 ln | − 5(x− 3y) + 2|) = x+ C,

− 2

25
(−5x+ 15y + 2 + 18 ln | − 5x+ 15y + 2|) = x+C .

�

y′ =
2y − x− 5

2x− y + 4
.

y′ =
−x+ 2y − 5

2x− y + 4

∣
∣
∣
∣

−1 2
2 −1

∣
∣
∣
∣
= 1− 4 = −3 �= 0.

x = X + x0 y = Y + y0 y′ = Y ′

Y ′ =
−(X + x0) + 2(Y + y0)− 5

2(X + x0)− (Y + y0) + 4
⇒ Y ′ =

−X + 2Y − x0 + 2y0 − 5

2X − Y + 2x0 − y0 + 4
.

x0 y0

−x0 + 2y0 − 5 = 0
2x0 − y0 + 4 = 0,

(x0, y0) = (−1, 2) x = X − 1 y = Y +2

Y ′ =
−X + 2Y

2X − Y
⇒ Y ′ =

−1 + 2 Y
X

2− Y
X

U(X) = Y (X)/X U = Y/X Y ′ = U ′X + U

U ′X + U =
−1 + 2U

2− U
⇒ U ′X =

U2 − 1

2− U
⇒ 2− U

U2 − 1
dU =

1

X
dX .

∫
2− U

U2 − 1
dU =

∫
1

X
dX ⇒

∫
2− U

U2 − 1
dU = ln |XC| .



∫
2− U

U2 − 1
dU =

∫
2− U

(U − 1)(U + 1)
dU

2− U

(U − 1)(U + 1)
=

A

U − 1
+

B

U + 1
=

A(U + 1) +B(U − 1)

(U − 1)(U + 1)
=

(A+B)U + (A−B)

(U − 1)(U + 1)
.

A+B = −1 A−B = 2 (A,B) = (1/2,−3/2)

∫
2− U

(U − 1)(U + 1)
dU =

∫ 1
2

U − 1
dU +

∫ −3
2

U + 1
dU =

1

2
ln |U − 1| − 3

2
ln |U + 1|+ C .

1

2
ln |U − 1| − 3

2
ln |U + 1|+ C =

1

2
ln

∣
∣
∣
∣

U − 1

(U + 1)3

∣
∣
∣
∣
+ C .

1

2
ln

∣
∣
∣
∣

U − 1

(U + 1)3

∣
∣
∣
∣
= ln |XC| .

ln

∣
∣
∣
∣

U − 1

(U + 1)3

∣
∣
∣
∣
= 2 ln |XC| ⇒ U − 1

(U + 1)3
= (XC)2 .

U = Y/X Y = y − 2 X = x+ 1

Y
X − 1

( YX + 1)3
= (XC)2 ⇒

y−2
x+1 − 1

( y−2
x+1 + 1)3

= ((x+ 1)C)2

�

y′ + p(x)y = q(x),

p q y(x) = u(x)v(x)
y = uv y u v
v y′(x) = u′(x)v(x) + u(x)v′(x)
y′ = u′v + uv′

u′v + uv′ + p(x)uv = q(x) ⇒ u′v + u (v′ + p(x)v)
︸ ︷︷ ︸

0

= q(x).

v v′ + p(x)v = 0 v

v′ + p(x)v = 0 ⇒ dv

dx
= −p(x)v ⇒ dv

v
= −p(x)dx ⇒

∫
dv

v
= −

∫

p(x)dx.



ln |v| = −
∫

p(x)dx ⇒ v = e−
∫

p(x)dx +C ⇒ v = e−
∫

p(x)dx,

C v

u′e−
∫

p(x)dx = q(x) ⇒ du

dx
= q(x)e

∫

p(x)dx ⇒ du = q(x)e
∫

p(x)dxdx.

u =

∫

q(x)e
∫

p(x)dxdx+C,

C y = uv

y =

(∫

q(x)e
∫

p(x)dxdx+ C

)

e−
∫

p(x)dx.

y′ + y + x = 0 .

y′ + y = −x

p(x) = 1 q(x) = −x

e
∫

p(x)dx = e
∫

dx = ex+C = ex,

C = 0
∫

q(x)e
∫

p(x)dxdx = −
∫

xexdx = −(xex − ex) + C = −xex + ex,

C = 0

y = (−xex + ex + C) e−x = −x+ 1 + Ce−x .

�

y′ + y + x = 0 .

y = uv y′ = u′v+uv′

u′v + uv′ + uv + x = 0 ⇒ u′v + u (v′ + v)
︸ ︷︷ ︸

0

+x = 0 .

v′ + v = 0 ⇒ dv

dx
= −v ⇒ dv

v
= −dx ⇒

∫
dv

v
= −

∫

dx ⇒ ln |v| = −x ⇒ v = e−x .



v = e−x

u′e−x + x = 0 ⇒ du

dx
= −xex ⇒

∫

du = −
∫

xex dx ⇒ u = −(xex − ex) + C .

y = u v

y = (−xex + ex +C)e−x ⇒ y = −x+ 1 + Ce−x .

�

y′ + 2xy = 2x2e−x2
.

y = uv y′ = u′v + uv′

u′v + uv′ + 2xuv = 2x2e−x2 ⇒ u′v + u (v′ + 2xv)
︸ ︷︷ ︸

0

= 2x2e−x2
.

v′ + 2xv = 0

dv

dx
= −2xv ⇒ dv

v
= −2xdx ⇒

∫
dv

v
= −2

∫

xdx ⇒ ln |v| = −x2 ⇒ v = e−x2
.

u′e−x2
= 2x2e−x2 ⇒ du

dx
= 2x2 ⇒ du = 2x2dx ⇒

∫

du = 2

∫

x2dx .

u =
2

3
x3 + C .

y

y = uv =

(
2

3
x3 + C

)

e−x2 ⇒ y =
2

3
x3e−x2

+ Ce−x2
.

�

s(x) = sin y(x) s = sin y

y′ − tg y = ex
1

cos y
.

cos y

y′ cos y − sin y = ex.

s′ = cos y · y′

s′ − s = ex,



s s = uv s′ = u′v + uv′

u′v + uv′ − uv = ex ⇒ u′v + u (v′ − v)
︸ ︷︷ ︸

0

= ex.

v′ − v = 0 ⇒ dv

v
= dx ⇒

∫
dv

v
=

∫

dx ⇒ ln |v| = x ⇒ v = ex,

u′ex = ex ⇒ u′ = 1 ⇒ u = x+ C.

s = uv

s = (x+ C)ex ⇒ sin y = (x+ C)ex ⇒ y = arcsin((x+ C)ex).

�

y′ + p(x)y = q(x)yα,

p q α �= 0 α �= 1 α = 0
α = 1 y−α

y−αy′ + p(x)y1−α = q(x).

z(x) = z = y1−α

z′ = (1− α)y1−α−1y′ ⇒ z′ = (1− α)y−αy′ ⇒ z′

1− α
= y−αy′

z′

1− α
+ p(x)z = q(x) ⇒ z′ + (1− α)p(x)z = (1− α)q(x),

z

y′ +
2y

x
=

2
√
y

cos2 x
.

√
y

1√
y
y′ +

2y

x
√
y
=

2

cos2 x
⇒ 1√

y
y′ +

2
√
y

x
=

2

cos2 x
.

z(x) =
√

y(x) z =
√
y

z′ =
1

2
√
y
y′ ⇒ 1√

y
y′ = 2z′



2z′ +
2z

x
=

2

cos2 x

z′ +
z

x
=

1

cos2 x
.

z z = uv z′ = u′v + uv′

u′v + uv′ +
uv

x
=

1

cos2 x
⇒ u′v + u

(

v′ +
v

x

)

︸ ︷︷ ︸

0

=
1

cos2 x
.

v′ +
v

x
= 0 ⇒ dv

dx
= −v

x
⇒ dv

v
= −dx

x
⇒

∫
dv

v
= −

∫
dx

x
⇒ ln |v| = − ln |x| ⇒ v =

1

x

u′
1

x
=

1

cos2 x
⇒ du =

x

cos2 x
dx ⇒

∫

du =

∫
x

cos2 x
dx ⇒ u =

∫
x

cos2 x
dx .

∫
x

cos2 x
dx =

{
U = x, dU = dx
dV = 1

cos2 x
dx, V = tg x

}

= x tg x−
∫

tg xdx = x tg x+ ln | cos x|+ C.

z = uv

z =
1

x
(x tg x+ ln | cos x|+ C) = tg x+

1

x
ln | cos x|+ C

x

z =
√
y

√
y = tg x+

1

x
ln | cos x|+ C

x
⇒ y =

(

tg x+
1

x
ln | cos x|+ C

x

)2

�

y′x3 sin y = xy′ − 2y

y′x3 sin y = xy′ − 2y ⇒ y′(x3 sin y − x) = −2y ⇒ dy

dx
(x− x3 sin y) = 2y ⇒ dy

dx
=

2y

x− x3 sin y
.



y �= 0

dx

dy
=

x− x3 sin y

2y
⇒ x′ − 1

2y
x = −sin y

2y
x3.

x = x(y)
x3

1

x3
x′ − 1

2y
· 1

x2
= −sin y

2y

z(y) = z = 1
x2 z′ = −2

x3 x
′ −1

2z
′ = 1

x3x
′

−1

2
z′ − 1

2y
z = −sin y

2y

−2

z′ +
1

y
z =

sin y

y
.

z z = uv z′ = u′v+uv′

u′v + uv′ +
1

y
uv =

sin y

y
⇒ u′v + u

(

v′ +
1

y
v

)

︸ ︷︷ ︸

0

=
sin y

y
.

v′ +
1

y
v = 0 ⇒ dv

dy
= −1

y
v ⇒ dv

v
= −dy

y
⇒

∫
dv

v
= −

∫
dy

y
.

ln |v| = − ln |y| v = 1
y

u′
1

y
=

sin y

y
⇒ du

dy
= sin y ⇒

∫

du =

∫

sin ydy ⇒ u = − cos y +C.

z = uv z = 1
x2

1

x2
= (− cos y + C)

1

y
⇒ x2 =

y

− cos y +C
.

y �= 0 y = 0 0 · x3 sin 0 =
x · 0− 2 · 0 ⇒ 0 = 0 y = 0 �



y′ + p(x)y + q(x)y2 = r(x),

p q r
y(x) = 1

z(x) + yp y = 1
z + yp z yp

y′ = − 1
z2
z′ + y′p

− 1

z2
z′ + y′p + p(x)(

1

z
+ yp) + q(x)(

1

z
+ yp)

2 = r(x),

− 1

z2
z′ + y′p + p(x)

1

z
+ p(x)yp + q(x)

1

z2
+ 2q(x)

1

z
yp + q(x)y2p = r(x)

− 1

z2
z′ + p(x)

1

z
+ q(x)

1

z2
+ 2q(x)

1

z
yp + y′p + p(x)yp + q(x)y2p = r(x)

yp y′p+p(x)yp+q(x)y2p = r(x)

− 1

z2
z′ + p(x)

1

z
+ q(x)

1

z2
+ 2q(x)

1

z
yp = 0 ⇒ z′ − (p(x) + 2q(x)yp)z = q(x),

−z2 z

y′ + y + y2 = 2 .

yp(x) = a a

y′p = 0

0 + a+ a2 = 2 ⇒ a2 + a− 2 = 0 ⇒ a = 1 ∧ a = −2.

a = 1 y = 1
z + 1 y′ = − 1

z2
z′

− 1

z2
z′ +

1

z
+ 1 +

(
1

z
+ 1

)2

= 2,

− 1

z2
z′ +

1

z
+ 1 +

1

z2
+

2

z
+ 1 = 2.

− 1

z2
z′ +

3

z
+

1

z2
= 0.

−z2 z

z′ − 3z − 1 = 0.



dz

dx
= 3z + 1 ⇒ dz

3z + 1
= dx ⇒

∫
dz

3z + 1
=

∫

dx ⇒ 1

3
ln |3z + 1| = x+

C

3
.

ln |3z + 1| = 3x+ C ⇒ 3z + 1 = e3x+C ⇒ z =
1

3

(
e3x+C − 1

)

y = 1
z + 1

y =
3

e3x+C − 1
+ 1 ⇒ y =

e3x+C + 2

e3x+C − 1

a = −2 �

3y′ + y2 +
2

x2
= 0

yp =
a
x a

y′p = − a
x2

−3
a

x2
+

a2

x2
+

2

x2
= 0 ⇒ a2 − 3a+ 2 = 0 ⇒ a = 1, a = 2.

a = 2 yp =
2
x y = 1

z + 2
x y′ = − 1

z2z
′ − 2

x2

− 3

z2
z′ − 6

x2
+

(
1

z
+

2

x

)2

+
2

x2
= 0,

− 3

z2
z′ +

4

zx
+

1

z2
= 0.

z2

−3z′ +
4

x
z + 1 = 0,

z z = uv v
u

v =
3
√
x4, u = − 1

3
√
x
+ C.

z =

(

− 1
3
√
x
+ C

)
3
√
x4 = −x+ C

3
√
x4,

y =
1

−x+ C
3
√
x4

+
2

x
.

�



f(x, y, y′) = 0,

y = xy′ +K(y′),

y′ y′

p p = y′

y = xp+K(p)

x

y′ = (xp)′ + (K(p))′ ⇒ p = x′p+ xp′ +K ′(p)p′ ⇒ p = p+ x
dp

dx
+K ′(p)

dp

dx
.

p

x
dp

dx
+K ′(p)

dp

dx
= 0 ⇒

(
x+K ′(p)

) dp

dx
= 0 .

dp/dx = 0 p = C

y = Cx+K(C) .

x + K ′(p) = 0 p ψ(x)
p = ψ(x)

y = xψ(x) +K(ψ(x)) .

y = xy′ − (y′)2 .

y′ = p

y = xy′ − (y′)2 ⇒ y = xp− p2

x

p = p+ xp′ − 2pp′ ⇒ (x− 2p)p′ = 0 ⇒ x− 2p = 0 ∨ p′ = 0 .



p′ = 0 p = C

y = Cx− C2 .

x− 2p = 0

x− 2p = 0 ⇒ p =
x

2
.

y = x · x
2
−

(x

2

)2
=

x2

4

�

y = xy′ +
√

1 + (y′)2 .

y′ = p

y = xy′ +
√

1 + (y′)2 ⇒ y = xp+
√

1 + p2

x

p = p+ xp′ +
2p

2
√

1 + p2
p′ ⇒

(

x+
p

√

1 + p2

)

p′ = 0 ⇒ x+
p

√

1 + p2
= 0 ∨ p′ = 0 .

p′ = 0 p = C

y = xC +
√

1 + C2 .

x+ p√
1+p2

= 0

x = − p
√

1 + p2
.

y = − p2
√

1 + p2
+

√

1 + p2 =
1

√

1 + p2

x2 + y2 = 1
y > 0 p �

y = xL1(y
′) + L2(y

′),

L1 L2 y′ p y′ = p

y = xL1(p) + L2(p).



x

y′ = (xL1(p))
′ + (L2(p))

′ ⇒ y′ = x′L1(p) + xL′
1(p)p

′ + L′
2(p)p

′

⇒ dy

dx
= L1(p) + xL′

1(p)
dp

dx
+ L′

2(p)
dp

dx

dx dy = pdx

pdx = L1(p)dx+ xL′
1(p)dp + L′

2(p)dp,

(p− L1(p))dx = (xL′
1(p) + L′

2(p))dp.

p− L1(p) �= 0

dx

dp
=

xL′
1(p) + L′

2(p)

p− L1(p)
⇒ dx

dp
=

L′
1(p)

p− L1(p)
x+

L′
2(p)

p− L1(p)
,

x
C x(p)

x(p) = CA(p) +B(p)

A B

y = (CA(p) +B(p))L1(p) + L2(p).

p = p0 p − L1(p) = 0
p �= p0

y = xL1(p0) + L2(p0) .

p− L1(p) ≡ 0

y = x(y′)2 + ln y′ .

p = y′ ln y′ p > 0
x

y = x(y′)2 + ln y′ ⇒ y = xp2 + ln p ⇒ y′ = (xp2)′ + (ln p)′ ⇒ p = p2 + 2xpp′ +
1

p
p′.

dx

p = p2 + 2xp
dp

dx
+

1

p

dp

dx
⇒ (p− p2)dx =

(

2xp+
1

p

)

dp.



p− p2 �= 0 p �= 0 p �= 1

dx

dp
=

2xp+ 1
p

p− p2
⇒ x′ =

2p

p(1− p)
x+

1
p

p− p2
⇒ x′ =

2

1− p
x+

1
p

p− p2

x(p) x(p) = u(p)v(p)
x = uv x′ = u′v + uv′

u′v + uv′ − 2

1− p
uv =

1
p

p− p2
.

u′v + u

(

v′ − 2

1− p
v

)

︸ ︷︷ ︸

0

=

1
p

p− p2

v′ − 2

1− p
v = 0 ⇒ dv

dp
=

2

1− p
v ⇒ dv

v
=

2

1− p
dp ⇒

∫
dv

v
=

∫
2

1− p
dp.

∫
2

1− p
dp = {t = 1− p, dt = −dp} = −2

∫
dt

t
= −2 ln |t|+C = −2 ln |1− p|+ C.

∫
2

1− p
dp = −2 ln |1− p|+ ln |C| = ln

1

(1− p)2
+ ln |C| = ln

∣
∣
∣
∣

C

(1− p)2

∣
∣
∣
∣
.

C
∫

dv

v
=

∫
2

1− p
dp ⇒ ln |v| = ln

1

(1− p)2
⇒ v =

1

(1− p)2
.

u′
1

(1− p)2
=

1
p

p(1− p)
⇒ u′

1

(1− p)
=

1

p2

1− p

du

dp
· 1

(1− p)
=

1

p2
⇒ du =

1− p

p2
dp ⇒

∫

du =

∫
1− p

p2
dp ⇒ u =

∫
1− p

p2
dp .

∫
1− p

p2
dp =

∫
1

p2
dp−

∫
1

p
dp = −1

p
− ln |p|+ C = u

x = uv

x =

(

−1

p
− ln |p|+ C

)

· 1

(1− p)2
.

y x

y =

(

−1

p
− ln |p|+ C

)

· 1

(1− p)2
· p2 + ln p .



p p = 1
p = y′ = 1

y = x · 12 + ln(1) ⇒ y = x.

�

y = x(1 + y′) + (y′)2 .

y′ = p dy = pdx

y = x(1 + p) + p2.

x

p = (1 + p) + xp′ + 2pp′.

p′ = dp/dx dx

0 = dx+ xdp+ 2pdp ⇒ −dx = (x+ 2p)dp ⇒ dx

dp
= −x− 2p ⇒ x′ + x = −2p,

x = x(p) x(p) = u(p)v(p)
x = uv x′ = u′v + uv′

u′v + uv′ + uv = −2p ⇒ u′v + u (v′ + v)
︸ ︷︷ ︸

0

= −2p.

v′ + v = 0

v′ + v = 0 ⇒ dv

dp
= −v ⇒ dv

v
= −dp ⇒

∫
dv

v
= −

∫

dp ⇒ ln |v| = −p ⇒ v = e−p.

u′e−p = −2p ⇒ du = −2pepdp ⇒ u = −2

∫

pepdp ⇒ u = −2(pep − ep) + C,

x = uv = (−2(pep − ep) + C)e−p = −2(p− 1) + Ce−p = 2− 2p +Ce−p,

y

y = x(1 + p) + p2 ⇒ y = (2− 2p+ Ce−p)(1 + p) + p2 = Ce−p(1 + p) + 2− p2.

�



a0, a1, a2 f x D

a2y
′′(x) + a1y

′(x) + a0y(x) = f(x)

a2 �= 0
f(x)

a2y
′′(x) + a1y

′(x) + a0y(x) = 0

a2 �= 0 f(x) �= 0
(a, b) −∞ < a < b < +∞

C2(a, b)

f (a, b) −∞ < a < b < +∞
x0 ∈ (a, b) t0 t1

y = y(x) C2(a, b)

y(x0) = t0, y
′(x0) = t1 .

y1(x) y2(x) D C1 C2

D

C1y1(x) + C2y2(x) = 0.

y1(x) y2(x)

y1 y2
y1 y2

x ∈ (a, b)

W (x) =

∣
∣
∣
∣

y1(x) y2(x)
y′1(x) y′2(x)

∣
∣
∣
∣
,

x0 ∈ (a, b) y1 y2

y1(x0) = 1 y′1(x0) = 0
y2(x0) = 0 y′2(x0) = 1 .

x0

W (x0) =

∣
∣
∣
∣

1 0
0 1

∣
∣
∣
∣
= 1 �= 0.

�



y1(x) y2(x)

yh(x) = C1y1(x) + C2y2(x),

a2y
′′
h(x) + a1y

′
h(x) + a0yh(x)

= a2(C1y
′′
1(x) + C2y

′′
2(x)) + a1(C1y

′
1(x) + C2y

′
2(x)) + a0(C1y1(x) + C2y2(x))

= C1(a2y
′′
1(x) + a1y

′
1(x) + a0y1(x)) + C2(a2y

′′
1 (x) + a1y

′
1(x) + a0y1(x))

= C1 · 0 + C2 · 0 = 0,

C1 C2

y(x) = erx r
y′(x) = rerx y′′(x) = r2erx

a2r
2erx + a1re

rx + a0e
rx = 0 ⇒ erx(a2r

2 + a1r + a0) = 0 ⇒ a2r
2 + a1r + a0 = 0.

r1 r2

r1 �= r2 r1, r2 ∈ R yh(x) = C1e
r1x + C2e

r2x

r1 = r2 r1, r2 ∈ R yh(x) = C1e
r1x + C2xe

r1x

r1 = a+ bi r2 = a− bi b �= 0 yh(x) = eax(C1 cos bx+ C2 sin bx)

y′′ − 4y′ + 3y = 0

y′′ − 9y′ = 0

y′′ + 6y′ + 9y = 0

y′′ + 10y′ + 29y = 0

r2 − 4r + 3 = 0,

r1,2 =
4±

√
42 − 4 · 1 · 3

2
=

4± 2

2
⇒ r1 = 1, r2 = 3.

y(x) = C1e
x + C2e

3x .

r2− 9r = 0 r(r− 9) = 0 r1 = 0
r2 = 9

y(x) = C1e
0·x + C2e

9x = C1 + C2e
9x .

r2 + 6r + 9 = 0 r1 = r2 = −3

y(x) = C1e
−3x + C2xe

−3x .



r2 + 10r + 29 = 0

r1,2 =
−10±

√
100− 116

2
=

−10± 4i

2
= −5± 2i.

yh(x) = e−5x(C1 cos 2x+ C2 sin 2x).

�

2y′′ − 3y′ − 5y = 0 y(0) = y′(0) = 2

2r2 − 3r − 5 = 0

r1,2 =
3±

√
9 + 40

4
=

3± 7

4
⇒ r1 =

5

2
, r2 = −1.

y(x) = C1e
5x
2 + C2e

−x .

y(0) = 2 ⇒ C1e
5·0
2 + C2e

−0 = 2 ⇒ C1 + C2 = 2.

y′(x) = 5
2C1e

5x
2 − C2e

−x

y′(0) = 2 ⇒ 5

2
C1 −C2 = 2.

C1 + C2 = 2
5
2C1 − C2 = 2

C1 = 8/7 C2 = 6/7

y(x) =
8

7
e

5x
2 +

6

7
e−x .

�

y(x) = yh(x) + yp(x),

yh(x)
yp(x)
f(x)



f
f(x) = elxPn(x),

l ∈ R Pn n r1 r2

l = r1 = r2

yp(x) = x2elxQn(x),

Qn n

l = r1 l = r2

yp(x) = xelxQn(x),

Qn n

l �= r1 l �= r2

yp(x) = elxQn(x),

Qn n

f
f(x) = elx(Ps(x) cos bx+Qt(x) sin bx),

l ∈ R Ps Qt s t r1
r2 n = max{s, t}

l + bi = r1 l − bi = r2

yp(x) = xelx(Rn(x) cos bx+ Sn(x) sin bx),

Rn Sn n

l ± bi �= r1 l ± bi �= r2

yp(x) = elx(Rn(x) cos bx+ Sn(x) sin bx),

Rn Sn n

f

f(x) = f1(x) + f2(x) + · · ·+ fk(x),

fi i = 1, 2, . . . , k
ypi

a2y
′′(x) + a1y

′(x) + a0y(x) = fi(x), i = 1, 2, . . . , k.

yp = yp1 + yp2 + · · ·+ ypk .



y′′ + 2y′ + y = 9x+ 4

y′′ + 2y′ + y = 0.

r2+2r+1 = 0 r1 = r2 = −1

yh = C1e
−x + C2xe

−x.

f(x) = (9x+ 4)e0x r1 �= 0 r2 �= 0

yp = (Ax+B)e0x = Ax+B,

9x + 4
Ax + B y′p = (Ax + B)′ = A y′′p = (A)′ = 0

y′′p + 2y′p + yp = 9x+ 4

0 + 2A+Ax+B = 9x+ 4 ⇒ Ax+ (2A+B) = 9x+ 4
⇒ A = 9, 2A+B = 4
⇒ A = 9, B = −14.

yp = 9x− 14

y = yh + yp = C1e
−x + C2xe

−x + 9x− 14 .

�

y′′ + y′ + y = x3 + 4x+ 2

y′′ + y′ + y = 0 r2 + r+1 = 0

r1 = −1

2
+

√
3

2
i, r2 = −1

2
−

√
3

2
i,

yh = e−
1
2
x

(

C1 cos

√
3

2
x+ C2 sin

√
3

2
x

)

.

f(x) = (x3+4x+2)e0x 0 �= r1 0 �= r2

yp = Ax3 +Bx2 + Cx+D, y′p = 3Ax2 + 2Bx+ C, y′′p = 6Ax+ 2B.

y′′p + y′p + yp = x3 + 4x+ 2

Ax3 + (3A+B)x2 + (6A + 2B + C)x+ (2B + C +D) = x3 + 4x+ 2,

A = 1
3A + B = 0
6A + 2B + C = 4

2B + C + D = 2.



(A,B,C,D) = (1,−3, 4, 4)

yp = x3 − 3x2 + 4x+ 4.

y = e−
1
2
x

(

C1 cos

√
3

2
x+ C2 sin

√
3

2
x

)

+ x3 − 3x2 + 4x+ 4.

�

y′′ − 4y′ + 3y = xe3x

y′′ − 4y′ + 3y = 0

r2 − 4r + 3 = 0 ⇒ r1 = 1, r2 = 3,

yh = C1e
x + C2e

3x f(x) = xe3x r2 = 3 e3x

yp = (Ax+B)x e3x = (Ax2 +Bx) e3x.

y′p = e3x(3Ax2 + 2Ax + 3Bx + B) y′′p = e3x(9Ax2 + 12Ax + 9Bx + 2A + 6C)
y′′p − 4y′p + 3yp = xe3x

(4Ax+ 2A+ 2B)e3x = xe3x ⇒ 4Ax+ 2A+ 2B = x ⇒ 4A = 1, 2A+ 2B = 0,

A = 1/4 B = −1/4 yp = (14x
2 − 1

4x) e
3x

y = C1e
x + C2e

3x +

(
1

4
x2 − 1

4
x

)

e3x.

�

y′′ − 4y′ + 3y = 4e2x

y′′ − 4y′ + 3y = 0 r2 − 4r + 3 = 0
r1 = 1 r2 = 3

yh = C1e
x + C2e

3x.

f(x) = 4e2x l = 2 �= r1 l = 2 �= r2

yp = Ae2x ⇒ y′p = 2Ae2x ⇒ y′′p = 4Ae2x.

y′′p − 4y′p + 3yp = 4e2x

−Ae2x = 4e2x ⇒ A = −4.

y = C1e
x + C2e

3x − 4e2x .

�



y′′ − 3y′ − 4y = −2xe−2x

y′′ − 3y′ − 4y = 0 r2 − 3r − 4 = 0
r1 = −1 r2 = 4

yh = C1e
−x + C2e

4x.

l = −2 f(x) = −2xe−2x r1 �= l r2 �= l

yp = (Ax+B)e−2x,

y′p = e−2x(−2Ax+A− 2B) y′′p = e−2x(4Ax− 4A+ 4B)

y′′p − 3y′p − 4yp = −2xe−2x,

6Ax+ (−7A+ 6B) = −2x ⇒ 6A = −2, −7A+ 6B = 0 ⇒ A = −1

3
, B = − 7

18
.

yp =
(
−1

3x− 7
18

)
e−2x

y = C1e
−x + C2e

4x +

(

−1

3
x− 7

18

)

e−2x .

�

y′′ + y = cos x

y′′ + y = 0

r2 + 1 = 0 ⇒ r1 = 0 + 1 · i, r2 = 0− 1 · i,

yh = e0x(C1 cos x+ C2 sinx) = C1 cos x+ C2 sinx.

f(x) = e0x(1 · cos x+ 0 · sinx),

l + bi = 0 + 1i = r1 r2 = 0− 1i

yp = e0xx(A cos x+B sinx) = x(A cos x+B sinx).

y′p = A cos x+B sinx+x(−A sinx+B cos x) y′′p = −2A sinx+2B cos x+x(−A cos x−
B sinx) y′′p + yp = cos x

−2A sinx+ 2B cosx = cosx ⇒ A = 0, B =
1

2
.

yp =
1
2x sinx

y = C1 cos x+ C2 sinx+
1

2
x sinx .

�



y′′ + 4y = x sinx

y′′ + 4y = 0

r2 + 4 = 0 ⇒ r1 = 0 + 2i, r2 = 0− 2i,

yh = e0x(C1 cos 2x+ C2 sin 2x) = C1 cos 2x+ C2 sin 2x .

f(x) = e0x(0 · cos x+ x sinx)

r1 �= 0 + 1i r2 �= 0 + 1i

yp = (Ax+B) cos x+ (Cx+D) sinx.

y′p = (Cx+A+D) cosx+(−Ax−B+C) sinx y′′p = (−Ax−B+2C) cosx+(−Cx−
2A−D) sinx

y′′p + 4yp = x sinx

(3Ax+ 3B + 2C) cos x+ (3Cx+ 3D − 2A) sinx = x sinx,

3A = 0 3B + 2C = 0 3C = 1 3D − 2A = 0 (A,B,C,D) =
(0,−2/9, 1/3, 0)

yp = −2

9
cos x+

1

3
x sinx.

y = C1 cos 2x+ C2 sin 2x− 2

9
cos x+

1

3
x sinx .

�

y′′ − 2y′ + 3y = x2 + 4cos x

y′′ − 2y′ + 3y = 0.

r2 − 2r + 3 = 0 ⇒ r1,2 =
2±

√
4− 12

2
=

2± 2
√
2 i

2
= 1±

√
2 i,

yh = ex(C1 cos
√
2x+ C2 sin

√
2x).

f1(x) = x2e0x r1 �= 0 r2 �= 0 yp1
yp1 = Ax2 +Bx+ C y′p1 = 2Ax+B y′′p1 = 2A

y′′p1 − 2y′p1 + 3yp1 = x2,

3Ax2 + (3B − 4A)x+ (2A− 2B + 3C) = x2 .



3A = 1 3B−4A = 0 2A−2B+3C = 0 A = 1/3 B = 4/9
C = 2/27

yp1 =
1

3
x2 +

4

9
x+

2

27
.

f2(x) = 4 cos x = e0x(4 cos x+0 sinx) r1 �= 0+1i r2 �= 0+1i

yp2 = A cos x+B sinx,

y′p2 = −A sinx+B cos x y′′p2 = −A cos x−B sinx

y′′p2 − 2y′p2 + 3yp2 = 4cos x,

(2A− 2B) cos x+ (2A+ 2B) sin x = 4cos x ⇒ 2A− 2B = 4, 2A+ 2B = 0.

A = 1 B = −1 yp2 = cos x− sinx

y = yh + yp1 + yp2 = ex(C1 cos
√
2x+ C2 sin

√
2x) +

1

3
x2 +

4

9
x+

2

27
+ cos x− sinx .

�

H = H(t) t
k

dH(t)

dt
= kH(t)

(
60

100
− 40−H(t)

100

)

,

H(0) = 40 H(2) = 40− 10 = 30

dH(t)

dt
=

k

100
H(t) (20 +H(t)) ,



dH(t)

H(t) (20 +H(t))
=

k

100
dt ⇒

∫
dH(t)

H(t) (20 +H(t))
︸ ︷︷ ︸

I1

=
k

100

∫

dt

︸︷︷︸

I2

.

1

H (20 +H)
=

A

H
+

B

20 +H

/
·H (20 +H)

1 = A(20 +H) +BH ⇒ 1 = (A+B)H + 20A

A+B = 0 20A = 1 A = 1/20 B = −1/20

I1 =
1

20

∫
dH

H
− 1

20

∫
dH

20 +H
=

1

20
ln |H| − 1

20
ln |H + 20|+ C =

1

20
ln

∣
∣
∣
∣

H

H + 20

∣
∣
∣
∣
+ C1.

I2 = t+C2 I1 =
k

100I2

1

20
ln

∣
∣
∣
∣

H

H + 20

∣
∣
∣
∣
+ C1 =

k

100
(t+ C2) ,

ln

∣
∣
∣
∣

H

H + 20

∣
∣
∣
∣
=

k

5
t+ lnC .

lnC = kC2/5 − 20C1

H

H + 20
= e

k
5
t+lnC ⇒ H = (H + 20)C e

k
5
t ⇒ H =

20C e
k
5
t

1− C e
k
5
t
.

H(0) = 40

H(0) =
20C e

k
5
·0

1− C e
k
5
·0

⇒ 40 =
20C

1− C
⇒ C =

2

3
.

H =
20 · 2

3 e
k
5
t

1− 2
3 e

k
5
t
.

k H(2) = 30

H(2) =
20· 2

3
e
2k
5

1− 2
3
e
2k
5

⇒ 30
(

1− 2
3 e

2k
5

)

= 40
3 e

2k
5

⇒ 3− 2 e
2k
5 = 4

3 e
2k
5

⇒ 3 = 10
3 e

2k
5

⇒ e
2k
5 = 9

10

⇒ 2k
5 = ln 9

10

⇒ k
5 = 1

2 ln
9
10

⇒ k = 5
2 ln

9
10 .



H =
20 · 2

3 e
1
2
t ln 9

10

1− 2
3 e

1
2
t ln 9

10

=
20 · 2

3 e
t ln

√

9
10

1− 2
3 e

t ln
√

9
10

=

40
3

(√
9
10

)t

1− 2
3

(√
9
10

)t =

40
3

(
3√
10

)t

1− 2
3

(
3√
10

)t .

40 −H(6) = 40−
40
3

(
3√
10

)6

1− 2
3

(
3√
10

)6 = 40−
40
3 · 729

1000

1− 2
3 · 729

1000

= 40− 40 · 729
1542

≈ 21.09 .

�

dN

dt
= 1.2N

(

1− N

4200

)

,

N(t) t N
N(0) = 2100 N(0) = 8400

0 < N < 4200 dN
dt > 0

N > 4200 N(t)

dN

dt
=

1.2

4200
N (4200 −N) ⇒

∫
dN

N (4200 −N)
︸ ︷︷ ︸

I1

=
1.2

4200

∫

dt

︸︷︷︸

I2

.

I1

1

N (4200 −N)
=

A

N
+

B

4200 −N

/
·N (4200 −N)

1 = A(4200 −N) +BN ⇒ 1 = (B −A)N + 4200A ⇒ B −A = 0, 4200A = 1.

A = B = 1/4200 I1

I1 =
1

4200

∫
dN

N
+

1

4200

∫
dN

4200−N
=

1

4200
(ln |N | − ln |4200−N |)+C1 =

1

4200
ln

∣
∣
∣
∣

N

4200−N

∣
∣
∣
∣
+C1 .

I1 =
1.2
4200I2 lnC = 1.2C2 − 4200C1

1

4200
ln

∣
∣
∣
∣

N

4200 −N

∣
∣
∣
∣
=

1.2

4200
t+

lnC

4200

ln

∣
∣
∣
∣

N

4200 −N

∣
∣
∣
∣
= 1.2 t+ lnC .



0 < N < 4200

N

4200 −N
= e1.2 t+lnC ⇒ N

4200 −N
= C e1.2 t,

N = 4200
Ce1.2 t

1 +Ce1.2 t
.

N(0) = 2100

N(0) = 4200
Ce0

1 + Ce0
⇒ 2100 = 4200 · C

1 + C
,

C

1 + C
=

1

2
⇒ 2C = 1 + C ⇒ C = 1.

N(t) = N = 4200
e1.2 t

1 + e1.2 t
.

N > 4200 �

dc

dt
= k(cs − c)

k cs c < cs c(0) = 0 t = 2

dc

cs − c
= k dt ⇒

∫
dc

cs − c
= k

∫

dt ⇒ ln(cs − c) = k t+ lnC,

cs − c = Cek t ⇒ c(t) = cs − Cek t .

c(0) = 0 0 = cs − Ce0 C = cs

c(t) = cs − cse
k t ⇒ c(t) = cs(1− ek t).

t = 2 c(2) = cs(1− e2k) �



A(t) = 1+ sin t
y(t)

y(t) t y(t)

dy

dt
= 1 + sin t− y.

y(t) y(0) = 3/2

y = uv y′ = u′v + uv′

u′v + uv′ + uv = 1 + sin t ⇒ u′v + u (v′ + v)
︸ ︷︷ ︸

0

= 1 + sin t .

v′ + v = 0 v = e−t

u′e−t = 1 + sin t ⇒ du = (1 + sin t)et dt ⇒
∫

du =

∫

(1 + sin t)et dt,

∫
sin t et dt = et(sin t− cos t)/2

u = et +
1

2
et(sin t− cos t) + C.

y = (et +
1

2
et(sin t− cos t) + C)e−t ⇒ y = 1 +

1

2
(sin t− cos t) + Ce−t.

C

y(0) = 1 +
1

2
(sin 0− cos 0) + Ce0 ⇒ 3

2
= 1− 1

2
+ C ⇒ C = 1 .

y = 1 +
1

2
(sin t− cos t) + e−t .

�

100◦ 60◦

25◦

30◦

dT

dt
= −k(T − ts),



T ts k > 0 t
T (0) = 100◦ T (20) = 60◦ ts = 25◦

dT
dt = −k(T − 25) ⇒ dT

T−25 = −kdt

⇒
∫

dT

T − 25
= −

∫

kdt

⇒ ln |T − 25| = −k t+ lnC
⇒ T − 25 = e−k t+lnC

⇒ T = 25 + C e−k t .

T (0) = 100 C

T (0) = 25 + C e0 ⇒ 100 = 25 + C ⇒ C = 75.

T = 25 + 75e−k t,

k > 0 T (20) = 60

T (20) = 25 + 75e−20k ⇒ 60 = 25 + 75e−20k ⇒ 7

15
= e−20k ⇒ e−k =

20

√

7

15
.

k = − ln 20

√
7
15

T = 25 + 75

(

20

√

7

15

)t

⇒ T = 25 + 75

(
7

15

) t
20

.

T = 30◦ t

30 = 25 + 75

(
7

15

) t
20

⇒ ln
1

15
=

t

20
ln

7

15
⇒ t = 20

ln 1
15

ln 7
15

≈ 71

�

m(t) t
t

dm

dt
= −km,

k > 0 t = 0 m = m0

m = m0 e
−k t .

�



yy′ − x = 0

x

y
=

y′

x+ 1

(y′)2 + y2 − 1 = 0
√

1− x2 dy +
√

1− y2 dx = 0

2
√
x dy = y dx, y(4) = 1

x2 + y2 − 2xyy′ = 0

y′ =
x

y
+

y

x

xy′ = y ln
y

x

1 + e
x
y + e

x
y

(

1− x

y

)

y′ = 0

y′ =
2x+ y + 1

4x+ 2y − 3

x− y − 1 + (−x+ y + 2)y′ = 0

y′ = 2
(

y+2
x+y−1

)2

y′ =
x− y + 1

x+ y − 3

y′ − y = ex

y′ +
y

1 + x
+ x2 = 0

y′ + y cos x = sinx cos x

y′ − 2

x+ 1
y = (x+ 1)3



y′ + 2xy = 2x3y3

y′ +
y

x+ 1
+ y2 = 0

xy′ + y = y2 lnx

xy′ − 4y − x2
√
y = 0

(x3 − 1)y′ = 2xy2 − x2y − 1
yp(x) = ax+ b a b

(x2 + x)y′ + y2 + (1− 2x)y − 2x = 0
yp(x) = a a

(y′)3 − 4x2y′ = 0

y = 2xy′ − ln y′

y′′ − 3y′ + 2y = 0

y′′ − 2y′ + 2y = 0

y′′ + 2y′ + 3y = 0

y′′ + 4y′ = 0

y′′ + 4y = 0

y′′ − 5y′ + 6y = 0

y′′ − 3y′ + 2y = e3x(x2 + x)

y′′ + y = sinx

y′′ + y = e−x + 2

v(t)

dv

dt
= −v

(
v2 − (1 + a)v + a

)
,

a 0 < a < 1 v v
v dv/dt = 0



dc

dt
=

k

tb
(cs − c),

k cs b b < 1

c(t) = cs

(

1− e−αt1−b
)

t �= 0 α = k/(1 − b)

N(t) =
0.55e0.55t

1 + 0.0026e0.55t

dN

dt
= (0.55 − 0.0026N)N, N(0) =

0.55

1.0026
.

N
r N = 0 N = K N

dN

dt
= r

(

1− N

K

)

N .





n n ∈ N

an+1 = an + d, n ∈ N,

d �= 0
bn+1 = q bn, n ∈ N,

q �= 0, q �= 1 an a1

an+1 = f(an), n ∈ N.

F (n, an, an+1) = 0 .

F (n, an, an+1, an+2) = 0 .

k

F (n, an, an+1, . . . , an+k) = 0 .

(an)n∈N



a1 = 2, an+1 =
1

2
(an + 6)

n ≥ 1

n = 1, 2, 3, 4

a2 =
1
2(a1 + 6) = 1

2(2 + 6) = 4,

a3 =
1
2(a2 + 6) = 1

2(4 + 6) = 5,

a4 =
1
2(a3 + 6) = 1

2(5 + 6) = 5.5,

a5 =
1
2(a4 + 6) = 1

2(5.5 + 6) = 5.75,

2, 4, 5, 5.5, 5.75, . . .

�

F1 = F2 = 1, Fn+1 = Fn + Fn−1

n ≥ 2

F1 F2

F3 = F2 + F1 = 1 + 1 = 2,
F4 = F3 + F2 = 2 + 1 = 3,
F5 = F4 + F3 = 3 + 2 = 5,
F6 = F5 + F4 = 5 + 3 = 8.

1, 1, 2, 3, 5, 8, 13, 21, 34, 55 .

�

an+1 + f(n)an = g(n),

an f(n) g(n)
n an = unvn

un+1vn+1 + f(n)unvn = g(n) ⇒ un+1vn+1 − unvn+1 + unvn+1 + f(n)unvn = g(n)
⇒ vn+1(un+1 − un) + un(vn+1 + f(n)vn) = g(n) .



an un vn vn

vn+1 + f(n)vn = 0 .

n = 1, 2, . . .

n = 1 : v2 + f(1)v1 = 0 ⇒ v2 = −f(1)v1
n = 2 : v3 + f(2)v2 = 0 ⇒ v3 = −f(2)v2 ⇒ v3 = (−1)2f(2)f(1)v1

n = k : vk+1 + f(k)vk = 0 ⇒ vk+1 = (−1)kf(k) . . . f(2)f(1)v1

vn+1 = (−1)nf(n) . . . f(2)f(1)v1 = (−1)nv1

n∏

k=1

f(k) .

un+1 − un =
g(n)

vn+1
= h(n),

n = 1, 2, . . .

n = 1 : u2 − u1 = h(1) ⇒ u2 = u1 + h(1),
n = 2 : u3 − u2 = h(2) ⇒ u3 = u2 + h(2) ⇒ u3 = u1 + h(1) + h(2),

n = k : uk+1 − uk = h(k) ⇒ uk+1 = uk + h(k) = u1 + h(1) + h(2) + · · · + h(k, )

un+1 = u1 +

n∑

k=1

h(k) ,

un+1 = u1 +

n∑

k=1

g(k)

vk+1
= u1 +

n∑

k=1

g(k)

(−1)kv1
∏k

s=1 f(s)
.

n ≥ 2

an = unvn = (−1)n−1v1

n−1∏

k=1

f(k)

(

u1 +

n−1∑

k=1

g(k)

(−1)kv1
∏k

s=1 f(s)

)

= (−1)n−1
n−1∏

k=1

f(k)

(

u1v1 +

n−1∑

k=1

g(k)

(−1)k
∏k

s=1 f(s)

)

.

u1 = C v1 = D C D
u1v1 = C ·D =: C1

an = (−1)n−1
n−1∏

k=1

f(k)

(

C1 +
n−1∑

k=1

g(k)

(−1)k
∏k

s=1 f(s)

)

.



an+1 − an = d d �= 0

n = 1, 2, . . .
a2 − a1 = d
a3 − a2 = d
a4 − a3 = d

an−1 − an−2 = d
an − an−1 = d ,

n− 1

an − a1 = (n − 1)d ⇒ an = a1 + (n− 1)d ⇒ an = C1 + (n− 1)d

a1 C1 �

an+1 = q an q �= 0 q �= 1

n = 1, 2, . . .

a2 = q a1
a3 = q a2 = q2a1
a4 = q a3 = q3a1

an−1 = q an−2 = qn−2a1
an = q an−1 = qn−1a1 .

�

an+1 − an = n a1 = 1

n = 1, 2, . . .

a2 − a1 = 1
a3 − a2 = 2
a4 − a3 = 3

an−1 − an−2 = n− 2
an − an−1 = n− 1 ,

n− 1

an − a1 =

n−1∑

k=1

k ⇒ an = 1 +
(n− 1)n

2
.

�



an+1 − 2an = 0 a1 = 2

q = 2

an = 2n−1a1 = 2n−1 · 2 = 2n .

�

an+1 + n an = 1

f(n) = n
g(n) = 1

an = (−1)n−1
n−1∏

k=1

k

(

C1 +

n−1∑

k=1

1

(−1)k
∏k

s=1 s

)

= (−1)n−1(n− 1)!

(

C1 +

n−1∑

k=1

1

(−1)kk!

)

�

an+1 + n an = 1

an = unvn

un+1vn+1 + nunvn = 1 ⇒ un+1vn+1 − unvn+1 + unvn+1 + nunvn = 1
⇒ vn+1(un+1 − un) + un(vn+1 + n vn) = 1 .

an un vn vn

vn+1 + n vn = 0 .

n = 1, 2, . . .

n = 1 : v2 + 1 · v1 = 0 ⇒ v2 = −1 · v1
n = 2 : v3 + 2 · v2 = 0 ⇒ v3 = −2 · v2 ⇒ v3 = (−1)22! v1

n = k : vk+1 + k · vk = 0 ⇒ vk+1 = (−1)kk! v1

vn+1 = (−1)nn! v1 .

un+1 − un =
1

vn+1
=

1

(−1)nn! v1
,



n = 1, 2, . . .

n = 1 : u2 − u1 =
1

−v1
⇒ u2 = u1 +

1
−v1

n = 2 : u3 − u2 =
1

2! v1
⇒ u3 = u2 +

1
2! v1

⇒ u3 = u1 +
1

−v1
+ 1

2! v1

n = k : uk+1 − uk = 1
(−1)kk! v1

⇒ uk+1 = uk +
1

(−1)kk! v1
= u1 +

∑k
s=1

1
(−1)ss! v1

un+1 = u1 +

n∑

k=1

1

(−1)kk! v1
.

n ≥ 2

an = unvn = (−1)n−1(n− 1)! v1

(

u1 +
n−1∑

k=1

1

(−1)kk! v1

)

= (−1)n−1(n− 1)!

(

u1 v1 +
n−1∑

k=1

1

(−1)kk!

)

.

u1 = C v1 = D C D
u1v1 = C ·D = C1

an = (−1)n−1(n − 1)!

(

C1 +

n−1∑

k=1

1

(−1)kk!

)

.

�

an+1−an = 2n−2
a1 = 0

an = unvn

un+1vn+1 − unvn = 2(n − 1) ⇒ un+1vn+1 − unvn+1 + unvn+1 − unvn = 2(n − 1)
⇒ vn+1(un+1 − un) + un(vn+1 − vn) = 2(n − 1).

vn+1−vn = 0 vn+1 = vn = vn−1 = · · · = v1

vn+1(un+1 − un) + 0 = 2(n − 1) ⇒ un+1 − un =
2(n − 1)

v1
.

n = 1, 2, . . .

n = 1 : u2 − u1 =
2(1−1)

v1
⇒ u2 = u1

n = 2 : u3 − u2 =
2(2−1)

v1
⇒ u3 = u2 +

2·1
v1

= u1 +
2
v1

· 1
n = 3 : u4 − u3 =

2(3−1)
v1

⇒ u4 = u3 +
2·2
v1

= u1 +
2·1
v1

+ 2·2
v1

= u1 +
2
v1
(1 + 2)

n = k : uk+1 − uk = 2(k−1)
v1

⇒ uk+1 = uk +
2(k−1)

v1
= u1 +

2
v1
(1 + 2 + · · ·+ (k − 1))



k 1+2+· · ·+(k−1) = (k−1)k/2

uk+1 = u1 +
2

v1
· (k − 1)k

2
= u1 +

(k − 1)k

v1
,

un+1 = u1 +
(n− 1)n

v1
⇒ un = u1 +

(n− 2)(n − 1)

v1
.

vn = v1 n ≥ 2

an = unvn =

�

u1 +
(n− 2)(n − 1)

v1

�

v1 = u1v1 + (n− 2)(n − 1) = (n− 2)(n − 1),

a1 = u1v1 = 0 �

An

A =

�
1 0
3 1

�

A =





1 0 0
3 1 0
0 3 1





A0 =

�
a011 a012
a021 a022

�

=

�
1 0
0 1

�

A1 =

�
a111 a112
a121 a122

�

=

�
1 0
3 1

�

= A.

An =

�
an11 an12
an21 an22

�

An+1 =

�
an+1
11 an+1

12

an+1
21 an+1

22

�

,

An+1 = An · A
�
an+1
11 an+1

12

an+1
21 an+1

22

�

=

�
an11 an12
an21 an22

�

·
�
1 0
3 1

�

=

�
an11 + 3an12 an12
an21 + 3an22 an22

�

an+1
11 = an11 + 3an12, an+1

12 = an12, an+1
21 = an21 + 3an22, an+1

22 = an22.

an+1
12 = an12 = · · · = a112 = a012 = 0

an+1
22 = an22 = · · · = a122 = a022 = 1,

an+1
11 = an11, an+1

21 = an21 + 3.



an+1
11 = an11 = · · · = a111 = a011 = 1

an+1
21 = an21 +3 = an−1

21 +3 · 2 = an−2
21 +3 · 3 = · · · = a121 +3 ·n = a021 +3 · (n+1) = 3 · (n+1).

an21 = 3n
�
1 0
3 1

�n

=

�
1 0
3n 1

�

.

A0 =





a011 a012 a013
a021 a022 a023
a031 a032 a033



 =





1 0 0
0 1 0
0 0 1



 A1 =





a111 a112 a113
a121 a122 a123
a131 a132 a133



 =





1 0 0
3 1 0
0 3 1



 = A.

An =





an11 an12 an13
an21 an22 an23
an31 an32 an33



 = An+1 =





an+1
11 an+1

12 an+1
13

an+1
21 an+1

22 an+1
23

an+1
31 an+1

32 an+1
33



 ,

An+1 = An ·A




an+1
11 an+1

12 an+1
13

an+1
21 an+1

22 an+1
23

an+1
31 an+1

32 an+1
33



 =





an11 an12 an13
an21 an22 an23
an31 an32 an33



·





1 0 0
3 1 0
0 3 1



 =





an11 + 3an12 an12 + 3an13 an13
an21 + 3an22 an22 + 3an23 an23
an31 + 3an32 an32 + 3an33 an33





an+1
13 = an13, an+1

23 = an23, an+1
33 = an33.

an+1
13 = an13 = · · · = a013 = 0 an+1

23 = an23 = · · · = a023 = 0
an+1
33 = an33 = · · · = a033 = 1

an+1
12 = an12 + 3an13 = an12 = · · · = a012 = 0, an+1

22 = an22 + 3an23 = an22 = · · · = a022 = 1.

an+1
11 = an11 + 3an12 = an11 = · · · = a011 = 1.

an+1
21 = an21 + 3an22 = an21 + 3 = · · · = a021 + 3 · (n+ 1) = 3(n + 1),

an+1
32 = an32 + 3an33 = an32 + 3 = · · · = a032 + 3 · (n+ 1) = 3(n + 1).

an+1
31 = an31 + 3an32 an32 = 3n

an+1
31 − an31 = 3 · 3n,

n = 0, 1, 2, . . . , k

a131 − a031 = 0,
a231 − a131 = 3 · 3 · 1,
a331 − a231 = 3 · 3 · 2,

ak+1
31 − ak31 = 3 · 3 · k.



ak+1
31 − a031 = 3 · 3 · k(k + 1)

2
⇒ ak+1

31 = 3 · 3 · k(k + 1)

2

an31 = 3 · 3 · (n− 1)n

2
.

an21 = 3n

An =





1 0 0
3n 1 0

9
2 (n− 1)n 3n 1



 .

�

b2an+2 + b1an+1 + b0an = g(n)

b2 b1 b0 g(n) n

b2an+2 + b1an+1 + b0an = 0 .

a′n a′′n

an = C1a
′
n + C2a

′′
n

b2an+2 + b1an+1 + b0an = b2(C1a
′
n+2 + C2a

′′
n+2) + b1(C1a

′
n+1 + C2a

′′
n+1) + b0(C1a

′
n + C2a

′′
n)

= C1(b2a
′
n+2 + b1a

′
n+1 + b0a

′
n) + C2(b2a

′′
n+2 + b1a

′′
n+1 + b0a

′′
n)

= C1 · 0 + C2 · 0 = 0.

�

an = λn

b2λ
n+2 + b1λ

n+1 + b0λ
n = 0 ,

λn(b2λ
2 + b1λ+ b0) = 0 ⇒ b2λ

2 + b1λ+ b0 = 0 .

λ1,2 =
−b1 ±

�

b21 − 4b2b0
2b2



λ1 λ2

an = C1λ
n
1 + C2λ

n
2 ,

λ1 λ2

an = C1λ
n
1 + C2nλ

n
1 ,

λ1 = α + iβ λ2 = α − iβ

α± iβ = ρ(cosϕ± i sinϕ)

an = Cρn(cos nϕ+ i sinnϕ) +Dρn(cos nϕ− i sinnϕ)
= (Cρn +Dρn) cosnϕ+ i(Cρn −Dρn) sinnϕ

an+2 = an+1 + an a1 = a2 = 1

an+2 − an+1 − an = 0
an = λn

λn+2 − λn+1 − λn = 0 ⇒ λn(λ2 − λ− 1) = 0 ⇒ λ2 − λ− 1 = 0 ⇒ λ1,2 =
1±

√
5

2
,

an = C1

(

1 +
√
5

2

)n

+ C2

(

1−
√
5

2

)n

.

a1 = a2 = 1

C1

(
1+

√
5

2

)

+ C2

(
1−

√
5

2

)

= 1 / ·
(

−1+
√
5

2

)

C1

(
1+

√
5

2

)2
+ C2

(
1−

√
5

2

)2
= 1 ւ

C1

(
1+

√
5

2

)

+ C2

(
1−

√
5

2

)

= 1

+ C2

(
1−

√
5

2

)(
1−

√
5

2 − 1+
√
5

2

)

= 1− 1+
√
5

2

C2 ·
1−

√
5

2
· (−

√
5) =

1−
√
5

2
⇒ C2 = −

√
5

5
.

C2

C1 ·
1 +

√
5

2
= 1 +

√
5

5
· 1−

√
5

2
⇒ C1 =

5 +
√
5

10
· 2

1 +
√
5
⇒ C1 =

√
5

5
.

n ∈ N

an =

√
5

5

(

1 +
√
5

2

)n

−
√
5

5

(

1−
√
5

2

)n

.

�



an an+2 − an+1 + an = 0

an = λn

λn+2 − λn+1 + λn = 0 ⇒ λn(λ2 − λ+ 1) = 0 ⇒ λ2 − λ+ 1 = 0 .

λ1,2 =
1±

√
1− 4

2
⇒ λ1 =

1 +
√
3 i

2
, λ2 =

1−
√
3 i

2
.

an = C1 ·
(

1 +
√
3 i

2

)n

+ C2 ·
(

1−
√
3 i

2

)n

,

n λ1 |λ1| = ρ1 = 1
|λ2| = ρ2 = 1 λ1

cos(ϕ1) =
1
2

1
=

1

2
> 0, sin(ϕ1) =

√
3
2

1
=

√
3

2
> 0.

ϕ1 = π/3

λ1 = ρ1(cosϕ1 + i sinϕ1) = ρ1e
ϕ1 i,

λ1 = (cos
π

3
+ i sin

π

3
) = e

π
3
i.

λn
1 =

(

e
π
3
i
)n

= en
π
3
i = cos

(

n
π

3

)

+ i sin
(

n
π

3

)

.

λ2

cos(ϕ2) =
1
2

1
=

1

2
> 0, sin(ϕ2) =

−
√
3
2

1
= −

√
3

2
< 0.

ϕ2 = −π/3

λ2 = cos
(

−π

3

)

+ i sin
(

−π

3

)

= e−
π
3
i.

λn
2 =

(

e−
π
3
i
)n

= e−nπ
3
i = cos

(

−n
π

3

)

+ i sin
(

−n
π

3

)

= cos
(

n
π

3

)

− i sin
(

n
π

3

)

,

cos x sinx an

an = C1 ·
(
cos

(
nπ

3

)
+ i sin

(
nπ

3

))
+ C2 ·

(
cos

(
nπ

3

)
− i sin

(
nπ

3

))

= (C1 + C2) · cos
(
nπ

3

)
+ (C1 − C2) i · sin

(
nπ

3

)

�



an an+2 − 6an+1 + 9an = 0 a1 = 1 a2 = 12

λ2 − 6λ+ 9 = 0 λ1 = λ2 = 3

an = C1 · 3n + C2 · n · 3n .
a1 = 3C1 +3C2 = 1 a2 = 9C1 +18C2 = 12

C1 = −2/3 C2 = 1

an = −2

3
· 3n + n · 3n ⇒ an = −2 · 3n−1 + n · 3n .

�

an+2 = an+1 + 2an

a0 = 0 a1 = 1

a0 = 2 a1 = 1

an+2 − an+1 − 2an = 0,

λn+2 − λn+1 − 2λn = 0 ⇒ λn+2(λ2 − λ− 2) = 0 ⇒ λ2 − λ− 2 = 0

λ1,2 =
1± 3

2
⇒ λ1 = 2, λ2 = −1 .

an = C1 · 2n + C2 · (−1)n .

a0 = 0 a1 = 1

C1 · 1 + C2 · 1 = 0 / · 1
C1 · 2 − C2 · 1 = 1 ւ
C1 · 1 + C2 · 1 = 0
C1 · 3 = 1

C1 = 1/3 C2 = −1/3

an =
1

3
(2n − (−1)n) .

a0 = 2 a1 = 1

C1 · 1 + C2 · 1 = 2 / · 1
C1 · 2 − C2 · 1 = 1 ւ
C1 · 1 + C2 · 1 = 2
C1 · 3 = 3



C1 = 1 C2 = 1

an = 2n + (−1)n .

�

Dn =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

5 3 0 0 0 · · · 0 0 0 0
2 5 3 0 0 · · · 0 0 0 0
0 2 5 3 0 · · · 0 0 0 0

0 0 0 0 0 · · · 0 2 5 3
0 0 0 0 0 · · · 0 0 2 5

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
n×n

D1 = |5| = 5 D2 =

∣
∣
∣
∣

5 3
2 5

∣
∣
∣
∣
= 19 .

Dn

Dn = 5

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

5 3 0 0 · · · 0 0 0 0
2 5 3 0 · · · 0 0 0 0

0 0 0 0 · · · 0 2 5 3
0 0 0 0 · · · 0 0 2 5

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

− 2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

3 0 0 0 · · · 0 0 0 0
2 5 3 0 · · · 0 0 0 0

0 0 0 0 · · · 0 2 5 3
0 0 0 0 · · · 0 0 2 5

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

n−1

Dn = 5

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

5 3 0 0 · · · 0 0 0 0
2 5 3 0 · · · 0 0 0 0

0 0 0 0 · · · 0 2 5 3
0 0 0 0 · · · 0 0 2 5

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
(n−1)×(n−1)

− 6

∣
∣
∣
∣
∣
∣
∣
∣
∣

5 3 0 · · · 0 0 0 0

0 0 0 · · · 0 2 5 3
0 0 0 · · · 0 0 2 5

∣
∣
∣
∣
∣
∣
∣
∣
∣
(n−2)×(n−2)

,

Dn = 5Dn−1 − 6Dn−2 Dn+2 = 5Dn+1 − 6Dn

Dn = λn

λn+2 − 5λn+1 + 6λn = 0 ⇒ λn(λ2 − 5λ+ 6) = 0 ⇒ λ2 − 5λ+ 6 = 0 .

λ1 = 2 λ2 = 3 Dn = C1 · 2n + C2 · 3n
D1 = 5 D2 = 19 C1 = −2 C2 = 3

Dn = 3n+1 − 2n+1
�



ahn apn
an = ahn + apn

b2(a
h
n+2 + apn+2) + b1(a

h
n+1 + apn+1) + b0(a

h
n + apn) = g(n)

⇒ (b2a
h
n+2 + b1a

h
n+1 + b0a

h
n) + (b2a

p
n+2 + b1a

p
n+1 + b0a

p
n) = g(n)

⇒ 0 + g(n) = g(n),

�

g(n)

g(n) = Pk(n) · cn,

Pk(n) k c apn

apn = Qk(n) · ns · cn

Qk(n) k c s

c �= λ1 c �= λ2 s = 0

c = λ1 c = λ2 s = 1

c = λ1 = λ2 s = 2

16an+2 − 24an+1 + 9an = 5

16an+2 − 24an+1 + 9an = 0

16λn+2−24λn+9λn = 0 ⇒ 16λ2−24λ+9 = 0 ⇒ λ1,2 =
24±

√
576 − 576

32
⇒ λ1,2 =

24

32
=

3

4
.

ahn = C1 ·
(
3
4

)n
+C2 ·n ·

(
3
4

)n
g(n)

g(n) = 5 · 1n Pk(n) = 5 k = 0
c = 1 c �= λ1 c �= λ2 s = 0

apn = A · n0 · 1n = A.

apn+2 = apn+1 = apn = A 16apn+2 − 24apn+1 + 9apn = 5

16A− 24A+ 9A = 5 ⇒ A = 5 ⇒ apn = 5.

an = ahn + apn = C1 ·
(
3

4

)n

+ C2 · n ·
(
3

4

)n

+ 5 .

�



an+2 − 3an+1 + 2an = 2n + 1

an+2 − 3an+1 + 2an = 0,

λ2 − 3λ+ 2 = 0 ⇒ λ1 = 1, λ2 = 2 .

ahn = C1 · 1n + C2 · 2n.

g(n) = 2n+ 1 = (2n + 1) · 1n c = 1 = λ1 s = 1

apn = (An+B) · n1 · 1n = (An+B)n = An2 +Bn.

apn apn+2 − 3apn+1 + 2apn = 2n+ 1

A(n+ 2)2 +B(n+ 2)− 3(A(n + 1)2 +B(n+ 1)) + 2(An2 +Bn) = 2n+ 1,

(−2A)n+ (A−B) = 2n+ 1 ⇒ A = −1, B = −2 .

an = ahn + apn = C1 + C2 · 2n − (n+ 2)n.

�

an+2 − 6an+1 + 9an = 36 · 3n

an+2 − 6an+1 + 9an = 0

ahn = C1 · 3n + C2 · n · 3n

λ1 = λ2 = 3 λ2 − 6λ+ 9 = 0 Pk(n) = 36
c = 3 s = 2 c = λ1 = λ2 = 3

apn = A · 3n · n2.

apn apn+2−6apn+1+9apn = 36 ·3n 18A = 36 A = 2

an = ahn + apn = C1 · 3n +C2 · n · 3n + 2 · n2 · 3n.

�

an+2 + 4an+1 + 3an = (n+ 1)2

ahn = C1 · (−1)n + C2 · (−3)n,



apn = An2 +Bn+ C,

g(n) = (n+1)2 apn apn+2+4apn+1+3apn = (n+1)2

A(n+ 2)2 +B(n+ 2) + C + 4(A(n + 1)2 +B(n+ 1) + C) + 3(An2 +Bn+ C) = (n+ 1)2,

8An2 + (12A+ 8B)n+ (8A + 6B + 8C) = n2 + 2n+ 1,

A = 1/8 B = 1/16 C = −3/64

an = ahn + apn = C1 · (−1)n + C2 · (−3)n +
1

8
n2 +

1

16
n− 3

64
.

�

n xn

25%
n

xn n xn+1 − xn
n n+ 1

xn+1 − xn = 0.25xn

x0 = 4.3

xn+1 = xn + 0.25xn = 1.25xn .

n = 0, 1, 2, . . .

x1 = 1.25x0
x2 = 1.25x1 = (1.25)2 x0
x3 = 1.25x2 = (1.25)3 x0
x4 = 1.25x3 = (1.25)3 x1

xn = (1.25)n x0

xn = (1.25)n · 4.3 ,

x25 = (1.25)25 · 4.3 = 1138.2 �



8%
Pn

n

a0 = 5000 n + 1
an+1 n an 8%

an+1 = an · 1.08 − 300, n ≥ 0.

an = unvn

un+1vn+1 = unvn · 1.08− 300 ⇒ un+1vn+1 − unvn+1 = unvn · 1.08 − unvn+1 − 300
⇒ vn+1(un+1 − un) = un(vn · 1.08 − vn+1)− 300.

vn vn · 1.08 − vn+1 = 0 vn+1 = vn · 1.08 = vn−1 · 1.082 = · · · =
v0 · 1.08n+1

v0 · 1.08n+1(un+1 − un) = −300 ⇒ un+1 − un = − 300

v0 · 1.08n+1
.

n = 0, 1, 2, . . . , k

n = 0 : u1 − u0 = − 300
v0·1.08

n = 1 : u2 − u1 = − 300
v0·1.082

n = 2 : u3 − u2 = − 300
v0·1.083

n = k : uk+1 − uk = − 300
v0·1.08k+1

uk+1 − u0 = −300

v0

k+1∑

s=1

1

1.08s
⇒ uk+1 − u0 = −300

v0
· 1

1.08
·
(

1
1.08

)k+1 − 1
1

1.08 − 1
.

uk+1 − u0 =
300

v0
·
(

1
1.08

)k+1 − 1

0.08
⇒ uk+1 = u0 +

300

v0
·
(

1
1.08

)k+1 − 1

0.08
.

un+1 = u0 +
300

v0
·
(

1
1.08

)n+1 − 1

0.08
,

an+1 = un+1vn+1 =

(

u0 +
300
v0

· (
1

1.08 )
n+1−1

0.08

)
(
v0 · 1.08n+1

)

= u0v0 · 1.08n+1 + 300
0.08 ·

(
1− 1.08n+1

)

u0v0 = a0 = 5000

an+1 = 5000 · 1.08n+1 + 3750 ·
(
1− 1.08n+1

)
= 1250 · 1.08n+1 + 3750,

an = 1250 · 1.08n + 3750

a6 = 1250 · 1.086 + 3750 = 5733.59,

�



Cn n
A k

C0 = 120 µg/ml A = 80 µg/ml k = 1/2
C10

C1 = C0 + A −
k · (C0 + A) = (1 − k)(C0 + A)
C2 = (1− k)(C1 +A) n

Cn = (1− k)(Cn−1 +A), n ∈ N.

Cn = (1− k)((1 − k)(Cn−2 +A) +A)
= (1− k)2Cn−2 + (1− k)2A+ (1− k)A
· · ·
= (1− k)nC0 +A

∑n
s=1(1− k)s

= (1− k)nC0 +A · (1− k) (1−k)n−1
1−k−1

= (1− k)nC0 −A · (1− k) (1−k)n−1
k

k = 1/2

Cn =

(

1− 1

2

)n

C0 −A ·
(

1− 1

2

) (
1− 1

2

)n − 1
1
2

=

(
1

2

)n

C0 −A ·
(
1

2

)n

+A,

Cn =

(
1

2

)n

(C0 −A) +A .

n → +∞ A

C10 =

(
1

2

)10

(120 − 80) + 80 = 80.0391 µg/mL .

�

n Cn 30%

30%
0.3Cn

Cn+1 = 0.3Cn + 0.2 .

Cn+1 = 0.3(0.3Cn−1 + 0.2) + 0.2 = 0.32 Cn−1 + 0.2(0.3 + 1)
= 0.32 (0.3Cn−2 + 0.2) + 0.2(0.3 + 1) = 0.33 Cn−2 + 0.2(0.32 + 0.3 + 1)
. . .
= 0.3n+1 C0 + 0.2(0.3n + 0.3n−1 + · · ·+ 0.3 + 1)

= 0.3n+1 C0 + 0.2 · 1− 0.3n+1

1− 0.3
= 0.3n+1 C0 +

0.2

0.7
· (1− 0.3n+1),



Cn = 0.3n C0 +
2

7
· (1− 0.3n)

n ∈ N0 C0 = 0

Cn =
2

7
· (1− 0.3n)

n ∈ N0

C4 =
2

7
· (1− 0.34) = 0.2834 .

lim
n→+∞

Cn =
2

7
≈ 0.2857 �

20% Qn

n Qn

Qn+1 = 0.2Qn + 100,

Q0 = 0

Qn = 125(1 − 0.2n), n ∈ N0.

Q3 = 125(1 − 0.23) = 125(1 − 0.008) = 124 .

�

yt t at
t a0 = 16 y0 = 0 a6 y6

yt+1 =
2at

at+1 =
3
4yt +

1
2at

yt+1 = 2at
at+1 = 3

4yt +
1
2at



[
yt+1

at+1

]

=

[
0 2
3
4

1
2

] [
yt
at

]

.

[
yt+1

at+1

]

=

[
0 2
3
4

1
2

]t+1 [
y0
a0

]

,

[
0 2
3
4

1
2

]t+1

.

[
0 2
3
4

1
2

]

λ1 = 3
2 λ2 = −1

v1 = [4 3]T v2 = [−2 1]T

[
0 2
3
4

1
2

]

=

[
4 −2
3 1

] [
3
2 0
0 −1

] [
4 −2
3 1

]−1

,

[
0 2
3
4

1
2

]t+1

=

[
4 −2
3 1

] [
3
2 0
0 −1

]t+1 [
4 −2
3 1

]−1

[
4 −2
3 1

]−1

=

[
1
10

1
5

− 3
10

2
5

]

,

[
0 2
3
4

1
2

]t+1

=

[
4 −2
3 1

] [ (
3
2

)t+1
0

0 (−1)t+1

] [
1
10

1
5

− 3
10

2
5

]

.

[
yt+1

at+1

]

=

[
4 −2
3 1

] [ (
3
2

)t+1
0

0 (−1)t+1

] [
1
10

1
5

− 3
10

2
5

] [
y0
a0

]

=

[

4 ·
(
3
2

)t+1 −2 · (−1)t+1

3 ·
(
3
2

)t+1
(−1)t+1

][
1
10

1
5

− 3
10

2
5

] [
y0
a0

]

=

[
2
5 ·

(
3
2

)t+1
+ 3

5 · (−1)t+1 4
5 ·

(
3
2

)t+1 − 4
5 · (−1)t+1

3
10 ·

(
3
2

)t+1 − 3
10 · (−1)t+1 3

5 ·
(
3
2

)t+1
+ 2

5 · (−1)t+1

][
y0
a0

]

.



t = 5

[
y6
a6

]

=

[
2
5 ·

(
3
2

)6
+ 3

5 · (−1)6 4
5 ·

(
3
2

)6 − 4
5 · (−1)6

3
10 ·

(
3
2

)6 − 3
10 · (−1)6 3

5 ·
(
3
2

)6
+ 2

5 · (−1)6

][
y0
a0

]

=

[
165
32

133
16

399
128

463
64

] [
0
16

]

=

[
133
16 · 16
463
64 · 16

]

=

[
133
463
4

]

=

[
133

115.75

]

.

�

20%
A B 30% B A At Bt

A B t
t = 7 A0 = B0 = 1000

t + 1 A 80% t
30% B At+1 = 0.8At + 0.3Bt t + 1 B

70% t B 20% A
Bt+1 = 0.7Bt + 0.2At

At+1 = 0.8At + 0.3Bt

Bt+1 = 0.2At + 0.7Bt

[
At+1

Bt+1

]

=

[
0.8 0.3
0.2 0.7

] [
At

Bt

]

.

[
At+1

Bt+1

]

=

[
0.8 0.3
0.2 0.7

]t+1 [
A0

B0

]

[
0.8 0.3
0.2 0.7

]t+1

.

V =

[
0.8 0.3
0.2 0.7

]

0 = |λI − V | =
∣
∣
∣
∣

λ− 0.8 −0.3
−0.2 λ− 0.7

∣
∣
∣
∣
= (λ− 0.8)(λ − 0.7)− 0.06 = λ2 − 1.5λ+ 0.5

λ1 = 1 λ2 = 0.5 v1 = [3 2]T

v2 = [−1 1]T

V =

[
3 −1
2 1

] [
1 0
0 0.5

] [
3 −1
2 1

]−1

,



V =

[
3 −1
2 1

] [
1 0
0 0.5

] [
0.2 0.2

−0.4 0.6

]

.

V t+1 =

[
3 −1
2 1

] [
1t+1 0
0 0.5t+1

] [
0.2 0.2

−0.4 0.6

]

=

[
0.6 + 0.4 · 0.5t+1 0.6− 0.6 · 0.5t+1

0.4− 0.4 · 0.5t+1 0.4 + 0.6 · 0.5t+1

]

[
At+1

Bt+1

]

=

[
0.6 + 0.4 · 0.5t+1 0.6− 0.6 · 0.5t+1

0.4− 0.4 · 0.5t+1 0.4 + 0.6 · 0.5t+1

] [
A0

B0

]

,

t = 7

[
A8

B8

]

=

[
0.6 + 0.4 · 0.58 0.6− 0.6 · 0.58
0.4 − 0.4 · 0.58 0.4 + 0.6 · 0.58

] [
1000
1000

]

=

[
1199.22
800.78

]

.

A B �

5% X Y Xt

Yt X Y t t = 4
X0 = 100 Y0 = 80

Xt+1 = 0.95Xt

Yt+1 = 0.05Xt + Yt

[
Xt+1

Yt+1

]

=

[
0.95 0
0.05 1

] [
Xt

Yt

]

= · · · =
[
0.95 0
0.05 1

]t+1 [
X0

Y0

]

.

[
0.95 0
0.05 1

]

λ1 = 1 λ2 = 0.95

v1 = [0 1]T v2 = [−1 1]T

[
0.95 0
0.05 1

]

=

[
0 −1
1 1

] [
1 0
0 0.95

] [
0 −1
1 1

]−1

,

[
0.95 0
0.05 1

]

=

[
0 −1
1 1

] [
1 0
0 0.95

] [
1 1

−1 0

]

.

[
0.95 0
0.05 1

]t+1

=

[
0 −1
1 1

] [
1t+1 0
0 0.95t+1

] [
1 1

−1 0

]

=

[ (
19
20

)t+1
0

1−
(
19
20

)t+1
1

]

.

[
Xt+1

Yt+1

]

=

[ (
19
20

)t+1
0

1−
(
19
20

)t+1
1

] [
X0

Y0

]

,



t = 4

�
X5

Y5

�

=

� �
19
20

�5
0

1−
�
19
20

�5
1

��
100
80

�

=

�
77.38
102.62

�

.

X Y �

n1,t n2,t n3,t t
10% 50%

n1,t+1 = 10 n3,t

n2,t+1 = 0.1 n1,t

n3,t+1 = 0.5 n2,t





n1,t+1

n2,t+1

n3,t+1



 =





0 0 10
0.1 0 0
0 0.5 0









n1,t

n2,t

n3,t



 .

�

an =
2n

n2 + 1
n ∈ N

an =
3n

1 + 2n
n ∈ N

an =
(−1)n−1

5n
n ∈ N

an = cos
nπ

2
n ∈ N

1 1
3

1
5

1
7

1
9

1 −1
3
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